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Big challenges in modern amplitude calculations:

@ Reduction to master integrals o Evaluation of master integrals (our focus)

Feynman integrals can be difficult to compute analytically

Various methods to approximate/evaluate them numerically

Numerical differential equations ODE/PDE
Series solutions of differential equations (AMFlow, DiffExp, Seasyde)
o Series Solutions [Slide style inspired by Stephen Jones]
Taylor expansion in Feynman parameters (Tayint)
Numerical Mellin-Barnes (MB, Ambre)
Tropical sampling (Feyntrop) ~Monte Carlo
Numerical Loop-Tree Duality (cLTD, Lotty) Integration
Sector decomposition (Sector_decomposition, FIESTA, pySecDec)
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@ Reduction to master integrals o Evaluation of master integrals (our focus)

Feynman integrals can be difficult to compute analytically
Various methods to approximate/evaluate them numerically
Numerical differential equations ODE/PDE

Series solutions of differential equations (AMFlow, DiffExp, Seasyde)
o Series Solutions [Slide style inspired by Stephen Jones]
Taylor expansion in Feynman parameters (Tayint)

Numerical Mellin-Barnes (MB, Ambre)

Tropical sampling (Feyntrop) ~Monte Carlo

Numerical Loop-Tree Duality (cLTD, Lotty) Integration

Sector decomposition (Sector_decomposition, FIESTA, pySecDec)

< This talk: avoiding contour deformation in the context of sector decomposition
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—oo 0 +E, too

Figure: Tadpole kp integration
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deformation in momentum space

[Buchta, Chachamis, Draggiotis, Rodrigo; Anastasiou, Haindl, Sterman, Yang, Zeng; Aguilera-Verdugo, Hernandez- ico
Pinto, Shorlini, Torres Bobadilla; Capatti, Hirschi, Kermanschah, Pelloni, Ruijl...]

Figure: Tadpole kp integration

Can we do the same in Feynman parameter space?
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Loop integral in Feynman parameter space

_( ) |—(V LD/2 ox (x)u—(L+1)D/2 alx
S = M/Mo’qd A eyt (1 )

o Kinematics: s = {m?} U {si = (p; + px)*}
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Loop integral in Feynman parameter space
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o Kinematics: s = {m?} U {si = (p; + px)*}
o Cheng-Wu theorem®!: «a(x) =Y, ¢ X, SC{x,...,xn} AN S#0D

Graphical construction of Symanzik polynomials (T* = spanning k-forest of graph, e = edge ):

= Z H Xe > 0, independent of kinematics, degree of homogeneity in x: L

T e¢T?
F(x;s) = E —572) H Xe + U(x E m2 e, degree of homogeneity in x: L+ 1
T? e¢T?
1General/y, interpret J as an integral over R]P’ggl = any valid deprojectivisation 6/40
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F(x;s) = Z (—s72) H Xe +U(x)z m?xe

T2 e¢ T2 e

Define a kinematic regime:
_ min maxy __ 2,min 2 2,max min max
sp={s"" <s < s} ={m; <mp <mpt U s < s < s

We distinguish between 3 types of kinematic regime:

o Vsesg: VxeRY : F(x;s) >0 = SR is a positive same-sign regime
X1
(X1+X2)72+26
=T dxqdxy ————= (1 — ={-00<s5<0
X2 =
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- 242

(atx) 2
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Singularities in Feynman Parameter Space

Landau equations in Feynman parameter space NB: F homogeneous in x, hence

a) F(x;s) =0, b) Vx;:x,-%:o b) = a)

Where can we get singularities due to x?

@ x on the boundary of the integration domain
< resolved by sector decomposition (see next slide)

@ x inside the integration domain <= x € RY,

< only a) satisfied — integrable singularity, resolvable with contour deformation (our focus)
< a) and b) satisfied — further analysis required
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1
e.g. I:/ dx x 1€ I(x, €)
0
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Sector Decomposition

Consider 2 types of singularity on the boundary of the integration domain

@ “Factorised” singularities

1 T 1
eg. I= /0 dx x 1T I(x,¢€) = M —|—/0 dx x 1T (x,€) — Z(0, ¢€)]

ae€

no problem as x — 0, finite!
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@ "Overlapping” singularities — mapped to “factorised” type by sector decomposition

X2
1

X1
0 1

1
eg. | = dx;dx:
& /u P b b+ (1 - x1) ]
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Sector Decomposition

@ "Overlapping” singularities — mapped to “factorised” type by sector decomposition

X2

X2
1
— + E
X1 X1 L X1

0 1

1
eg. | = dx;dx:
& /u P b b+ (1 - x1) ]

—/dx dx 1 —|—/dx dx 1
S b+ (L= x) %] S b P + (L — xa) ]
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Sector Decomposition

@ "Overlapping” singularities — mapped to “factorised” type by sector decomposition

X2 X2 x2

1
— i Z — +
X1 X1

1
XQb6 1+ (1—x1)x)]

1 1
dX]_dX2 / Xmng
/A 11+an2be [Xl + (1 _ Xl) X2] V 11+36X2b€ [Xl + (1 — X1) X2]

1 / 1
+ dX1d X2
[1+(1-x)x] /o Xt TERE 11 4 (1 — ) xq]

/XmdX2 1+(a+be be
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Numerous algorithms to resolve “overlapping” singularities by performing sector
decomposition (e.g. geometric approaches based on Newton polytopes, iterative approaches)
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Sector Decomposition

Numerous algorithms to resolve “overlapping” singularities by performing sector
decomposition (e.g. geometric approaches based on Newton polytopes, iterative approaches)

TAKE HOME MESSAGE
Sector decomposition resolves issues on the boundary and can be considered ‘solved’*

*
for our purposes at least!

9/40

Feynman Parameter Integrals with Positive Integrands Thomas Stone



Preliminaries
[e]e]ele] Je]

Contour Deformation in Parameter Space

10/40

Feynman Parameter Integrals with Positive Integrands Thomas Stone



Preliminaries
[e]e]ele] Je]

Contour Deformation in Parameter Space

When F = 0 within the integration domain, deform the contour obeying 7 — F —id*

10/40

Feynman Parameter Integrals with Positive Integrands Thomas Stone



Preliminaries
[e]e]ele] Je]

Contour Deformation in Parameter Space

When F = 0 within the integration domain, deform the contour obeying 7 — F —id*

Explicit contour deformation in parameter space Tm(z)

X & z=Xx—iT, 7'1-:)\1-)9(1—)9-)M

9xj
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Contour Deformation in Parameter Space

When F = 0 within the integration domain, deform the contour obeying 7 — F —id*

Explicit contour deformation in parameter space Tm(z)

. OF(x;s)
X = z=X—IT, 7= A (1= x)—F5——
7= A% 9o
F(x;s) = F(z;s) = F(x;s) — iZﬂj—a};: s) +0O(7?) 7\ Re)
J J o| 1 )
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Contour Deformation in Parameter Space

When F = 0 within the integration domain, deform the contour obeying 7 — F —id*

Explicit contour deformation in parameter space Tm(z)

OF(x;s)
X = z=X—IiT 7= A (1= x)—F5——
) =N 0%
. OF(x;s) 2
F(x;s) — F(z;s) = F(x;s) — ,ZTJ o o(7?) OI ~ —
J
Try to optimise the deformation e.g. train A; — \;(x) with a neural network
[Winterhalder, Magerya, Villa, Jones, Kerner, Butter, Heinrich, Plehn; ...]
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Contour Deformation in Parameter Space

When F = 0 within the integration domain, deform the contour obeying 7 — F —id*

Explicit contour deformation in parameter space Tm(z)

OF(x;s)
X = z=X—IT, T=Ax(1—x)——F=
J J J( J) aXJ
OF(x;s) 2
x;s) — F(z;s) = F(x;s) —i i—— 40
Flxis) = Flzis) = Flxis) =i Y5 =5 +0(r?) ~ -
j 0| 1
Try to optimise the deformation e.g. train A; — \;(x) with a neural network
[Winterhalder, Magerya, Villa, Jones, Kerner, Butter, Heinrich, Plehn; ...]
If this works, why try to avoid it?
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zZ=x—iT, F(z;s) = xs)—/ZTJa]:(xS

Contour deformation has a number of drawbacks:

e Leading Landau singularity (F(x;s) =0, 8];(; ) — =0) = construction above breaks down

R integrand — C integrand = immediately slower numerics
@ Variable change from x — z leads to large (N — 1) x (N — 1) Jacobian determinant
< can be much more complicated than the original integrand!

New integrand has increased variance =- large cancellations between + and —

Dependence on arbitrary choice of 7;

TAKE HOME MESSAGE

Contour deformation reduces precision, can be very slow and can break down entirely!
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How then to avoid contour deformation? — Our solution: positive integrands
Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (—1—i6")-P/2=¥ in negative same-sign regime integrals — only positive integrands

General same-sign decomposition

N_

N,
)= 30 I e) + (15 PR Y )

ny=1 —=1l

Purely real and positive integrands in J*"= = much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (—1—id*)tP/2=7 x R
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Constructing the Decomposition

How to achieve this representation?

Analyse the (projective) variety of F: codimension-1 hypersurface defined by F(x;s) =0
Dissect integration domain into regions where 7 > 0 and F < 0

Map each region back to the original domain

Variety (/ = 0) mapped to boundary = resolved by sector decomposition!
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The Simplest Example

s_@__

(Xl + X2)72+2E

(—sx1xo+m?xg (x1 + xp)—idt)°

r(e)/ dxydx; S(1—a(x)), s>m>>0
]RZZO

1 [ / . Ca ) ™™ s )

(—sx10+m?xy (x1 + x2)—idt)

—2+2¢
+ r(e)/ de/ dx (o + ) __5(1—ax))
0 57’277 X2

(—sx1x0+m?xy (x1 + x2)—idt)
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(Xl + X2)72+2E

(—sx1xo+m?xg (x1 + xp)—id+)°

0(1—a(x)), s>m’>0

?

I (6) d/r (i)(l(l)qz
R

2
>0

—€ ,—€
X1 X

= (—1-i6T)"“T (e) (m2)176(57m2)1*26/ dxydxs =z (l—a(x))

R2 0 (sx1+m’x,

x{ (m2x1 +(s— mz)x2)_6
2—2e¢

+ T (e) (m*)> 2 dadx, 5(1—at(x))

RZ (sx2+m?xq)
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Outline

© Univariate Bisectable Integrals
@ Algorithm
@ Massless Examples
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Univariate Bisectable Integrals

Is it always so easy to decompose the integration domain?

Univariate bisectable integrals:
JF =0 hypersurface bisects domain w.r.t. UB parameter

p?

eg. X xo is UB w.r.t. x3 for p?, m?> >0

Feynman Parameter Integrals with Positive Integrands

0.0
1.0

0.0
0.0

16/40

Thomas Stone




Univariate Bisectable Integrals

Univariate Bisectable Integrals

Is it always so easy to decompose the integration domain?

Univariate bisectable integrals:
JF =0 hypersurface bisects domain w.r.t. UB parameter

p?

eg. X xo is UB w.r.t. x3 for p?, m?> >0

X3

Same-sign decomposition for UB integrals

J(s) = JH(s) + (—1—isT)LP/2=V j=(s)

Feynman Parameter Integrals with Positive Integrands

0.0
1.0
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UB Algorithm

Algorithm: Univariate Bisection (UB) UB integrals — algorithmic procedure

Input: Z(x;s;0), sg A {0<xi < f(xz)} A {0<xz} A sg
Output: 7%(x;s), I (x;s) B: {f(xx) <xi} A {0<xu} A sg
foreach x; € x do

Let r = Reduce[{F(x;s) < 0} U{0 < x}Usg, xi];

if r ~ A then

Let Z7(x;8) = J (X, yi) Z(Xxi, yi; —s; 0)

Let T+(xis) = 7" (x40.7) T, v1:5:0)

return Z7(x;s), Z~(x;s)

else if r ~ B then

Let - (xi5) = " (x1,¥/) Z(xp1, 1 —:0)

Let ZF(x; s) = J (x4, ¥i) Z(Xi, yi; ; 0)

return Z7(x;s), Z~(x;s)

end
return -UB in sg
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Algorithm: Univariate Bisection (UB) UB integrals — algorithmic procedure

|nput; I(x; s; (5), SR A: {0<x < f(x;,g,')} A {0 < X#i} A SR
Output: Z*(x;s), I (x;s) B: {f(xx)<x}  A{0<xu} A sg
foreach x; € x do
Let r = Reduce[{F(x;s) < 0} U{0 < x}Usg, xi]; F(x;8) =0 <= x; = f(xx)
if r ~ A then

Let Z7(x;8) = J (X, yi) Z(Xxi, yi; —s; 0)
Let T+ (x:5) = 7" (21, ) Z(x,v/::0)
return Z7(x;s), Z~(x;s)

else if r ~ B then

Let T-(xi5) = (x40, )) Z(x41./: —5:0)
Let ZF(x; s) = J (x4, ¥i) Z(Xi, yi; ; 0)
return Z7(x;s), Z~(x;s)

end
return -UB in sg
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Algorithm: Univariate Bisection (UB) UB integrals — algorithmic procedure

|nput; I(x; s; (5), SR A: {0<x < f(x;,g,')} A {0 < X#i} A SR
OUtPUt: I+(X; S), I_(X; S) B: {f(X-T/,') < X,‘} AN {0 < X#,‘} N SR
foreach x; € x do
Let r = Reduce[{F(x;s) < 0} U{0 < x}Usg, xi]; F(x;s) =0 < x;=f(xz)
if r ~ A then
Let Z7(x;s) = J (x4, i) I(X#Yi;/*S? 0) Essentially just parameter transformations:
Let Z%(x;s) = J' (x4, i) Z(xi,y;:5:0)
return Z7(x;s), Z~(x;s) X;
else if r ~ B then X = Vi = x-—|ix- f(xxi) (1)
1
Let Z(x;8) = J' (x4, y7) Z(xzi, ¥i: —s; 0) ) y
Let ZF(x; s) = J (x4, ¥i) Z(Xi, yi; ; 0) Xi =y = x+ f(xx) (2)
return Z7(x;s), Z~(x;s)
end
return ~UB in sp
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UB Algorithm

Algorithm: Univariate Bisection (UB) UB integrals — algorithmic procedure

|nput; I(x; s; (5), SR A: {0<x < f(x;,g,')} A {0 < X#i} A SR
Output: Z*(x;s), I (x;s) B: {f(xx)<x}  A{0<xu} A sg
foreach x; € x do
Let r = Reduce[{F(x;s) < 0} U{0 < x}Usg, x; ]—'(x; 5) =0 < x;= f(x#)
if r ~ A then
Let 7™ (x;s) = J (x4, i) I(X#’y’fs: 0) Essentially just parameter transformations:
Let ZT(x;8) = T (i, /) Z(xxi,y};5;0)
return Z7(x;s), Z~(x;s) X;
else if r ~ B then X = Vi = x-—|ix- f(xzi) (1)
1
Let Z=(x;s) = J' (x4, ¥) Z(Xxi,y/; —s;0) , J
Let ZF(x; s) = J (x4, ¥i) Z(Xi, yi; ; 0) Xi = Yi =X+ f(x¢;) (2)
return Z7(x;s), Z~(x;s)

end (1) F =0 hypersurface — oo
return ~UB in sp (2) F =0 hypersurface — 0
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9000000000
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Algorithm — UBin sg={0<p?<s, —s<t<0} w.rtx
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2e
—t X3Xs sx0 + P2 x3) (X1 4 X0 + X3 & Xa) —t Xax.
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X1+ Xa \SX2 + p1 X3 I' = 242 p 1te 14+2¢
X 2 0a )" (—txs) T (sxe + pf x3)

19/40

Feynman Parameter Integrals with Positive Integrands Thomas Stone



Univariate Bisectable Integrals
O@00000000

1-Loop Box with One Off-Shell Leg

4 2¢
J(s) =T (2+¢) /}R4 H dx; (x1 + X2 + x3 + xa) 0(1—a(x)) X3 X4

. 2+4¢
(—sx1x0—t x3xqa—p? x1x3—i0T) P2 = P4

>0 i=1

Algorithm — UBin sg={0<p?<s, —s<t<0} w.rtx

2¢
—t X3Xg sx0 4+ p2x3) (x + X2 + X3 + Xa) —t X3X,
X1 =y, =x1+ (2 ) I~ = [( 2 TP 3)( ! 2 3 2+346) 3 4]
sx2+pixg (s + pi)
X — 1t X3X, 2
X1 =y = ! ( 3 24 > i [(SX2 + Pf X3) (x1 + xa) (x2 + x3 + xa) —tX1X3X4] ‘
X1+ Xa \SX2 + p1 X3 I' = 242 p 1te 14+2¢
X 2 0a )" (—txs) T (sxe + pf x3)

J(s) = JT(s) + (—1—i6T) "2 J(s)
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1-Loop Box with One Off-Shell Leg
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Univariate Bisectable Integrals
0O0@0000000

1-Loop Box with One Off-Shell Leg

1L Box - Integration Time vs. Relative Error pP1 all P3
o sp=4 X3 X4
° s=40 p2 Ps
_10%9 e s15=400 X2
- $12 = 4000
é pySecDec
5 101 i [Heinrich, Jones, Kerner, Magerya, Olsson, Schlenk]
g CD
I R A R NOCD
1004
S S12
t = -1
10-! 10-3 10— 10-7 10-° 10-11 5
Requested Relative Error P = 2
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Univariate Bisectable Integrals
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1-Loop Pentagon
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1-Loop Pentagon

Univariate Bisectable Integrals
0O00@000000

1L Pentagon - Integration Time vs. Relative Error

- s12 =4
3 S12 = 40
. 107 4 s12 = 400
ij s12 = 4000
=
e
= 102 4
2
=
&b
2
5 101 .
_=3
- ;:3"
EP——— 2
100 4
1072 1074 1076 1078 10710

Requested Relative Error

Ps
p1
P4
P2
P3
pySecDec
CDh
_____ NOCD
Sp3 = —3.07 534 = 2.5
S45 = 730, S51 = 5.0
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2-Loop Non-Planar 6 Propagator Box (BNP6)
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

X1 X4

J(s) = F(2+2¢) / Hd Ut)™ e 0(1-0(0)

F(x;s)—iot
:>0 1
= P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp

F(x;8) = —s120 xo0X3X6— 523 X1X0Xa + (S12 + $23) X1X3X5
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

o) =r(2+20) [ Hd U (1-a00) " 8
€ —a(x
A 2 s) i6+)>re
P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp

F(x;8) = —s12 XoX3X6— 523 X1X2Xa + (S12 + $23) X1X3X5 # same-sign regime!
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

o) =r(2+20) [ Hd U (1-a00) " 8
€ —a(x
A 2 s) i6+)>re
P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp

F(x;8) = —s12 XoX3X6— 523 X1X2Xa + (S12 + $23) X1X3X5 # same-sign regime!

Algorithm — UBin sg = {0 < s1p, —s12 < sp3 < 0} w.r.t x;
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

o) =r(2+20) [ Hd U (1-a00) " 8
€ —a(x
A 2 s) i6+)>re
P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp

F(x;8) = —s12 XoX3X6— 523 X1X2Xa + (S12 + $23) X1X3X5 # same-sign regime!

Algorithm — UBin sg = {0 < s1p, —s12 < sp3 < 0} w.r.t x;

512X2X3Xp

f(x =
( ;ﬂ) (512 + 523) X3X5 — S23X2X4
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

o) =r(2+20) [ Hd U (1-a00) " 8
€ —a(x
A 2 s) i6+)>re
P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp

F(x;8) = —s12 XoX3X6— 523 X1X2Xa + (S12 + $23) X1X3X5 # same-sign regime!

Algorithm — UBin sg = {0 < s1p, —s12 < sp3 < 0} w.r.t x;

512X2X3 X6 X =y = X1
1 1=

f(x =
(1) (512 + 523) X3X5 — S23X2X4 x1 + X

f(x21)
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

o) =r(2+20) [ Hd U (1-a00) " 8
€ —o(x
A 2 s) io+)23e
P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp
F(x;8) = —s12 XoX3X6— 523 X1X2Xa + (S12 + $23) X1X3X5 # same-sign regime!
Algorithm — UBin sg = {0 < s1p, —s12 < sp3 < 0} w.r.t x;
S12X2X3X6 X1 ,
f(x41) = X1 — 1= f (X1 x1 = y; = x1 + f(x1
(1) (512 + 523) X3X5 — S23X2X4 X1 + X6 (1) ! (xz1)
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Univariate Bisectable Integrals
0O000@00000

2-Loop Non-Planar 6 Propagator Box (BNP6)

o) =r(2+20) [ Hd U (1-a00) " 8
€ —o(x
A 2 s) io+)23e
P2
X6
U(X) = x1x0 + x1x3 + x1Xa + x1X5 + XoX3 + XoXa + XoX +
X3X5 + X3Xg + XqX5 + XaXe + X5Xp
F(x;8) = —s12 XoX3X6— 523 X1X2Xa + (S12 + $23) X1X3X5 # same-sign regime!
Algorithm — UBin sg = {0 < s1p, —s12 < sp3 < 0} w.r.t x;
S12X2X3X6 X1 ,
f(x41) = X1 — 1= f (X1 x1 = y; = x1 + f(x1
(1) (512 + 523) X3X5 — S23X2X4 X1 + X6 (1) ! (xz1)

J(s) = JH(s) + (—1—i6T) 272 J=(s)
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Univariate Bisectable Integrals
0O0000e0000

2-Loop Non-Planar 6 Propagator Box (BNP6)
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Univariate Bisectable Integrals
0O0000e0000

2-Loop Non-Planar 6 Propagator Box (BNP6)

BNPG6 - Integration Time vs. Relative Error X3
R P1 Pa
. s12 =4 H
4 — ]
10 ° s12=40 ; X1 X
_ o 512 =400 1
- o 515 = 4000
& 10%4 o))
= X6
g
=)
%102 4
g pySecDec
=i
B cb
10— =z NOCD
T T o et L
= =
-t 1072 107% 107* 107° 107° 1077 107® 107° So3 =—1

Requested Relative Error
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Univariate Bisectable Integrals
0O00000e000

2-Loop Non-Planar 7 Propagator Box (BNP7)
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Univariate Bisectable Integrals
0O00000e000

2-Loop Non-Planar 7 Propagator Box (BNP7)

BNP7 - Integration Time vs. Relative Error

4 ]
10 J—
S12 =40
. s12 = 400
f s12 = 4000
E 103
&
g %
= i
g /
& a7’
£ 102 4 .
1071 1072 1073 1074 1075 106 1077

Requested Relative Error

Feynman Parameter Integrals with Positive Integrands

pP1 —

P3 Pa

p2 —

pySecDec
CcDh
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3-Loop Non-Planar Box (Crown)
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Univariate Bisectable Integrals

0000000800

3-Loop Non-Planar Box (Crown)

J(s) = F(2+3¢) / Hd )46 5(1-a(x))

2+3€
+
>01 1 —i0 )
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Univariate Bisectable Integrals

0000000800

3-Loop Non-Planar Box (Crown)

J(s) = F(2+3¢) / Hd )46 5(1-a(x))

2+3€
+
>01 1 —i0 )

X2
P1 P3

]:(X; S) = —S12 (X2X5 — X]_X6) (X4X7 — X3X8) —S13 (X2X3 — X1X4) (X6X7 — X5X8)

25/40

Feynman Parameter Integrals with Positive Integrands Thomas Stone



Univariate Bisectable Integrals

0000000800

3-Loop Non-Planar Box (Crown)

J(s) = F(2+3¢) / Hd )46 5(1-a(x))

243e
+
>01 1 —i0 )

X2
P1 P3

]:(X; S) = —S512 (X2X5 — X]_X6) (X4X7 — X3X8) —513 (X2X3 — X1X4) (X6X7 — X5X8)

Leading Landau singularity for arbitrary kinematics — CD breaks down!
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Univariate Bisectable Integrals
0000000800

3-Loop Non-Planar Box (Crown)

J(s) = F(2+3¢) / Hd )46 5(1-a(x))

2+3€
+
>01 1 —i0 )

X2
P1 P3

]:(X; S) = —S512 (X2X5 — X]_X6) (X4X7 — X3X8) —513 (X2X3 — X1X4) (X6X7 — X5X8)
Leading Landau singularity for arbitrary kinematics — CD breaks down!

Dissect integration domain on Landau locus
[Gardi, Herzog, Jones, Ma]
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Univariate Bisectable Integrals

0000000800

3-Loop Non-Planar Box (Crown)

J(s) = F(2+3¢) / Hd )46 5(1-a(x))

2+3€
+
>01 1 —i0 )

X2
P1 P3

]:(X; S) = —S512 (X2X5 — X]_X6) (X4X7 — X3X8) —513 (X2X3 — X1X4) (X6X7 — X5X8)
Leading Landau singularity for arbitrary kinematics — CD breaks down!

Dissect integration domain on Landau locus
[Gardi, Herzog, Jones, Ma]

J(s) = 4T(2 +3¢) Z / Usc ()™ 5(1— a(x))

R, i1 X2X4X6)1+3E xg P9 (Fi (xis) —io )3
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3-Loop Non-Planar Box (Crown)
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Univariate Bisectable Integrals
00000000 e0

3-Loop Non-Planar Box (Crown)

sr = {0 < s12, —s12 < s13 < 0}
Fa(x;s) = —[s12x3 (X1 + x3 + x5) + (512 + S13) X1 X5]
Fp(x;8) = — [(s12 + s13) x1x3 + 513%5 (X1 + X3 + X5)]
Fc(x;8) = — [s12x1 (x1 4+ X3 + X5) — 513X36]
Fp (x;s) = +[(s12 + 513) x5 (31 + X3 + x5) + S13%X1 %3]
Fe (x;8) = + [s12x3%5 — s13x1 (1 + X3 + x5)]

Fr(x;8) =+ [si2xax5 + (512 + 513) X3 (X1 + X3 + X5)]
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Univariate Bisectable Integrals
00000000 e0

3-Loop Non-Planar Box (Crown)

sr = {0 < s12, —s12 < s13 < 0} (= 0<sip+si3)
Fa(x;s) = —[s12x3 (X1 + x3 + x5) + (512 + S13) X1 X5]
Fe(x;8) = — [(s12 + s13) x1x3 + 513%5 (X1 + X3 + X5)]
Fe(x;8) = — [s12x1 (x1 4+ X3 + X5) — 513X36]
Fp (x;8) = +[(s12 + 513) x5 (31 + X3 + x5) + S13X1 %3]
Fe (x;8) = + [s12x3%5 — s13x1 (1 + X3 + x5)]

Fr(x;8) =+ [si2x1x5 + (512 + 513) X3 (X1 + X3 + X5)]
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Univariate Bisectable Integrals
00000000 e0

3-Loop Non-Planar Box (Crown)

SR:{O < 812, —S12 < 513 < 0} (:> 0 < s12+ 513 )

Fa(x;s) = —[s12x3 (x1 + x3 + x5) + (512 + 513) X1.%5]

Fe(x;8) = —[(s12 + 513) x1x3 + s13%5 (X1 + X3 + Xs5)] — sg is a Minkowski regime
Fe(x;s) = — [s12a (xa + x3 + X5) — S13X36]
Fp (x;8) = + [(s12 + s13) X5 (x1 + X3 + X5) + S13%1X3] — sg is a Minkowski regime

FE (x;8) = + [s12x3%5 — S13X1 (X1 + X3 + X5)]

Fr(x;8) =+ [si2x1x5 + (512 + 513) X3 (X1 + X3 + X5)]
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000000000 e

3-Loop Non-Planar Box (Crown)
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)

n =1 ny=1
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)

n =1 ny=1

Verified numerical result against known analytic result v

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)

n =1 ny=1

Verified numerical result against known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 =1, s13 = —1/5) after O (mins) with pySecDec
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)

n =1 ny=1

Verified numerical result against known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 =1, s13 = —1/5) after O (mins) with pySecDec

JP = ¢7*[8.34055 — 52.3608i] +0(e7?)
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)

n =1 ny=1

Verified numerical result against known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 =1, s13 = —1/5) after O (mins) with pySecDec

JP = ¢7*[8.34055 — 52.3608i] +0(e7?)
JNOCD = ~4[8.340040392028 — 52.3598775598347] +0(e7?)
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)
ny=1 ny=1

Verified numerical result against known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 =1, s13 = —1/5) after O (mins) with pySecDec

JP = ¢7*[8.34055 — 52.3608i] +0(e7?)
¢ *[8.340040392028 — 52.35987755983471] +0(e7?)
Janavtie — =4 [8.34004039223768 — 52.35987755984493i]  + O (e3)

JNOCD
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)
ny=1 ny=1

Verified numerical result against known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 =1, s13 = —1/5) after O (mins) with pySecDec

JP = ¢7*[8.34055 — 52.3608i] +0(e7?)
¢ *[8.340040392028 — 52.35987755983471] +0(e7?)
Janavtie — =4 [8.34004039223768 — 52.35987755984493i]  + O (e3)

JNOCD

CD: struggled to get O (¢73)
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Univariate Bisectable Integrals
000000000 e

3-Loop Non-Planar Box (Crown)

3 3
J ) =41 > I+ DI IS (10T TP Uy 4+ Jg + Je 4+ Jp)
ny=1 ny=1

Verified numerical result against known analytic result v/

[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 =1, s13 = —1/5) after O (mins) with pySecDec

JP = ¢7*[8.34055 — 52.3608i] +0(e7?)
¢ *[8.340040392028 — 52.35987755983471] +0(e7?)
Janavtie — =4 [8.34004039223768 — 52.35987755984493i]  + O (e3)

JNOCD

CD: struggled to get O (¢73) — NOCD: deeper in ¢
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© Beyond UB Integrals
@ Massive Examples
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Many massless integrals are not UB
Massive integrals rarely (but not never!) UB

Present in many pheno-relevant amplitudes (e.g. EW corrections)
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Massive integrals rarely (but not never!) UB

Present in many pheno-relevant amplitudes (e.g. EW corrections)

Often no known analytic solution = numerical methods essential
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Many massless integrals are not UB

Massive integrals rarely (but not never!) UB

Present in many pheno-relevant amplitudes (e.g. EW corrections)
Often no known analytic solution = numerical methods essential

General extension of algorithm to this class given by GCAD (see Outlook)
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Beyond UB Integrals
oeo

Beyond UB Integrals

How to handle integrals which are not UB?

Many massless integrals are not UB

Massive integrals rarely (but not never!) UB

Present in many pheno-relevant amplitudes (e.g. EW corrections)

Often no known analytic solution = numerical methods essential
General extension of algorithm to this class given by GCAD (see Outlook)

Case-by-case (A sub-optimalll) treatment given here — proof-of-concept
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Beyond UB Integrals
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Massive Integrals

F(x;s) = Z(fs-,-z) H Xe

T2 e¢ T?
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Beyond UB Integrals
ooe

Massive Integrals

F(x;s) = Z (—s72) H Xe +L{(x)z m?xe

T2 e¢ T?
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Beyond UB Integrals
ooe

Massive Integrals

F(x;s) = Z (—s72) H Xe + U(X) Z m2xe @ Quadratic dependence on x;
T2 e¢ T? e
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Beyond UB Integrals
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Massive Integrals

F(x;s) = Z (—s72) H Xe + U(X) Z m2xe @ Quadratic dependence on x;
T2 g T2 e @ Algebraic transformations
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Beyond UB Integrals
ooe

Massive Integrals

F(x;s) = Z (—s72) H Xe + U(X) Z m2xe @ Quadratic dependence on x;
T2 g T2 e @ Algebraic transformations

A A A A A

Figure: Independent equal-mass triangles with an off-shell leg
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Beyond UB Integrals
ooe

Massive Integrals

F(x;s) = Z (—s72) H Xe + U(X) Z m2xe @ Quadratic dependence on x;
T2 g T2 e @ Algebraic transformations

A A A A A

Figure: Independent equal-mass triangles with an off-shell leg

my m m
Figure: Banana-type integrals at 1, 2, and 3 loops
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Beyond UB Integrals
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1-Loop Massive Triangle with One Off-Shell Leg
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Beyond UB Integrals
@00000

1-Loop Massive Triangle with One Off-Shell Leg

1L Triangle - Integration Time vs. Relative Error

103- ° 2 _ 1076 p2
o 2—10 8
e m2=10"
2 102_ o m2 = 10-12 m !
[}
£
& S
g 1 /
2 10" 5 o pySecDec
g} ,,' CD
Q
£ ,,' _____ NOCD
=100 4 e
- e===F]
T E cTT] FEE -t Crr Ll oo b el e
p* =1
1071 - :

1072 10~ 10-¢ 1078 10-10
Requested Relative Error 31/40
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Beyond UB Integrals
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Massive Elliptic Sunrise
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Simplest elliptic loop integral

Rational transformations
— Algebraic transformations

./—" = —p2X1X2X3—|—m2(X1 =+ X2 =+ X3)(X1X2 —+ X1X3 —+ X2X3)
Define 32 := % € [0,00)

F=4Z (x1 + x4 x3) (x1xe + X153 + x0x3) — (9 + 5%)x1x2x3

m2
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Massive Elliptic Sunrise

Simplest elliptic loop integral

Rational transformations
— Algebraic transformations

F = —p?xixoxa+m?(x1 + x2 + x3)(xax2 + X156 + x2x3) s
Define 2 := % € [0, 00) @ 1

o F=1% (x1 + 32 +x3) (X120 + x1x3 + X2x3) — (9 + %) x1%0%3

m2

Reduce the dimension of the problem from 3 variables to 2 by integrating out x3 using

0 (1 —x1 — x2 — x3) in the integrand
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@ Let's consider the variety of F
1
&:? 0 D —
_1
0F <0
F<0Nz; >0Nae>0N1—2y—29 >0
x> 0Nzy>0N1—2p —29 >0
) d .
-2 -1 0 T 2
T
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oF
@ Let's consider the variety of F
| @ Rescale integration domain to unit positive
(hyper)quadrant
é\] 0 - D
.l
aF <0
F<0Nz; >0Nae>0N1—2y—29 >0
x> 0Nzy>0N1—2p —29 >0
-2 A I .
-2 -1 0 1 2
T
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@ Let's consider the variety of F

1 - y ° integration domain to unit positive
(hyper)quadrant
o Entire integrand is symmetric about x; = %
O = let's use this!
1
o F <0
F<0NO<z <1N0<azy <1
O<z <InN0<a; <1
-2 . . T ) T .
-2 -1 0 1 2
T
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@ Let's consider the variety of F

1 - y ° integration domain to unit positive
(hyper)quadrant
o Entire integrand is symmetric about x; = %
O = let's use this!
— X2
1
o F <0
F<0NO<z <1N0<azy <1
O<z <InN0<a; <1
-2 . . T ) T .
9 -1 0 1 2
T
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f .
(ﬁ\ @ Let's consider the variety of F
| ° integration domain to unit positive

(hyper)quadrant
o Entire integrand is symmetric about x; = %
g o = let's use this!

‘ - — X2
al / I Massive Elliptic Sunrise

o J)2= S+ I + Jf + (=1 — ig)2e T

F<0NO<z <1N0<ay, <1

O<z <1lN0<zy <1

) T ]
-2 -1 0 1

sl

-
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T2

(ﬁ\ @ Let's consider the variety of F
° integration domain to unit positive

(hyper)quadrant
o Entire integrand is symmetric about x; = %
R = let's use this!

‘ - — X
/ | Massive Elliptic Sunrise

J/2=Jf +JF +Jf + (-1 -8y,

F <0
F<0NO<z <1N0<ay, <1

O<z <1lN0<zy <1

! —T ‘ @ Construct transformations which directly send

0 ! ’ the variety to the integration boundary
L1
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10
| o od
o od
0.8 .
04 o
02 o
0.6

T2
\

0.4
os o8
os o8
0.2 . *
o o
o o2
0.0 . :
0.0 0.2 0.4 0.6 0.8 1.0 rer et ey [or or, ey er,
P o0
- So ez o4 os es i 6o oz i o5 o8 10
T x X
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1.0
od o
o o
0.8
o4 od
od o
0.6,
;31 T R e B B T
= 1o 0 -
0.4]
o od
0.2 .
02 o2
0.0 J )
0.0 0.2 0.4 0.6 0.8 1.0 e =t =P ot o ot et oty
€ x n

Let's consider the transformations for the negative contribution, /i
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1.0

To

0.6

0.0
0.0

0.2 0.4 0.6

T2

0.8

0.6

0.4

0.0
0.0

0.2

0.4 0.6 0.8 1.0
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Ta

0.6

0.0
0.0

0.2

0.4 0.6 0.8 10

it

T2

0.8

0.6

0.4

0.0
0.0

0.2 0.4 0.6 0.8 1.0

Ty

1 Map sides of variety, xllL (B),toxy=0and xy =1
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0.0

0.0

1

0.8

0.0

Map sides of variety, xllL (B),toxy=0and xy =1

— {xl N x; (B)+ [xl+ (B) — x{ (B)] X1, Xo 4 XZ}

Beyond UB Integrals
[e]e]ele] o)

35/40

Feynman Parameter Integrals with Positive Integrands Thomas Stone



Massive Elliptic Sunrise (Negative Contribution)

0.0
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0.8

0.0

Ty

1 Map sides of variety, xllL (B),toxy=0and xy =1
R _ !
— {xl —x; (B)+ [xl+ (B) — x; (B)] X1, Xo — XZ}

2 Solve variety for x, = f(x1) and map it to x, = 0 fixing x, =1
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Beyond UB Integrals
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0.0

0.8

0.0

Ty

1 Map sides of variety, xllL (B),toxy=0and xy =1

X (B) — x¢ (B)] xa, X2$X2}

2 Solve variety for x, = f(x1) and map it to x, = 0 fixing x, =1
- {xl Loxt, x5 fx) +[1— ()] x2}

<—>{x1$x1_(6)+[
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Generic Cylindrical Algebraic Decomposition

Can we always perform this procedure?

Sign-invariant decomposition of //\

N

Lee, del Rio, Rahkooy 25

{F(x,s) =0} A {x >0} Asg

General solution: GCAD

Fa CAD(F,)
ipmj TLm
Fn-1 CAD(Fpn-1)
Loroj Twise
lproj Tuﬂ
F CAD(F»)
| proj Twist

]__1 find roots CAD(]__I)

split into cells
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Lee, del Rio, Rahkooy 25

{F(x,s) =0} A {x >0} Asg

General solution: GCAD

Fa CAD(F,)
. . roj ift

v PROS: constructive algorithm, guaranteed to work ;ipl ] CAD(T;LH)
Loroj Twise
lproj Tuﬂ
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| proj Twist

]__1 find roots CAD(]__I)

split into cells
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Lee, del Rio, Rahkooy 25

{F(x,s) =0} A {x >0} Asg

General solution: GCAD

Fn CAD(F,)
v PROS: constructive algorithm, guaranteed to work ;iplmj CAD(T;:;)
Loroj Twise
/\ CONS: doubly exponential complexity! ; 5
lproj Tuﬂ
Fo CAD(F)
| proj Twist

]__1 find roots CAD(]__I)
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Generic Cylindrical Algebraic Decomposition

Can we always perform this procedure?

Sign-invariant decomposition of

{F(x,s) =0} A {x >0} Asg

General solution: GCAD

v" PROS: constructive algorithm, guaranteed to work

/\ CONS: doubly exponential complexity!

Leverage physics insight? [WIP]:
F multilinear/quadratic in x, homogeneous

Feynman Parameter Integrals with Positive Integrands
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N

Lee, del Rio, Rahkooy 25

7 CAD(F,)

ipmj TLm
Fn-1 CAD(Fpn-1)
Loroj Twise
lproj Tuﬂ
T CAD(F)
| proj Twist
F, fwdroots | capyr)

split into cells
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ggHH 2-Loop Box

2L ggHH - Integration Time vs. Relative Error

104 4 L] S19 = 2.2
° s12 = 3.0
. s12 = 3.9
%
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=
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[Britto, Hannesdottir...]

Long-term goal: automate general solution and apply to entire amplitudes
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Outlook

UB integrals — problem solved — implement in public codes
Investigate GCAD to resolve pheno-relevant integrals

Connect to picture of cuts/discontinuities in parameter space

[Britto, Hannesdottir...]

Long-term goal: automate general solution and apply to entire amplitudes

Thank you for listening!
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