
1/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Feynman Parameter Integrals with Positive Integrands

Thomas Stone

TUM-MPP Collider Phenomenology Seminar, Munich
11th November 2025

Stephen Jones, Anton Olsson, TS
[JHEP 10 (2025) 068 (2506.24073) + PoS LL2024 (2024) 036 (2407.06973)]

Alex Bennett, Bakar Chargeishvili, Stephen Jones, Anton Olsson, TS +
Gudrun Heinrich, Matthias Kerner, Vitaly Magerya, Johannes Schlenk [WIP] Technische Universität

München

Feynman Parameter Integrals with Positive Integrands Thomas Stone



2/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Outline

1 Preliminaries
Feynman Parameter Integrals
Positive Integrands

2 Univariate Bisectable Integrals
Algorithm
Massless Examples

3 Beyond UB Integrals
Massive Examples

4 Outlook
Generic Cylindrical Algebraic Decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



3/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Outline

1 Preliminaries
Feynman Parameter Integrals
Positive Integrands

2 Univariate Bisectable Integrals
Algorithm
Massless Examples

3 Beyond UB Integrals
Massive Examples

4 Outlook
Generic Cylindrical Algebraic Decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



4/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Big challenges in modern amplitude calculations:

Reduction to master integrals Evaluation of master integrals (our focus)

[Slide style inspired by Stephen Jones]

↪→ This talk: avoiding contour deformation in the context of sector decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



4/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Big challenges in modern amplitude calculations:

Reduction to master integrals Evaluation of master integrals (our focus)

[Slide style inspired by Stephen Jones]

↪→ This talk: avoiding contour deformation in the context of sector decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



4/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Big challenges in modern amplitude calculations:

Reduction to master integrals

Evaluation of master integrals (our focus)

[Slide style inspired by Stephen Jones]

↪→ This talk: avoiding contour deformation in the context of sector decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



4/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Big challenges in modern amplitude calculations:

Reduction to master integrals Evaluation of master integrals (our focus)

[Slide style inspired by Stephen Jones]

↪→ This talk: avoiding contour deformation in the context of sector decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



4/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Big challenges in modern amplitude calculations:

Reduction to master integrals Evaluation of master integrals (our focus)

[Slide style inspired by Stephen Jones]

↪→ This talk: avoiding contour deformation in the context of sector decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



4/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Big challenges in modern amplitude calculations:

Reduction to master integrals Evaluation of master integrals (our focus)

[Slide style inspired by Stephen Jones]

↪→ This talk: avoiding contour deformation in the context of sector decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



5/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Minkowski Regime

Minkowski regime ⇒ poles on the contour of integration
↪→ Contour deformation

!4 Causal prescription provided by Feynman iδ: “ i
k2−m2+iδ+ ”

[Schwinger; Feynman, Landau; Eden, Landshoff, Olive, Polkinghorne; Hannesdottir, Mizera...]

Methods being explored to remove the need for contour
deformation in momentum space
[Buchta, Chachamis, Draggiotis, Rodrigo; Anastasiou, Haindl, Sterman, Yang, Zeng; Aguilera-Verdugo, Hernandez-
Pinto, Sborlini, Torres Bobadilla; Capatti, Hirschi, Kermanschah, Pelloni, Ruijl...]Can we do the same in Feynman parameter space?
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Feynman Parameter Integrals

Loop integral in Feynman parameter space

J(s) = (−1)ν Γ (ν − LD/2)∏N
i=1 Γ (νi)

lim
δ→0+

∫
RN

≥0

N∏
i=1

dxixνi−1
i

U(x)ν−(L+1)D/2

(F(x; s)−iδ )ν−LD/2 δ( 1 − α(x) )

Kinematics: s = {m2
i } ∪ {sjk = (pj + pk)

2}
Cheng-Wu theorem1: α(x) =

∑
i∈S xi , S ⊆ {x1, . . . , xN} ∧ S 6= ∅

Graphical construction of Symanzik polynomials (T k = spanning k-forest of graph, e = edge ):

U(x) =
∑
T 1

∏
e /∈T 1

xe ≥ 0, independent of kinematics, degree of homogeneity in x: L

F(x; s) =
∑
T 2

(−sT 2)
∏

e /∈T 2

xe + U(x)
∑

e
m2

exe , degree of homogeneity in x: L + 1

1Generally, interpret J as an integral over RPN−1
≥0 ⇒ any valid deprojectivisation

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Kinematic Regimes

F(x; s) =
∑
T 2

(−sT 2)
∏

e /∈T 2

xe + U(x)
∑

e
m2

exe

Define a kinematic regime:

sR = {smin < s < smax} = {m2,min
i < m2

i < m2,max
i } ∪ {smin

jk < sjk < smax
jk }

We distinguish between 3 types of kinematic regime:

∀ s ∈ sR : ∀ x ∈ RN
>0 : F(x; s) > 0 ⇒ sR is a positive same-sign regime

∀ s ∈ sR : ∀ x ∈ RN
>0 : F(x; s) < 0 ⇒ sR is a negative same-sign regime

∀ s ∈ sR : ∃ x ∈ RN
>0 : F(x; s) = 0 ⇒ sR is a Minkowski regime

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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>0 : F(x; s) = 0 ⇒ sR is a Minkowski regime
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Singularities in Feynman Parameter Space

Landau equations in Feynman parameter space

a) F(x; s) = 0 , b) ∀xi : xi
∂F(x; s)

∂xi
= 0

NB: F homogeneous in x, hence

b) ⇒ a)

Where can we get singularities due to x?

1 x on the boundary of the integration domain
↪→ resolved by sector decomposition (see next slide)

2 x inside the integration domain ⇐⇒ x ∈ RN
>0

↪→ only a) satisfied −→ integrable singularity, resolvable with contour deformation (our focus)
↪→ a) and b) satisfied −→ further analysis required
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Sector Decomposition

TAKE HOME MESSAGE
Sector decomposition resolves issues on the boundary and can be considered ‘solved’∗

∗for our purposes at least!

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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dx x−1+aε I(x , ε)

=
I (0, ε)

a ε +

∫ 1

0
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x1

x2

1

10

→
x1

x2

+
x1

x2

→
x1

x2

+
x1

x2

e.g. I =
∫

dx1dx2
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x1+aε
1 xbε
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Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Contour Deformation in Parameter Space

When F = 0 within the integration domain, deform the contour obeying F → F − iδ+

Explicit contour deformation in parameter space

x → z = x − iτ , τj = λj xj (1 − xj)
∂F(x; s)

∂xj

F(x; s) → F(z; s) = F(x; s)− i
∑

j
τj

∂F(x; s)
∂xj

+O(τ 2)

Try to optimise the deformation e.g. train λj → λj(x) with a neural network
[Winterhalder, Magerya, Villa, Jones, Kerner, Butter, Heinrich, Plehn; ...]

If this works, why try to avoid it?

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Downsides of Contour Deformation

z = x − iτ , F(z; s) = F(x; s)− i
∑

j
τj

∂F(x; s)
∂xj

Contour deformation has a number of drawbacks:

Leading Landau singularity (F(x; s) = 0, ∂F(x;s)
∂xj

= 0) ⇒ construction above breaks down
R integrand → C integrand ⇒ immediately slower numerics
Variable change from x → z leads to large (N − 1)× (N − 1) Jacobian determinant
↪→ can be much more complicated than the original integrand!

New integrand has increased variance ⇒ large cancellations between + and −
Dependence on arbitrary choice of τj

TAKE HOME MESSAGE
Contour deformation reduces precision, can be very slow and can break down entirely!

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Contour deformation reduces precision, can be very slow and can break down entirely!
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Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation?

→ Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



12/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Positive Integrands

How then to avoid contour deformation? → Our solution: positive integrands

Express a Feynman integral in the Minkowski regime as a sum of ‘same-sign regime integrals’

Factor out (−1−iδ+)LD/2−ν in negative same-sign regime integrals → only positive integrands

General same-sign decomposition

J(s) =
N+∑

n+=1
J+,n+(s) + (−1−iδ+)LD/2−ν

N−∑
n−=1

J−,n−(s)

Purely real and positive integrands in J±,n± ⇒ much faster to integrate (no CD!)

Trivial analytic continuation in this representation: Im(J) controlled by (−1−iδ+)LD/2−ν × R

Feynman Parameter Integrals with Positive Integrands Thomas Stone



13/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Constructing the Decomposition

p2

m
x3

x2x1

How to achieve this representation?

Analyse the (projective) variety of F : codimension-1 hypersurface defined by F(x; s) = 0

Dissect integration domain into regions where F > 0 and F < 0

Map each region back to the original domain

Variety (F = 0) mapped to boundary ⇒ resolved by sector decomposition!

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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The Simplest Example

s m
x1

x2

= Γ (ε)

∫
R2

≥0

dx1dx2
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) ) , s > m2 > 0

Feynman Parameter Integrals with Positive Integrands Thomas Stone



14/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

The Simplest Example

s m
x1

x2

= Γ (ε)

∫
R2

≥0

dx1dx2
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) ) , s > m2 > 0

Feynman Parameter Integrals with Positive Integrands Thomas Stone



14/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

The Simplest Example

s m
x1

x2

= Γ (ε)

∫
R2

≥0

dx1dx2
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) ) , s > m2 > 0

= Γ (ε)

∫ ∞

0
dx2

∫ s−m2
m2 x2

0
dx1

(x1 + x2)
−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) )

+ Γ (ε)

∫ ∞

0
dx2

∫ ∞

s−m2
m2 x2

dx1
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) )

Feynman Parameter Integrals with Positive Integrands Thomas Stone



14/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

The Simplest Example

s m
x1

x2

= Γ (ε)

∫
R2

≥0

dx1dx2
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) ) , s > m2 > 0

= (−1−iδ+)−ε Γ (ε)

∫ ∞

0
dx2

∫ s−m2
m2 x2

0
dx1

(x1 + x2)
−2+2ε

(+s x1x2−m2 x1 (x1 + x2) )
ε δ( 1 − α(x) )

+ Γ (ε)

∫ ∞

0
dx2

∫ ∞

s−m2
m2 x2

dx1
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2) )
ε δ( 1 − α(x) )

Feynman Parameter Integrals with Positive Integrands Thomas Stone



14/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

The Simplest Example

s m
x1

x2

= Γ (ε)

∫
R2

≥0

dx1dx2
(x1 + x2)

−2+2ε

(−s x1x2+m2 x1 (x1 + x2)−iδ+)ε
δ( 1 − α(x) ) , s > m2 > 0

= (−1−iδ+)−ε Γ (ε) (m2)1−ε(s−m2)1−2ε
∫
R2

≥0
dx1dx2

x−ε
1 x−ε

2

(sx1+m2x2)
2−2ε δ( 1 − α−(x) )

+ Γ (ε) (m2)2−2ε
∫
R2

≥0
dx1dx2

x−ε
1

(
m2x1 + (s − m2) x2

)−ε

(sx2+m2x1)
2−2ε δ( 1 − α+(x) )

Feynman Parameter Integrals with Positive Integrands Thomas Stone



15/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Outline

1 Preliminaries
Feynman Parameter Integrals
Positive Integrands

2 Univariate Bisectable Integrals
Algorithm
Massless Examples

3 Beyond UB Integrals
Massive Examples

4 Outlook
Generic Cylindrical Algebraic Decomposition

Feynman Parameter Integrals with Positive Integrands Thomas Stone



16/40

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

Univariate Bisectable Integrals

Is it always so easy to decompose the integration domain?

Univariate bisectable integrals:
F = 0 hypersurface bisects domain w.r.t. UB parameter

e.g.

p2

m
x3

x2x1 is UB w.r.t. x3 for p2,m2 > 0

Same-sign decomposition for UB integrals

J(s) = J+(s) + (−1−iδ+)LD/2−ν J−(s)

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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UB Algorithm

Algorithm: Univariate Bisection (UB)
Input: I(x; s; δ), sR
Output: I+(x; s), I−(x; s)
foreach xi ∈ x do

Let r = Reduce[{F(x; s) < 0}∪{0 < x}∪ sR , xi ];
if r ∼ A then

Let I−(x; s) = J (x6=i , yi) I(x6=i , yi ;−s; 0)
Let I+(x; s) = J ′(x 6=i , y ′

i ) I(x6=i , y ′
i ; s; 0)

return I+(x; s), I−(x; s)
else if r ∼ B then

Let I−(x; s) = J ′(x6=i , y ′
i ) I(x 6=i , y ′

i ;−s; 0)
Let I+(x; s) = J (x 6=i , yi) I(x6=i , yi ; s; 0)
return I+(x; s), I−(x; s)

end
return ¬UB in sR

UB integrals → algorithmic procedure
A : {0 < xi < f (x6=i )} ∧ {0 < x6=i} ∧ sR

B : {f (x6=i ) < xi} ∧ {0 < x6=i} ∧ sR

F(x; s) = 0 ⇐⇒ xi = f (x6=i)

Essentially just parameter transformations:

xi → yi =
xi

xi + xj
f (x 6=i) (1)

xi → y ′
i = xi + f (x6=i) (2)

(1) F = 0 hypersurface → ∞
(2) F = 0 hypersurface → 0

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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2-Loop Non-Planar 6 Propagator Box (BNP6)

J(s) = Γ(2+2ε)
∫
R6

≥0

6∏
i=1

dxi
U(x)3ε

(F(x; s)−iδ+)2+2ε δ( 1−α(x) )

p1

p2
p3

p4

x1

x3

x6

x2

x5

x4

U(x) = x1x2 + x1x3 + x1x4 + x1x5 + x2x3 + x2x4 + x2x6 +

x3x5 + x3x6 + x4x5 + x4x6 + x5x6

F(x; s) = −s12 x2x3x6−s23 x1x2x4 + (s12 + s23) x1x3x5

@ same-sign regime!

Algorithm → UB in sR = {0 < s12, −s12 < s23 < 0} w.r.t x1

f (x 6=1) =
s12x2x3x6

(s12 + s23) x3x5 − s23x2x4
x1 → y1 =

x1
x1 + x6

f (x 6=1) x1 → y ′
1 = x1 + f (x6=1)

J(s) = J+(s) + (−1−iδ+)−2−2ε J−(s)

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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2-Loop Non-Planar 6 Propagator Box (BNP6)
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2-Loop Non-Planar 7 Propagator Box (BNP7)
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3-Loop Non-Planar Box (Crown)

J(s) = Γ(2+3ε)
∫
R8

≥0

8∏
i=1

dxi
U(x)4ε

(F(x; s)−iδ+)2+3ε δ( 1−α(x) )

p1 p3

p2 p4

x2 x6

x1

x4

x5

x8

x3 x7

F(x; s) = −s12 (x2x5 − x1x6) (x4x7 − x3x8)−s13 (x2x3 − x1x4) (x6x7 − x5x8)

Leading Landau singularity for arbitrary kinematics → CD breaks down!
Dissect integration domain on Landau locus
[Gardi, Herzog, Jones, Ma]

J(s) = 4 Γ(2 + 3ε)
∑

K

∫
R8

≥0

8∏
i=1

dxi
UK (x)4ε

(x2x4x6)
1+3ε x1+9ε

8 (FK (x; s)−iδ+)2+3ε δ( 1 − α(x) )

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

3-Loop Non-Planar Box (Crown)

sR = {0 < s12, −s12 < s13 < 0}

( ⇒ 0 < s12 + s13 )

FA (x; s) = − [s12x3 (x1 + x3 + x5) + (s12 + s13) x1x5]

FB (x; s) = − [(s12 + s13) x1x3 + s13x5 (x1 + x3 + x5)]

−→ sR is a Minkowski regime

FC (x; s) = − [s12x1 (x1 + x3 + x5)− s13x3x5]

FD (x; s) = + [(s12 + s13) x5 (x1 + x3 + x5) + s13x1x3]

−→ sR is a Minkowski regime

FE (x; s) = + [s12x3x5 − s13x1 (x1 + x3 + x5)]

FF (x; s) = + [s12x1x5 + (s12 + s13) x3 (x1 + x3 + x5)]

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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sR = {0 < s12, −s12 < s13 < 0} ( ⇒ 0 < s12 + s13 )

FA (x; s) = − [s12x3 (x1 + x3 + x5) + (s12 + s13) x1x5]

FB (x; s) = − [(s12 + s13) x1x3 + s13x5 (x1 + x3 + x5)] −→ sR is a Minkowski regime
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3-Loop Non-Planar Box (Crown)

J(s) = 4

 3∑
n+=1

J+,n+

B +
3∑

n+=1
J+,n+

D + J+
E + J+

F + (−1 − iδ+)−2−3ε [J−
A + J−

B + J−
C + J−

D
] 

Verified numerical result against known analytic result X
[Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21]

J(s12 = 1, s13 = −1/5) after O (mins) with pySecDec

JCD = ε−4 [8.34055 − 52.3608i ] + O
(
ε−3)

JNOCD = ε−4 [8.340040392028 − 52.3598775598347i ] + O
(
ε−3)

Janalytic = ε−4 [8.34004039223768 − 52.35987755984493i ] + O
(
ε−3)

CD: struggled to get O
(
ε−3) −→ NOCD: deeper in ε
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Outline

1 Preliminaries
Feynman Parameter Integrals
Positive Integrands

2 Univariate Bisectable Integrals
Algorithm
Massless Examples

3 Beyond UB Integrals
Massive Examples

4 Outlook
Generic Cylindrical Algebraic Decomposition
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Beyond UB Integrals

How to handle integrals which are not UB?

Many massless integrals are not UB

Massive integrals rarely (but not never!) UB

Present in many pheno-relevant amplitudes (e.g. EW corrections)

Often no known analytic solution ⇒ numerical methods essential

General extension of algorithm to this class given by GCAD (see Outlook)

Case-by-case ( !4 sub-optimal!!) treatment given here → proof-of-concept

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Massive Integrals

F(x; s) =
∑
T 2

(−sT 2)
∏

e /∈T 2

xe

+ U(x)
∑

e
m2

exe
Quadratic dependence on xi

Algebraic transformations

m m mm mm m mm

Figure: Independent equal-mass triangles with an off-shell leg
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m2

m

m
m

m
m
m
m

Figure: Banana-type integrals at 1, 2, and 3 loops
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1-Loop Massive Triangle with One Off-Shell Leg
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Massive Elliptic Sunrise

p2

m

m
m

Simplest elliptic loop integral
Rational transformations
↪→ Algebraic transformations
F = −p2x1x2x3+m2(x1 + x2 + x3)(x1x2 + x1x3 + x2x3)

Define β2 := p2−9m2

m2 ∈ [0,∞)

F̃ = F
m2 = (x1 + x2 + x3)(x1x2 + x1x3 + x2x3)− (9+ β2)x1x2x3

Reduce the dimension of the problem from 3 variables to 2 by integrating out x3 using
δ (1 − x1 − x2 − x3) in the integrand

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Massive Elliptic Sunrise

Let’s consider the variety of F̃
Rescale integration domain to unit positive
(hyper)quadrant
Entire integrand is symmetric about x2 = 1

2
⇒ let’s use this!
↪→ Rescale x2

Massive Elliptic Sunrise
J/2 = J+

1 + J+
2 + J+

3 + (−1 − iδ)1−2εJ−
1

Construct transformations which directly send
the variety to the integration boundary

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Massive Elliptic Sunrise

⇒

Let’s consider the transformations for the negative contribution, I−1
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Massive Elliptic Sunrise (Negative Contribution)

1⇒ 2⇒

1 Map sides of variety, x±
1 (β), to x1 = 0 and x1 = 1

↪→
{

x1
!→ x−

1 (β) +
[
x+

1 (β)− x−
1 (β)

]
x1, x2

!→ x2

}
2 Solve variety for x2 = f (x1) and map it to x2 = 0 fixing x2 = 1

↪→
{

x1
!→ x1, x2

!→ f (x1) + [1 − f (x1)] x2

}

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Massive 3-Loop Banana
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Generic Cylindrical Algebraic Decomposition [see also Jones, Loop Summit 2025]

Can we always perform this procedure?

Sign-invariant decomposition of

{F(x, s) ≷ 0} ∧ {x > 0} ∧ sR

General solution: GCAD

X PROS: constructive algorithm, guaranteed to work

!4 CONS: doubly exponential complexity!

Leverage physics insight? [WIP]:
F multilinear/quadratic in x, homogeneous

Feynman Parameter Integrals with Positive Integrands Thomas Stone
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Outlook

UB integrals → problem solved → implement in public codes

Investigate GCAD to resolve pheno-relevant integrals

Connect to picture of cuts/discontinuities in parameter space
[Britto, Hannesdottir...]

Long-term goal: automate general solution and apply to entire amplitudes

Thank you for listening!
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