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Higgs Couplings
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Figure 5: Reduced Higgs boson coupling strength modifiers and their uncertainties. They are defined as
^�<�/vev for fermions (� = C, 1, g, `) and

p
^+<+ /vev for vector bosons as a function of their masses <� and <+ .

Two fit scenarios with ^2 = ^C (coloured circle markers), or ^2 left free-floating in the fit (grey cross markers) are
shown. Loop-induced processes are assumed to have the SM structure, and Higgs boson decays to non-SM particles
are not allowed. The vertical bar on each point denotes the 68% confidence interval. The ?-values for compatibility
of the combined measurement and the SM prediction are 56% and 65% for the respective scenarios. The lower panel
shows the values of the coupling strength modifiers. The grey arrow points in the direction of the best-fit value and
the corresponding grey uncertainty bar extends beyond the lower panel range.

not substantially a�ect the kinematic properties of the Higgs boson decay products. The fit results for the
scenario in which invisible or undetected non-SM Higgs boson decays are assumed not to contribute to
the total Higgs decay width, i.e. ⌫inv. = ⌫u. = 0, are shown in Figure 6 together with the results for the
scenario allowing such decays. To avoid degenerate solutions, the latter constrains ⌫u. � 0 and imposes the
additional constraint ^+  1 that naturally arises in a variety of scenarios of physics beyond the SM [54,
55]. All measured coupling strength modifiers are compatible with their SM predictions. When allowing
invisible or undetected non-SM Higgs boson decays to contribute to the total Higgs boson decay width,
the previously measured coupling strength modifiers do not change significantly, while upper limits of
⌫u. < 0.12 (expected 0.21) and ⌫inv. < 0.13 (expected 0.08) are set at 95% CL on the corresponding
branching fraction. The latter improves on the current best limit of ⌫inv. < 0.145 (expected 0.103) from
direct ATLAS searches [42].

In all tested scenarios, the statistical and the systematic uncertainty contribute almost equally to the
total uncertainty in most of the ^ parameter measurements. The exceptions are the ^`, ^/W , ^2 and ⌫u.

measurements for which the statistical uncertainty still dominates.

Kinematic properties of Higgs boson production probing the internal structure of its couplings are studied in
the framework of simplified template cross sections [44, 56–58]. The framework partitions the phase space
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2018 ( ): First direct observation of top-quark 
Yukawa coupling 

2020 ( ): First direct evidence that Higgs 
field is responsible for mass of 2nd gen. leptons 

2022 ( ): First hints that Higgs field is 
responsible for mass of 2nd gen. quarks 

2024 (Sign ): Exclude 

 using WH via VBF

ttH

H → μμ

H → cc

HWW/HZZ
λWZ = κW /κZ < 0
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The Higgs sector continues to yield impressive fundamental discoveries
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EW symmetry breaking
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to confirm/refute this
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Fig. IV.9: Diagrams contributing to Higgs-boson pair production via gluon fusion. The contri-
bution of the trilinear Higgs coupling is marked in red.
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(IV.20)

where the very large uncertainty at Q = 600 GeV is generated by the strong cancellation between
the W and top loops as indicated by the strong dip in Fig. IV.8. In analogy to the production
cross section these results indicate that the top-mass scheme and scale uncertainties are sizeable
for o�-shell Higgs bosons and have to be included in analyses to derive the total Higgs width
from the interplay between on-shell and o�-shell Higgs production and decay.

3.4 Higgs-pair production
Higgs-pair production via gluon fusion is mediated by triangle and box diagrams involving
closed top-quark loops at LO [1006, 1007], the decomposition is therefore very similar to the
usual o�-shell Higgs-boson production corresponding to the triangle diagrams and the contin-
uum contribution in terms of the box diagrams. Both contributions develop a relevant top-mass
dependence so that the related uncertainties have to be included in the total theoretical uncer-
tainty.

Higgs-boson pairs are mainly produced via the gluon-fusion mechanism gg æ HH which
is primarily mediated by top-quark loops and receives only a small contribution from bottom-
quark loops, see Fig. IV.9. There are box (left diagram) and triangle (right diagram) diagrams,
with the latter involving the trilinear Higgs coupling ⁄ [1006,1007], which interfere destructively.
The dependence of the cross section on the size of the trilinear coupling can roughly be estimated
as �‡/‡ ≥ ≠�⁄/⁄ in the vicinity of the SM value of ⁄. Thus, the determination of the trilinear
coupling from Higgs pair production requires a reduction of the theoretical uncertainties of the
corresponding cross section, i.e. the inclusion of higher-order corrections becomes indispensable.
The full QCD corrections are known up next-to-leading order (NLO) [127–129] and at next-to-
next-to-leading order (NNLO) in the limit of heavy top quarks [338, 436, 1008]. Very recently,
the N3LO QCD corrections have been computed in the limit of heavy top quarks resulting in
a small further increase of the cross section [444–446]. The QCD corrections increase the total
LO cross section by about a factor of two. Recently, the full NLO results have been matched
to parton showers [441, 442] and the full NNLO results in the limit of heavy top quarks have
been merged with the NLO mass e�ects and supplemented by additional top-mass e�ects in
the double-real corrections [282]. However, a reliable estimate of the theoretical uncertainties is
necessary, i.e. considering the usual renormalization and factorization scale dependences but in
addition also the uncertainties induced by the top-mass scheme and scale dependence.

This analysis has been performed in Ref. [129] for the first time including the full NLO
QCD corrections. The final results look very similar to the single o�-shell Higgs case, i.e. the
top-mass scheme and scale uncertainties drop by roughly a factor of two from LO to NLO. At

110
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HH Production Channels at the LHC
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Production channels similar to H 
A very important difference: 

 σ(pp → HH) ∼
σ(pp → H)
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Experimental Limits

Current Experimental Limits (Run 2) @ 95% CL 

ATLAS:  
CMS:    

−1.2(−1.6) < κλ < 7.2(7.2)
−1.39(−1.02) < κλ < 7.02(7.19)

ATLAS 2406.09971

CMS-PAS-HIG-20-011

γγVV!, and γγτþ τ− decay channels with leptons in the final
states; the total branching fraction is around 6.5%. The
bb̄ll þ Emiss

T search targets final states arising from HH
decay channels where one of the Higgs bosons decays to a
b-quark pair and the other to either a boson pair (ZZ!,
WW!) or a τ-lepton pair, which then decays to a pair of
opposite-sign leptons (l ¼ e, μ) and neutrinos, for a total
branching fraction of 2.9%. Depending on the analysis, the
final discriminating variable can be the HH invariant mass,
the diphoton invariant mass, or the multivariate classifiers
used to separate signal from background.
The analyses under consideration use the full sample offfiffiffi
s

p
¼ 13 TeV proton-proton (pp) collision data recorded

with the ATLAS detector during run 2 of the LHC. The
integrated luminosity ranges from 126 to 140 fb−1 depend-
ing on the trigger selection [31]. The ATLAS experiment is
a multipurpose particle detector with a forward-backward
symmetric cylindrical geometry and nearly 4π coverage in
solid angle [32–34]. A software suite [35] is used in data
simulation, in the reconstruction and analysis of real and
simulated data, in detector operations, and in the trigger and
data acquisition systems of the experiment. The searches
use a common set of event generators to describe ggF and
VBF HH production in the pp collisions. Reweighting
methods are used to estimate the total and differential signal
yields at a given value of κi from samples simulated for
different values of κλ and κ2V [4] or to estimate the particle-
level mHH distributions for alternative values of the Wilson
coefficients using parameters from Ref. [36].

The results are derived from a likelihood function
Lðα; θÞ, where α denotes the vector of parameters of
interest (POIs) in the statistical model and θ is a set of
nuisance parameters (NPs), including systematic uncer-
tainty contributions and background parameters. This
global likelihood function is the product of individual
search likelihoods. The profile-likelihood-ratio test statistic

−2 lnΛðα; θÞ ¼ −2 ln½Lðα; ˆ̂θðαÞÞ=Lðα̂; θ̂Þ' is used to deter-
mine the 68% and 95% CL intervals and local significance
in the asymptotic approximation [37]. The CLs method [38]
is utilized to derive upper limits on the HH production
cross section. To evaluate the expected limits, Asimov
datasets [37] are generated, setting all NPs to their best-fit
values in data and fixing the POIs to those posited in the
hypothesis under test. The event samples from the com-
bined searches are scrutinized for overlaps in both real and
simulated data; they are found to be less than 1% in the
signal regions and, thus, considered negligible.
Complete discussions of the systematic uncertainties

considered in the individual searches are provided in
Refs. [25–30]. Correlations of these uncertainties between
different searches are investigated. Uncertainties related to
the data-taking conditions, such as those associated with the
integrated luminosity and the mismodeling of the multiple
pp interactions per bunch crossing, are assumed to be
correlated across the searches.An exception is the integrated
luminosity uncertainty in the resolved bb̄bb̄ analysis [25],
which employs a different calibration version. Where
applicable, uncertainties associated with physics objects
common to two or more searches are considered correlated.
Correlations are also assumed for theoretical uncertainties
affecting simulated signal and background processes, such
as uncertainties in the QCD scale, proton parton distribution
functions, and Higgs boson decay branching fractions.
Systematic uncertainties that significantly influence the
individual searches but are strongly constrained or pulled
in the data fitting are treated as uncorrelated to prevent undue
influence on the other searches. However, the impact of
treating them as correlated or uncorrelated in the combina-
tion was checked and found to be negligible.
The signal strength μHH is defined as the ratio of the

measured inclusive ggF and VBF HH production cross
section to the SM prediction σSMggFþ VBFðHHÞ ¼ 32.8þ 2.1

−7.2 fb.
This μHH measure assumes that the relative ggF and VBF
production cross sections, Higgs boson decay branching
fractions, and relative kinematic distributions correspond to
the SM predictions. The fit to data indicates a value of
μHH ¼ 0.5þ 1.2

−1.0 ¼ 0.5þ 0.9
−0.8ðstatÞþ 0.7

−0.6ðsystÞ, where “stat” and
“syst” denote the statistical and systematic uncertainties,
respectively. The result is compatible with the SM pre-
diction, with a p value of 0.64. Assuming σggFþ VBFðHHÞ ¼
σSMggFþ VBFðHHÞ, the expected value is μHH ¼ 1.0þ 1.2

−1.0 ¼
1.0þ 1.0

−0.9ðstatÞþ 0.7
−0.5ðsystÞ. The primary systematic uncertainty

arises from an estimated uncertainty of 100% in modeling

FIG. 2. Observed and expected 95% CL upper limits on the
signal strength for inclusive ggF HH and VBF HH production
from the bb̄τþ τ−, bb̄γγ, bb̄bb̄, multilepton, and bb̄ll þ Emiss

T
decay channels and their statistical combination. The predicted
SM cross section assumes mH ¼ 125 GeV. The expected limit,
along with its associated ( 1σ and ( 2σ bands, is calculated for
the assumption of no HH production and with all NPs profiled to
the observed data.

PHYSICAL REVIEW LETTERS 133, 101801 (2024)

101801-3

Projections for HL-LHC (European Strategy 2026) 

Expected discovery significance ~3.8  per experiment 
Combined ATLAS+CMS projections ~7.6  ! 
TH systematics approximately halved in projections

σ
σ

• Input to the European Strategy for Particle Physics (EEPPU 2026) 

• The expected significance for the combined result is above 3.2  already with 
2000  and 3.8  at an integrated luminosity of 3000  in the S2 
scenario 

• Promising Signal strength on the 0.5 level expectations are obtained  

★ Combined (ATLAS+CMS) projections show an expected sensitivity of 7.6  !!!

σ
fb−1 σ fb−1

σ
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Di-Higgs searches in ATLAS & CMS - Moriond QCD 2025

HL-LHC Projections - Non-Resonant Combination (CMS)

S1 Systematic uncertainty stay 
the same as in Run 2
Theory Systs halved  

(ATLAS only)

S2 Reduced or unchanged 
 (Scale most jet unc. by Lumi)

Stat 
only No Systematics
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Improving Precision

+ Parton Shower 
+ Resummation 
+ Hadronisation 
+ Underlying Event

With , expect: NLO ~ 10% correction, NNLO ~ 1% correction 
Higgs channels are important exceptions, receive much larger corrections! 

αs ∼ 0.1

Parton Distribution 
Functions (PDFs)

Hard Scattering 
Matrix Element

d� =

Z
dxadxbf(xa)f(xb)d�̂ab(xa, xb)FJ +O ((⇤/Q)m)

<latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit><latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit><latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit><latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit>

Non-perturbative 
effects ~ few %

a b



Overview

[1] Glover, van der Bij 88; [2] Dawson, Dittmaier, Spira 98; [3] Shao, Li, Li, Wang 13; [4] Grigo, Hoff, Melnikov, Steinhauser 13; [5] de Florian, Mazzitelli 13; [6] Grigo, Melnikov, Steinhauser 14; [7] Grigo, Hoff 14; [8] Maltoni, Vryonidou, Zaro 14; [9] Grigo, 
Hoff, Steinhauser 15; [10] de Florian, Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, Mazzitelli, Rathlev 16; [11] Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; [12] Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; [13] 
Ferrera, Pires 16; [14] Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; [15] SPJ, Kuttimalai 17; [16] Gröber, Maier, Rauh 17; [17] Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 18; [18] Grazzini, Heinrich, SPJ, Kallweit, Kerner, Lindert, Mazzitelli 18; 
[19] de Florian, Mazzitelli 18; [20] Bonciani, Degrassi, Giardino, Gröber 18; [21] Davies, Mishima, Steinhauser, Wellmann 18, 18; [22] Mishima 18; [23] Gröber, Maier, Rauh 19; [24] Davies, Heinrich, SPJ, Kerner, Mishima, Steinhauser, David Wellmann 19; 
[25] Davies, Steinhauser 19; [26] Chen, Li, Shao, Wang 19, 19; [27] Davies, Herren, Mishima, Steinhauser 19, 21; [28] Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira 21; [29] Bellafronte, Degrassi, Giardino, Gröber, Vitti 22; [30] Davies, Mishima, 
Schönwald, Steinhauser, Zhang 22; [31] Ajjath, Shao 22; [32] Davies, Mishima, Schönwald, Steinhauser 23; [33] Davies, Schönwald, Steinhauser 23; [34] Davies, Schönwald, Steinhauser, Zhang 23; [35] Bagnaschi, Degrassi, Gröber 23; [36] Bi, Huang, 
Huang, Ma Yu 23 [37] Li, Si, Wang, Zhang, Zhao 24; [38] Davies, Schönwald, Steinhauser, Vitti 24; [39] Heinrich, SPJ, Kerner, Stone, Vestner [40] Li, Si, Wang, Zhang, Zhao 24; [41] Davies, Schönwald, Steinhauser, Zhang 24; [42] Davies, Schönwald, 
Steinhauser, Zhang 25; [43] Davies, Schönwald, Steinhauser 25; [44] Bonetti, Rendler, Bobadilla 25;

(Slide design shamelessly 
stolen from G. Salam)

[2] NLO HTL

[8] Full reals ( )FTapprox

[3] NLO HTL + NNLL 
[4] NLO  

[7] NLO 

1/m8
T

1/m12
T

[10] NNLO HTL (Fully Diff)

[1] LO

[9] NNLO virt 1/m4
T

+𝒪(1/mT)

[5,6] NNLO HTL

+𝒪(1/mT)

[11,12] NLO numerical

[13] NLO + NLL

[14,15] NLO + PS

[17,28] NLO  

[18] NNLO ( ) 
[19] NNLO + NNLL 
[20] NLO small-  

[21,22] NLO small-

MS mT
FTapprox

pT
mT

[16]  + thres.1/mT

[23] NLO small-  + thres. 

[24] NLO num. + small-

pT
mT

[29] small-  + small-  
[30] EW: leading Yukawa 
[31] N LO + N LL + NLO  
[32] small-t 
[33] NNLO:  contrib. 
[34] EW:  
[35] NLO comb expansions 
[36] NLO EW corrections 
[37] NLO +  decays 
[38] NNLO: reducible 
[39] EW: Yukawa/self-coupling 
[40] EW: self-coupling 
[41] EW: Factorizable 
[42] EW: Yukawa/self-coupling small-  
[43] NNLO: Large-  small-  
[44] EW: Light quark induced

pT mT

3 3 mt

nf
1/mT

bbγγ

mt
Nc pT

88
98

13
14

15

16

17

[26] N3LO HTL

18
19

22 21

(a) (b) (c) (d) (e) (f)

Figure 1: Sample Feynman diagrams contributing to the real radiation. Contributions
such as those shown in (c) lead to n

3

h
contributions which have already been computed in

Ref. [25]. The n
3

h
contributions of (d) contain a top quark loop without a Higgs coupling

and have not been computed in Ref. [25]; they are considered here.

(a) (b) (c) (d)

Figure 2: Sample Feynman diagrams in the forward-scattering kinematics. Three- and
four-particle cuts are shown by blue and green dashed lines, respectively. The n

3

h
contri-

butions as shown in (b) have already been considered in [25] but those in (c) have not;
they are considered here.

butions which have a closed loop with only gluon couplings (as shown in Fig. 1(c)). Such
terms are not included in Ref. [25], but are computed in this paper.

The remainder of the paper is organized as follows: in the next section we discuss the
individual parts of our calculation. This concerns in particular the setup used for the
computation of the real-radiation corrections including the asymptotic expansion and the
reduction to phase-space master integrals. Furthermore, we discuss the ultraviolet and
collinear counterterms to subtract the divergences from initial-state radiation. Section 3
is dedicated to the phase-space master integrals. We provide details on the transformation
of the system of di↵erential equations to ✏ form and on the computation of the boundary
conditions in the soft limit. We discuss our analytic and numerical results in Section 4 and
summarize our findings in Section 5. In the appendix we provide useful additional mate-
rial such as explicit formulae used for the computation of the collinear counterterms, the
integrands of the phase-space master integrals, NNLO virtual corrections to the channel
qq̄ ! HH and NNLO virtual corrections involving four closed top quark loops. Further-
more, we describe in detail our approach to obtain the leading 1/mt term for double Higgs
production from the analytic expressions of the single-Higgs production cross section.

4

[25,27] NNLO 1/m2
T
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Interesting to explore the impact of EW corrections  ( for off-shell Higgs) 

EW corrections modify distributions and bounds in the SM & EFT frameworks

±5 %

9

EW Corrections

Actis, Passarino, Sturm, Uccirati 08

4

Di↵erential cross sections. — Di↵erential cross
sections o↵er a wealth of information about physics, both
within the SM and in scenarios beyond it. The impact
of NLO EW corrections can vary across specific regions
of the phase space compared to the full phase space.

As indicated in Table I, the statistical uncertainty for
the K factor is smaller than that of the NLO cross sec-
tion. This discrepancy arises because the di↵erential K
factor exhibits a much flatter behavior compared to the
di↵erential cross section, enabling the former to get a
controllable error with far fewer events for numerical in-
tegration. Given that the computation at LO is signif-
icantly more economical, we proceed to compute NLO
di↵erential cross sections using the following relation:

��
NLO = �K��

LO
, (13)

where �K is the K factor calculated in a specific phase
space region using the same events at LO and NLO, and
��

LO is the LO result computed in the same region but
using a significantly larger number of events.

With the 1.8⇥ 104 reweighted events, we can compute
the K factor quite accurately for most bins, except for
those with very large MHH or pT . For each of these bins,
we compute an additional 400 reweighted events and use
them to determine the corresponding K factor.
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FIG. 2. Invariant mass distribution of the Higgs pair with
p
s = 14 TeV. The upper plot shows absolute predictions, and

the lower panel displays the di↵erential K factor with error
bars representing statistical errors.

In Fig. 2, we present the MHH distribution. A signif-
icant positive correction of approximately +15% is ob-
served in the first bin. In fact, we find that the EW
correction for phase space points near the HH produc-
tion threshold can exceed +70%. A similar result has also
been obtained in Ref. [32] where top-Yukawa corrections
have been considered, partially in the heavy top-quark
mass limit. This can be understood by examining the
EW corrections using heavy top-quark mass expansion.
As shown in Ref. [34], the leading term in the expan-
sion at NLO is larger than that at LO by m

4
t
, which ex-

plains the substantial increase near threshold. However,

FIG. 3. Same as Fig. 2, but for transverse momentum
distribution of one of the two Higgs bosons.

above the threshold, the expansion becomes unreliable,
and consequently, the enhancement should no longer ex-
ist. Indeed, as MHH increases, the K factor decreases
dramatically initially and then slows down as it moves
away from the threshold. The pattern is similar for the
pT distribution in Fig. 3, where the correction is posi-
tive initially and subsequently becomes negative. In re-
gions of either large MHH or large pT , we find the NLO
EW correction to be approximately �10%. We explic-
itly checked phase space points with

p
ŝ close to 14 TeV

and found the corrections to be as substantial as �30%
at the matrix element squared level. However, the gluon
luminosity is highly suppressed in this region, and thus,
it does not contribute significantly to (di↵erential) cross
sections.

FIG. 4. Same as Fig. 2, but for rapidity distribution distri-
bution of one of the two Higgs bosons.

In Fig. 4, we display the rapidity distribution of one of
the two Higgs bosons. A nearly flat K factor is observed,
approximately 0.96, similar to the total cross section.
Summary. — Double Higgs production is considered

Full EW Corrections  
Computed using AMFlow

 -4% on total cross section 
 +15% near production threshold 
 -10% at high energy (Sudakov-like)

↪
↪
↪

Partial EW Corrections ( ) 
Obtained using pySecDec

yt, λ3, λ4

p
s 13 TeV 13.6 TeV 14 TeV

LO [fb] 16.45 18.26 19.52

NLO
EW [fb] 16.69 18.52 19.79

NLO
EW/LO 1.01 1.01 1.01

Table 4: Inclusive cross section for Higgs boson pair production for different centre-of-mass
energies at LO and NLO

EW including only the Yukawa and self-coupling type corrections.
The QCD renormalisation and factorisation scales are set to µr = µf = mHH/2.
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Figure 5: Invariant mass and transverse momentum distributions for Higgs boson pair
production at LO and NLO

EW including only the Yukawa and self-coupling type corrections.
The QCD renormalisation and factorisation scales are set to µr = µf = mHH/2.

For the presentation of our final results, we use the PDF4LHC21_40 [77] distribution
functions interfaced via LHAPDF [78] and set the factorisation and renormalisation scale to
µr = µf = mHH/2. The masses of the Higgs boson and top quark are set to mH = 125 GeV,
mt =

p
23/12 mH = 173.055 GeV, respectively, and we set GF = 1.1663787 · 10

�5
GeV

�2,
corresponding to v = 246.22 GeV.

Results for the total and differential cross section at the LHC with a centre-of-mass
energy of

p
s = 13 TeV, 13.6 TeV and 14 TeV are given in Table 4 and shown differentially

in mHH and pT,H in Fig. 5, respectively. These results are obtained by reweighting ⇠ 7000

unweighted LO events with the NLOEW contribution. We observe that the partial NLOEW

corrections computed here increase the total cross section by ⇠ 1%. This is comparable to
the size of the QCD scale uncertainty of ⇠ 3% obtained at N3LO in the heavy top-quark
limit [27, 28].

For the invariant mass distribution, shown in Fig. 5, the corrections introduce very large
shape distortions, ⇠ 30% with the binning we select, close to the Higgs pair production
threshold, compatible with the observations of Ref. [35]. In Ref. [40], it was found that
the full EW corrections lead to an enhancement of the mHH spectrum close to the Higgs
boson pair production threshold of up to 15%. Reproducing the binning used in Ref. [40]
we find an enhancement of ⇠ 25%, suggesting that the gauge boson contributions included

– 19 –

 +1% on total cross section 
 +30% near production threshold 

Can be adapted for EFT analyses

↪
↪

Heinrich, SPJ, Kerner, Stone, Vestner 24Bi, Huang, Huang, Ma, Yu 23
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Partial EW Corrections

Heinrich, SPJ, Kerner, Stone, Vestner 24

Type g3g4gt g
3
3gt g4g

2
t g

2
3g

2
t g3g

3
t g

4
t

1PI 0 0 3 6 24 60
1PR 12 6 1 6 24 26
Total 12 6 4 12 48 86

Table 1: Number of Feynman diagrams (one-particle-irreducible, one-particle-reducible
and total), excluding tadpole diagrams, which contribute to each of the bare coupling
structures at NLO.

(a) g3g4gt (b) g
3
3gt

(c) g4g
2
t (d) g

2
3g

2
t

(e) g3g
3
t (f) g

4
t

Figure 1: Example diagrams contributing to each of the 6 coupling structures on which
we separate the bare two-loop amplitude.

corrections to the Higgs propagator or trilinear vertex, they are therefore entirely 1PR (see
Figs. 1a and 1b). The 1PR contribution to the g4g

2
t coupling structure consists of a diagram

containing a triple gluon vertex with a single gluon connected to the fermion loop and thus
has a vanishing colour factor. The g4g

2
t coupling structure, therefore, receives only a 1PI

contribution, see Fig. 1c. The remaining coupling structures receive contributions from
both 1PI and 1PR diagrams.

The complete EW corrections, obtained using the large-mt limit in Ref. [38] and fully
using AMFlow in Ref. [41], contain within them all coupling structures presented in
this work, as well as additional contributions from diagrams containing W and Z bosons
and their ghosts, as well as the Goldstone bosons. The coupling structures g3g4gt and
g
3
3gt consist of factorisable one-loop contributions and are comparatively straightforward

to compute, they have appeared previously in the literature e.g. Refs. [35, 39, 40]. The
coupling structure g4g

2
t contains only three-point integrals, the relevant integrals are known

– 8 –

Fully symbolic ( ) reduction to basis of 494 finite -factorising master integrals obtained 
Up to 11 master integrals within a single sector 

s, t, mt, mh D

All integrals cross-checked with DiffExp/pySecDec 

Main results produced with pySecDec
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Figure 3: Real and imaginary parts of coefficients in the ✏-expansion of selected
rescaled master integrals taken along the contour shown in Fig. 2. a) Rescaled mas-
ter #5: c5(✏) I

F1
(0,0,3,2,0,1,0,0,0)(s, t), b) rescaled master #155: c155(✏) I

F1
(0,0,1,0,2,1,0,2,1)(s, t),

c) rescaled master #353: c353(✏) I
F4
(1,0,0,1,1,1,1,0,1)(s, t) and d) rescaled master #464:

c464(✏) I
F4,D=6�2✏
(2,0,1,1,1,1,1,0,2)(s, u). The lower panel of each figure shows the ratio of the pySecDec

result to the DiffExp result for the real part of the coefficient of ✏
4 which contributes to

the amplitude at finite order.

– 15 –

Hidding 21; Heinrich, SPJ, Kerner, Magerya, Olsson, Schlenk 24



�LO (fb) �NLO (fb) �NNLO (fb) �N3LO (fb)

Basic HTL 17.07+30.9%
�22.2% 31.93+17.6%

�15.2% 37.52+5.2%
�7.6% 38.65+0.65%

�2.7%

B-i/proj HTL 19.85+27.6%
�20.5% 38.32+18.1%

�14.9% 39.58+1.4%
�4.7% 40.44+1.9%

�4.7%

FTapprox 19.85+27.6%
�20.5% 34.25+14.7%

�13.2% 36.69+2.1%
�4.9% –

Full Theory 19.85+27.6%
�20.5% 32.88+13.5%

�12.5% – –

NLO-i. HTL – 32.88+13.5%
�12.5% 38.66+5.3%

�7.7% 39.56+0.64%
�2.7%

<latexit sha1_base64="bwlscOmLqUtFwmh0oTgZ0pQLO4A="></latexit>
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PDF4LHC15_nlo/nnlo 
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mHH
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(7� point)

Chen, Li, Shao, Wang 19, 19; Grazzini, Heinrich, SPJ, Kallweit, Kerner, Lindert, Mazzitelli 18; 
de Florian, Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, Mazzitelli, Rathlev 16; Maltoni, Vryonidou, Zaro 14;  
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; Dawson, Dittmaier, Spira 98; Glover, van der Bij 88

Total Cross Section & Scale Uncertainty @ 14 TeV

If we trust the NLO + NmLO HTL combinations 

Scale:           PDF+ :            approx:      

 scheme: 

+2.1 % / − 4.9 % αs ±2.2 % mT ±2.7 %

mT +4.0 % / − 18.0 %

HWG HH Twiki

s = 14 TeV

Despite the significant theory progress Higgs WG recommendations have remained rather stable…
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Mass Scheme Uncertainty

7

choice of mt = 172.5 GeV for the top pole mass to an MS
mass of mt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section in Q

2

at four different values of Q
2 for a variation of the MS top

mass in the range between Q/4 and Q we obtain the follow-
ing variations of the Higgs-pair cross section,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+9%
�23% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+7%
�7% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�26% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�30% fb/GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is significant over the whole range of mHH . The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for high mHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
first time at NLO have been inferred from the explicit analyt-
ical one-loop results for H ! Zg , where the Z-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg

⇤ vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The final results we have obtained agree with pre-
vious calculations for the individual finite parts of the real
and virtual corrections. We find finite NLO mass effects that

are up to �30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about �15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
finding uncertainties at the level of 10� 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be significant, amounting to +9%/� 23% at mHH =
300 GeV and +0%/� 30% at mHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.
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Top quark mass scheme uncertainty

Large 
uncertainty 
comparing 

 with  
mass
OS MS

zm(μ) = 1 +
αs(μ)

2π (−2CF −
3
2

CF ln
μ2

M2 ) + 𝒪(α2
s )

Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira, Streicher 18, 20, 20

m(μ)
M

=
ZOS

m

ZMS
m

≡ ∑
n≥0

( αs(μ)
2π )

n

(zn
m(M) + zn,log

m (μ))

Converting the top quark mass to the  scheme MS

4-loop: Marquard, Smirnov, Smirnov, Steinhauser, Wellmann 16



A full/expanded NNLO calculation is motivated to reduce the mass scheme uncertainty 
Expansions can help us study/understand the origin of this uncertainty
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Tackling Mass Scheme Uncertainties
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Low invariant mass:  
expand in  
known to NNLO

1/m2
t

Grigo, Hoff, Steinhauser 15;

Around Peak: 
Threshold expansion 
known at NLO
Gröber, Maier, Rauh 17

High energy: 
small-  expansion 
known at NLO 

, Large  and reducible pieces at NNLO

mt

nf Nc
Davies, Mishima, Steinhauser, Wellmann 18, 19; Davies, Schönwald, 
Steinhauser 23; Davies, Schönwald, Steinhauser, Vitti 24; 
Davies, Schönwald, Steinhauser 25



Structure of QCD corrections in the amplitude 

 




ℳ = ε1,μ ε2,ν δAB (A1P
μν
1 + A2Pμν

2 )

A1 = TF
GF

2

αs

2π
s [ 3m2

H

s − m2
H

A1,ytλ + A1,y2
t ]

A2 = TF
GF

2

αs

2π
s [A2,y2

t ]

Amplitude Structure

1.1. Overview of production modes 7
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Figure 1.2: Total production cross sections for Higgs pairs within the SM via gluon fusion,
vector-boson fusion, double Higgs-strahlung and double Higgs bremsstrahlung off top quarks.
PDF4LHC15 parton densities have been used with the scale choices according to Table 1.1. The size
of the bands shows the total uncertainties originating from the scale dependence and the PDF+Æs
uncertainties.
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Figure 1.3: Higgs pair invariant mass distribution at leading order for the different contributions to
the gluon fusion production mechanism and their interference.

LHCHXSWG-2019-005

hg

g h g

g

h

h

1/s

hg

g h g

g

h

h

1/s

Liu, Penin 17, 18; Anastasiou, Penin 20; Liu, Modi, Penin 22; 
Liu, Neubert, Schnubel, Wang 22

Triangle type amplitudes studied in literature

We will study the box type amplitudes in the 
high-energy or small quark mass limit 

s, | t | , |u | ≫ m2
t ≫ m2

H
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High-energy limit

A(0)
i,y2

t
∼ y2

t fi(s, t) + y2
t 𝒪(m2

t )

A(1)
i,y2

t
∼ 3CFA(0)

i log [ m2
t

s ] + y2
t 𝒪(m2

t )

A(0)
i ∼ yt mt fi(s, t) log2 [ m2

t

s ]
A(1)

i ∼
(CA − CF)

12
A(0)

i log2 [ m2
t

s ]

gg → HH gg → ZH
Davies, Mishima, 
Steinhauser 20; 
Chen, Davies, Heinrich,SPJ,
 Kerner, Mishima, 
Schlenk, Steinhauser 22

Davies, Mishima, 
Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, 
Mühlleitner, Ronca, Spira, 
Streicher 20

Leading  from mass counter term, converting 
to  gives   scale choice of 

log(m2
t )

MS log [μ2
t /s] → μ2

t ∼ s
Leading  not coming from mass counter term 
(  structure)

log(m2
t )

CA − CF

Expanding amplitude perturbatively  and around Afin
i =

αs

2π
A(0),fin

i + ( αs

2π )
2

A(1),fin
i + 𝒪(α3

s ) mt ∼ 0

Goal: How does the simple structure in  arise? Does it generalise to all orders in ? 
Can we resum these logarithms?

gg → HH αs



Method of Regions



Consider expanding an integral about some limit: 
 e.g.  ,    or   for  

Integration and series expansion do not necessarily commute 

Method of Regions 

  

1. Split integrand up into regions ( ) 
2. Series expand each region in  
3. Integrate each expansion over the whole integration domain 
4. Discard scaleless integrals (= 0 in dimensional regularisation) 
5. Sum over all regions 

p2
i ∼ λQ2 pi ⋅ pj → λQ2 m2 ∼ λQ2 λ → 0

I(s) = ∑
R

I(R)(s) = ∑
R

T(R)
t I(s)

R
λ

Smirnov 91; Beneke, Smirnov 97; Smirnov, Rakhmetov 99; Pak, Smirnov 11; Jantzen 2011; … 

17

Method of Regions
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Parameter Space

Lee-Pomeransky Parametrisation 

 

 homogeneous polynomials of degree  and  

Finding Regions 
Assuming all  have the same sign, rescale  

 

Normal vectors w/ positive  component define change 
of variables  

 

I(s) =
Γ(D/2)

Γ ((L + 1) D/2 − ν)∏e∈G Γ(νe) ∫
∞

0
[dx] xν (𝒢(x, s))−D/2

𝒢(x; s) = 𝒰(x) + ℱ(x; s)

𝒰, ℱ L L + 1

ci s → λωs

I(s) ∼ ∫ℝN
>0

[dx] xν (ci xri)t → ∫ℝN
>0

[dx] xν (ci xriλri,N+1)t → 𝒩N+1

λ
nf = (v1, …, vN)

x = λnf y

Lee, Pomeransky 13

Example 
 

Original integral  approximated as 

p(x, λ) = λ + x + x2

I I = ∑
f∈F+

I( f ) +…

Pak, Smirnov 10; Semenova, A. Smirnov, V. Smirnov 18

1,2 ∈ F+

3 ∉ F+

(0, 1)

(1, 0) (2, 0)

pt

px

v2

v1

v3

<latexit sha1_base64="weqJ3kTEmyqN709igjbkEUqVl00=">AAACNHicbVDLTsJAFJ3iC+sLNK7cNBISF4S0hqhLohuXmMjDQENup1OYMH1kZoqQhq9wq7/hv5i4M279BofShYAnmeTk3Mece5yIUSFN80PLbWxube/kd/W9/YPDo0LxuCXCmGPSxCELeccBQRgNSFNSyUgn4gR8h5G2M7qb19tjwgUNg0c5jYjtwyCgHsUglfQU9XtMNbvQL5TMqpnCWCdWRkooQ6Nf1E57bohjnwQSMxCia5mRtBPgkmJGZnq5FwsSAR7BgHQVDcAnwk5SyzOjrBTX8EKuXiCNVNX/TCTgCzH1HdXpgxyK1dpc/K/WjaV3Yyc0iGJJArz4yIuZIUNjfr/hUk6wZFNFAHOqzBp4CBywVCktbXLHNBKp64oElWdlgl0Oz3YyWdywZEmoCIbEnekqSGs1tnXSuqxaV9XaQ61Uv80izaMzdI4ukIWuUR3dowZqIox89IJe0Zv2rn1qX9r3ojWnZTMnaAnazy+VWqtr</latexit>p�

n

n

n

Newton 
Polytope

Exchange integrals over loop momenta for integrals over parameters
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Feynman Integral Example

On-shell limit of a 1-loop triangle  
 for p2

1 ∼ p2
2 ∼ λq2

1 λ → 0

p1 p2

q1

k

k + p1 k + p2

I = iπD/2 μ4−D ∫ dDk
1

(k + p1)2(k + p2)2(k2)

 𝒰(x) = x1 + x2 + x3
ℱ(x, s) = (−p2

1) λx1x3 + (−p2)2 λx2x3 + (−q1)2x1x2

x1

x3

x2

U1

U2

U3

F1

F2

F3

x1

x3

x2
U2F2

U2F3

U1F3

U1F1

U3F1

U3F2

U3F3

𝒰 + ℱ 𝒰ℱ
Cayley trick

Region vectors  facets↔
1 2 3
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Building Bridges

The scaling of propagators and Lee-Pomeransky parameters are related, using Schwinger parameters  

  , with  

  

Triangle example 

x̃e

1
Dνe

n
=

1
Γ(νe) ∫

∞

0

dx̃e

x̃e
x̃νe

e e−x̃eDe xe ∝ x̃e

(D−1
1 , …, D−1

N ) ∼ (x̃1, …, x̃N) ∼ (x1, …, xN)

Hard : (D−1
1 , D−1

2 , D−1
3 ) ∼ (λ0, λ0, λ0), (x1, x2, x3) ∼ (λ0, λ0, λ0)

Collinear to p1 : (D−1
1 , D−1

2 , D−1
3 ) ∼ (λ−1, λ0, λ−1), (x1, x2, x3) ∼ (λ−1, λ0, λ−1)

Collinear to p2 : (D−1
1 , D−1

2 , D−1
3 ) ∼ (λ0, λ−1, λ−1), (x1, x2, x3) ∼ (λ0, λ−1, λ−1)

Soft : (D−1
1 , D−1

2 , D−1
3 ) ∼ (λ−1, λ−1, λ−2), (x1, x2, x3) ∼ (λ−1, λ−1, λ−2)
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Feynman Integral Example

Regions in parameter space can be matched to specific scalings (modes) of the loop momenta 
p1 = (p+

1 , p−
1 , p⊥

1 ) ∼ Q(λ,1,λ1
2), p2 ∼ Q(1,λ, λ

1
2)

Hard : kμ
H ∼ (1,1,1) Q

Collinear to p1 : kμ
J1

∼ (λ,1,λ1
2) Q

Collinear to p2 : kμ
J2

∼ (1,λ, λ
1
2) Q

Soft : kμ
S ∼ (λ, λ, λ) Q

IH = iπd/2 μ4−D ∫ dDk
1

(k2 + 2k+ ⋅ p−
1 )(k2 + 2k− ⋅ p+

2 )(k2)

IC1
= iπd/2 μ4−D ∫ dDk

1
(k + p1)2(2k− ⋅ p+

2 )(k2)

IC2
= iπd/2 μ4−D ∫ dDk

1
(2k− ⋅ p+

1 )(k + p2)2(k2)

IS = iπd/2 μ4−D ∫ dDk
1

(2k+ ⋅ p−
1 + p2

1)(2k− ⋅ p+
2 + p2

2)(k2)

Becher, Broggio, Ferroglia 14

IH =
Γ(1 + ϵ)

Q2 ( 1
ϵ2

+
1
ϵ

ln
μ2

Q2
+

1
2

ln2 μ2

Q2
−

π2

6
+ 𝒪(λ))

IC1
=

Γ(1 + ϵ)
Q2 (−

1
ϵ2

−
1
ϵ

ln
μ2

P2
1

−
1
2

ln2 μ2

P2
1

+
π2

6
+ 𝒪(λ))

IC2
=

Γ(1 + ϵ)
Q2 (−

1
ϵ2

−
1
ϵ

ln
μ2

P2
2

−
1
2

ln2 μ2

P2
2

+
π2

6
+ 𝒪(λ))

IS =
Γ(1 + ϵ)

Q2 ( 1
ϵ2

+
1
ϵ

ln
μ2 Q2

P2
2 P2

1
+

1
2

ln2 μ2 Q2

P2
2 P2

1
+

π2

6
+ 𝒪(λ))

I = IH + IC1
+ IC2

+ IS =
1

Q2 (ln
Q2

P2
2

ln
Q2

P2
1

+
π2

3
+ 𝒪(λ))

Translation from scaling of propagators to loop 
momentum modes is a one-to-many map 

Also depends on the momentum routing 
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Additional Regulators

MoR subdivides   new internal facets  

New facets can introduce spurious singularities not regulated by 
dimensional regularisation 

If  have  need analytic regulators  

Situation can be automatically detected in parameter space

𝒩(I) → {𝒩(IR)} ⟹ Fint

f ∈ Fint af = 0 ν → ν + δν

𝒩(I(R)) = ⋂
f∈F

{m ∈ ℝN ∣ ⟨m, nf⟩ + af ≥ 0}

I ∼ ∑
σ∈ΔT

𝒩

|σ | ∫ℝN
>0

[dyf] ∏
f∈σ

y⟨nf ,ν⟩+ D
2 af

f ci∏
f∈σ

y⟨nf ,ri⟩+af
f

− D
2

Heinrich, Jahn, SJ, Kerner, Langer, Magerya, Põldaru, Schlenk, Villa 21; Schlenk 16

Example

 P1(x, λ) = 1+λx1 + x1x2+λx2

1

2

f1

f2

f3

f4 f5,1

1

2

f1

f2

f3

f4 f5,2

SD1(�) SD2(�)

The need for additional regulators is sometimes called a collinear anomaly  
Analytic regulators must be set to zero before , can give rise to logarithms of the parameter being expandedϵ

Becher, Neubert 11; 



Application to : 
Scalar Integral Level

gg → HH



24

High-Energy Expansion of  @ 1-loopgg → HH

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Limit:  ,    and s, | t | , |u | ≫ m2
t ≫ m2

H m2
H → 0 λ ∼ mt /Q

∫
ddℓ

(2π)d

1
ℓ2 − m2

t

1
(ℓ + q1)2 − m2

t

1
(ℓ + q1 + q2)2 − m2

t

1
(ℓ − q3)2 − m2

t

∫
ddℓ

(2π)d

1
ℓ2

1
(ℓ + q1)2

1
(ℓ + q1 + q2)2

1
(ℓ − q3)2

∼ λ0

Every propagator scales as  
Achieved by hard scaling of the loop momenta 

λ0

ℓμ = Q(1,1,1)

u(0) = (0,0,0,0)Hard region
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High-Energy Expansion of  @ 1-loopgg → HH

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Limit:  ,    and s, | t | , |u | ≫ m2
t ≫ m2

H m2
H → 0 λ ∼ mt /Q

uR order interpretation routing

(-2, -2, 0, 0) 4 � 2(✏+ ↵ + �) c1 `

(0, -2, -2, 0) 4 � 2(✏+ � + �) c2 ` � q1

(-2, 0, 0, -2) 4 � 2(✏+ ↵ + �) c3 `+ q3

(0, 0, -2, -2) 4 � 2(✏+ � + �) c4 ` � q1 � q2

(0, 0, 0, 0) 0 h n/a

Table 1: The regions of the one-loop diagram and their interpretation in terms of hard
and collinear modes. The routing is identified by specifying the momentum flowing
through the propagator labelled ↵ in Fig. 2. Note that for the scalar “corner” integral
↵ = � = � = � = 1 and all regions enter at leading power.

we obtain the following scalings for the scalar products

`
2

⇠ �
2
Q

2
, ` · q1 ⇠ �

2
Q

2
, ` · q2 ⇠ �

0
Q

2
, ` · q3 ⇠ �

0
Q

2
, (2.18)

since by construction there is a wide separation between the directions of the four ex-
ternal particles. Inputting these scalings into the propagators, we see that the region
described by the region vector u(1) is consistently identified as the one with loop mo-
mentum collinear to q1. We denote this region as c1.

To reveal the nature of the second region u(2), we need to perform a shift in the
loop momentum because, according to the region vector, the third propagator, namely
(`+ q1 + q2)2 �m

2
t
in the original routing, should scale as �2. However, despite the fact

that ` · q2 ⇠ �
2, the propagator scales as �0 since q1 · q2 ⇠ �

0. As such, we note a well-
known fact: the diagram’s momentum routing can obscure a region’s physical nature.
In the region where the loop momentum ` is collinear to q2, the scalar products scale as

`
2

⇠ �
2
Q

2
, ` · q1 ⇠ �

0
Q

2
, ` · q2 ⇠ �

2
Q

2
, ` · q3 ⇠ �

0
Q

2
, (2.19)

and we find that the correct scaling for the propagators is obtained after shifting ` ! `�q1

in Fig. 2. With the correct routing, we can now identify the region described by region
vector u(2) as collinear to q2, i.e. c2.

Finally, to reveal u(3) and u(4) we must consider the frame spanned by q3 and q4.
It should not be surprising that our ability to identify regions depends on which of the
four-momenta we eliminate or, in other words, which frame we choose. One can easily
show that using the shifts ` ! `+ q3 and ` ! `� q1 � q2 we can identify the momentum-
space representation for regions defined by vectors u(3) and u(4) respectively. The fifth
region, u(5), is easily identified as the hard region, which always manifests as u

R

i
= 0.

As all components of the loop momentum are large, it does not matter which frame or
routing we consider.

We summarise our findings in Table 1. The order in � at which each region begins
contributing is shown in the second column. At the level of the scalar integral, in the
limit ✏ ! 0 and ↵, �, �, � ! 1, all regions enter and contribute at leading power ⇠ �

0.

8

Automatically find remaining regions in parameter space

Using a set of possible loop momenta modes can systematically 
search for momentum routing to give a momentum space 
interpretation
Implemented in pySecDec by Y. Ulrich (TBA)
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High-Energy Expansion of  @ 1-loopgg → HH

u(1) = (−2, − 2,0,0) u(2) = (0, − 2, − 2,0) u(3) = (−2,0,0, − 2)u(4) = (0,0, − 2, − 2)

q1

q4

q3

q2

ℓ− q1

s13

ℓ

s12

ℓ + q2

ℓ− q3 − q1

α

β

γ

δ

−η

−η+η

+η

q1

q4

q3

q2

ℓ

s13

ℓ + q1

s12

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

−η

−η+η

+η

+η

q1

q4

q3

q2

ℓ + q3

s13

ℓ + q1 + q3

s12

ℓ− q4

α

β

γ

δ

−η

−η

+η

ℓ

q1

q4

q3

q2

ℓ + q3 + q4

s13

ℓ− q2

s12

ℓ

ℓ + q4

α

β

γ

δ

−η

−η+η

+η

Collinear Regions

∫
ddℓ

(2π)d

⏟
λ4

1
ℓ2 − m2

t

1
λ2

1
(ℓ + q1)2 − m2

t

1
λ2

1
2(ℓ + q1) ⋅ q2

1
−2ℓ ⋅ q3

ℓμ = Q(1,λ2, λ)Collinear  regionq1

Collinear regions are also leading 
power at the level of scalar integrals!



27

High-Energy Expansion of  @ 2-loopsgg → HH

From this we can infer that I / (n� · q3)��(n� · q2)��. Since q
µ

1� is the only external
vector in the n

µ

� direction, we can deduce

I =
⇣

� (n+ · q1)(n� · q3)| {z }
t

⌘��⇣
� (n+ · q1)(n� · q2)| {z }

s

⌘��⇣
m

2
t

⌘D/2�↵��

I0(↵, �, �, �;D) ,

(2.24)

where we have found the dependence on mt from dimensional analysis. The remaining
integral I0 is now a function of the powers of propagators and the space-time dimension.
Explicit calculation shows that

I0 =
⇣
e
�E✏

µ
2✏
⌘
(�1)↵+�+�+�

�[�2 + ✏+ ↵ + �]

�[�]�[↵]

�[↵ � �]�[� � �]

�[↵ + � � � � �]
. (2.25)

This result concludes our discussion of the one-loop box, all other box integrals appearing
in the amplitude can be obtained from crossing the diagram in Fig. 2.

2.1.2 Two-loop

`1 `2

q1

q2

q3

q4

P1

`1

`2q1

q2

q4

q3

NP1

`1 `2

q1

q2

q3

q4

P2

`1

`2q1

q2

q4

q3

NP2

Figure 4: The four top-level two-loop topologies. Massless particles (Higgs bosons and
gluons) are depicted with dashed lines, massive top quarks are shown as solid lines. We
indicate the lines that carry the loop momenta for our default routing.

At the two-loop order, there are four top-level (7-propagator) topologies to consider,
they are shown in Fig. 4: a planar box and a non-planar box that each contain either
predominantly top quarks or gluon propagators. As the number of possible routings,
frame choices, and regions proliferates beyond one-loop, we have automated the routing-
finding algorithm. Our code considers the scaling of each scalar product for each possible
region and frame and then applies it to all possible shifts. To limit the number of shifts,
we only consider those that result in two propagators being directly identical to the
two-loop momenta. We observe that this procedure is su�cient for the problem of
identifying soft and collinear regions at hand, but it is possible to construct regions
that cannot be straightforwardly revealed this way, for example Glauber, threshold and
potential regions. This code is currently being integrated as part of pySecDec [107].

We begin by considering the diagram P1, shown in Fig. 4. We first use standard
techniques to obtain the region vectors of expansion around small mt in parameter space.
In total, we obtain 13 regions for this diagram. In the limit ✏ ! 0 we find that, for
this planar scalar integral, all regions enter at leading power. Next, using the routing

10

Topologies

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2,�2,�2, 0, 0, 0,�2) (�2,�2, 0, 0,�2,�2, 0) (�2,�1, 0,�1,�2,�2,�1) (�2, 0, 0,�2,�2,�2, 0)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2, 0, 0, 0,�2,�2,�2) (�1,�2,�2,�1, 0,�1,�2) (0,�2,�2,�2, 0, 0,�2) (0,�2,�2, 0, 0,�2,�2)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(0, 0,�2,�2, 0,�2,�2) (0, 0,�2,�2, 0, 0, 0) (0, 0, 0,�2,�2,�2,�2) (0, 0, 0,�2,�2, 0, 0)

q1

q2

q4

q3

(0, 0, 0, 0, 0,�2,�2)

Figure 6: Regions for the two-loop diagram NP1 in Fig. 4. Propagators and external
lines are coloured orange for the first collinear mode, blue for the second collinear
mode, pink for the soft modes, and black for the hard modes. Purely hard region is
not depicted.
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Regions (Parameter Space)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2,�2,�2, 0, 0, 0,�2) (�2,�2, 0, 0,�2,�2, 0) (�2,�1, 0,�1,�2,�2,�1) (�2, 0, 0,�2,�2,�2, 0)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2, 0, 0, 0,�2,�2,�2) (�1,�2,�2,�1, 0,�1,�2) (0,�2,�2,�2, 0, 0,�2) (0,�2,�2, 0, 0,�2,�2)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(0, 0,�2,�2, 0,�2,�2) (0, 0,�2,�2, 0, 0, 0) (0, 0, 0,�2,�2,�2,�2) (0, 0, 0,�2,�2, 0, 0)

q1

q2

q4

q3

(0, 0, 0, 0, 0,�2,�2)

Figure 6: Regions for the two-loop diagram NP1 in Fig. 4. Propagators and external
lines are coloured orange for the first collinear mode, blue for the second collinear
mode, pink for the soft modes, and black for the hard modes. Purely hard region is
not depicted.

12



New features: 

1. Soft modes appear  

2. Soft regions are power enhanced at 
level of scalar integral

lμ
S = Q(λ, λ, λ)

28

High-Energy Expansion of  @ 2-loopsgg → HH

uR order interpretation routing

(-2, -2, -2, 0, 0, 0, -2) �4✏ c1c1 `1, `2

(-2, -2, 0, 0, -2, -2, 0) �4✏ c1c1 `1, `2 � q3 � q4

(-2, -1, 0, -1, -2, -2, -1) �1 � 4✏ ss `1, `2 � q3 � q4

(-2, 0, 0, -2, -2, -2, 0) �4✏ c3c3 `1, `2 � q4

(-2, 0, 0, 0, -2, -2, -2) �4✏ c2c2 `1, `2 � q3 � q4

(-1, -2, -2, -1, 0, -1, -2) �1 � 4✏ ss `1 � q1, `2

(0, -2, -2, -2, 0, 0, -2) �4✏ c4c4 `1 � q1, `2

(0, -2, -2, 0, 0, -2, -2) �4✏ c2c2 `1 � q1, `2

(0, 0, -2, -2, 0, -2, -2) �4✏ c4c̄2 `1 � `2 + q3 + q4, `1

(0, 0, -2, -2, 0, 0, 0) �2✏ c4h `1 � `2 + q3 + q4, `1

(0, 0, 0, -2, -2, -2, -2) �4✏ c3c̄2 `1 � `2 + q3, `1 � q4

(0, 0, 0, -2, -2, 0, 0) �2✏ c3h `1 � `2 + q3, `1 � q4

(0, 0, 0, 0, 0, -2, -2) �2✏ hc2 `1, `1 + `2 � q3 � q4

(0, 0, 0, 0, 0, 0, 0) 0 hh n/a

Table 2: The regions of the two-loop diagram NP1 and their interpretation in terms of
hard, collinear, and soft modes. The routing shifts are relative to one given for the NP1
diagram in Fig. 4. The order given is valid when all propagators are raised to power 1
and the dependence on additional analytic regulators is suppressed.
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Can again find momentum space interpretation

From this we can infer that I / (n� · q3)��(n� · q2)��. Since q
µ

1� is the only external
vector in the n

µ

� direction, we can deduce

I =
⇣

� (n+ · q1)(n� · q3)| {z }
t

⌘��⇣
� (n+ · q1)(n� · q2)| {z }

s

⌘��⇣
m

2
t

⌘D/2�↵��

I0(↵, �, �, �;D) ,

(2.24)

where we have found the dependence on mt from dimensional analysis. The remaining
integral I0 is now a function of the powers of propagators and the space-time dimension.
Explicit calculation shows that

I0 =
⇣
e
�E✏

µ
2✏
⌘
(�1)↵+�+�+�

�[�2 + ✏+ ↵ + �]

�[�]�[↵]

�[↵ � �]�[� � �]

�[↵ + � � � � �]
. (2.25)

This result concludes our discussion of the one-loop box, all other box integrals appearing
in the amplitude can be obtained from crossing the diagram in Fig. 2.

2.1.2 Two-loop

`1 `2

q1

q2

q3

q4

P1

`1

`2q1

q2

q4

q3

NP1

`1 `2

q1

q2

q3

q4

P2

`1

`2q1

q2

q4

q3

NP2

Figure 4: The four top-level two-loop topologies. Massless particles (Higgs bosons and
gluons) are depicted with dashed lines, massive top quarks are shown as solid lines. We
indicate the lines that carry the loop momenta for our default routing.

At the two-loop order, there are four top-level (7-propagator) topologies to consider,
they are shown in Fig. 4: a planar box and a non-planar box that each contain either
predominantly top quarks or gluon propagators. As the number of possible routings,
frame choices, and regions proliferates beyond one-loop, we have automated the routing-
finding algorithm. Our code considers the scaling of each scalar product for each possible
region and frame and then applies it to all possible shifts. To limit the number of shifts,
we only consider those that result in two propagators being directly identical to the
two-loop momenta. We observe that this procedure is su�cient for the problem of
identifying soft and collinear regions at hand, but it is possible to construct regions
that cannot be straightforwardly revealed this way, for example Glauber, threshold and
potential regions. This code is currently being integrated as part of pySecDec [107].

We begin by considering the diagram P1, shown in Fig. 4. We first use standard
techniques to obtain the region vectors of expansion around small mt in parameter space.
In total, we obtain 13 regions for this diagram. In the limit ✏ ! 0 we find that, for
this planar scalar integral, all regions enter at leading power. Next, using the routing

10
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High-Energy Expansion of  @ 3-loopsgg → HH

Considering  diagrams at 3-loops we systematically checked for new loop momenta modesgg → HH

modes are su�cient to interpret all regions appearing in the small-mass expansion,

hard : `
µ

H
⇠ Q (1, 1, 1), (2.26)

collinear � qi : `
µ

Ci
⇠ Q (1,�2

,�), (2.27)

soft : `
µ

S
⇠ Q (�,�,�). (2.28)

For the collinear-qi mode we use light-cone vectors nµ

+ and n
µ

� defined above generalised
for each of the collinear directions. See beginning of Section 3 for explicit construction.

2.1.3 Three-loop and beyond

In the previous sections, we have categorised the loop momenta scaling relevant for
understanding the region expansion up to two-loops. The complete knowledge of these
regions allows us to compute the one-loop and two-loop amplitudes not only at leading
power but also at any order in the power expansion.

q1

q2 q4

q3
`1

`2

`3

q1

q2 q4

q3

`1 `2`3

Figure 7: Example three-loop diagrams containing modes beyond soft, collinear, and
hard. (left) A region with a hard-collinear-q2 loop momentum, shown in green. (right)
A region containing a soft-collinear-q1 loop momentum, shown in yellow. Both diagrams
also contain soft in pink and collinear in orange loop momenta.

If we wish to understand the all-order structure of the QCD corrections to HH

production at any order in the power expansion, we must ask if additional loop momenta
scalings appear in the region expansion beyond two-loops. We generate all diagrams
relevant to Higgs pair production at three-loops and obtain a list of all regions appearing
in the MoR analysis for each diagram. Using the tool described in the previous section,
we find that considering only the collinear and soft loop momenta modes is insu�cient
to capture the regions appearing at three-loops, see Figure 7 for example diagrams
that contain additional loop momenta modes. However, adding the following three-loop
momenta modes allows us to describe the regions appearing in diagrams containing up
to three-loops,

hard � collinear � qi : `
µ

HCi
⇠ Q (1,�,�1/2), (2.29)

soft � collinear � qi : `
µ

SCi
⇠ Q (�,�2

,�
3/2), (2.30)

ultra � soft : `
µ

US
⇠ Q (�2

,�
2
,�

2). (2.31)

14

Indeed find new modes entering 

Hard-collinear     

Soft-collinear      

Ultra-soft            

lμ
HCi

= Q(1,λ, λ
1
2)

lμ
SCi

= Q(λ, λ2, λ
3
2)

lμ
US = Q(λ2, λ2, λ2)

Expect new modes entering at 
each loop order, consistent with 
results in the literature 

Ma 23



Application to : 
Amplitude Level

gg → HH
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Amplitude Level Results @ 1-loop

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Hard region

q1

q4

q3

q2

ℓ

s13

ℓ + q1

s12

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

−η

−η+η

+η

Collinear  regionq1

Leading Power (LP)

Next-to-Leading Power (NLP)

Can compute amplitude level results for each region, at the 1-loop level:

Generates 
 at NLPlog(m2

t )



Inserting into amplitude, projecting form 
factors and computing traces 
Numerator gives a  suppression for 
all soft/collinear regions

λ2
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Amplitude Level Results @ 2-loop

Could compute each region at 2-loops (tedious), can instead examine numerator prior to reduction

Region   

 

 

Region  

 
 

c1c1

ℓμ
1 ∼ ℓμ

2 ∼ Q(1,λ2, λ)

l2
1 ∼ λ2Q2, l2

2 ∼ λ2Q2, l1 ⋅ l2 ∼ λ2Q2,

l1 ⋅ q1 ∼ λ2Q2, l2 ⋅ q1 ∼ λ2Q2,
l1 ∝ q1, l2 ∝ q1 .

ss

ℓμ
1 ∼ ℓμ

2 ∼ Q(λ, λ, λ)

l2
1 ∼ λ2Q2, l2

2 ∼ λ2Q2, l1 ⋅ l2 ∼ λ2Q2,

l1 ⋅ q2 ∼ λ2Q2, l1 ⋅ q3 ∼ λ2Q2, l1 ⋅ q4 ∼ λ2Q2,
l2 ⋅ q2 ∼ λ2Q2, l2 ⋅ q3 ∼ λ2Q2, l2 ⋅ q4 ∼ λ2Q2,

Consistent with the result of Steinhauser 
et al. for the  limit 

Suggests that regions other than the hard 
region are helicity suppressed by at least 

mt → 0

λ ∼ mt

Davies, Mishima, Steinhauser, Wellmann 18;
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Effective field theory Analysis

h

B

A

h

n
µ

1−

n
µ

2−
n
µ

3−

n
µ

4−

[M. Beneke, A. Chapovsky, M. Diehl, T. Feldmann, hep-ph/0206152] [M. Beneke, T. Feldmann, hep-ph//0211358]
[C. Bauer, D. Pirjol, I. Stewart, hep-ph/0109045][C. Bauer, S. Fleming, D. Pirjol and I. Stewart, hep-ph/0011336]

ψ(x) → ψ1(x)+…+ψN(x)

N collinear fermion fields

+q(x) ℒSCET =
N

∑
i=1

ℒci
+ ℒsoft

ℒci
= ℒ(0)

ci
⏟

LP

+ ℒ(1)
ci

⏟
𝒪(λ1)

+ ℒ(2)
ci

⏟
𝒪(λ2)

+ . . .

Lagrangians belong to a specific collinear direction 
Can be expanded in powers of the small parameter

Keep collinear, anti-collinear,  and soft degrees of freedom 
Hard modes are integrated out

Study amplitude using Soft Collinear Effective Theory (SCET) 

M. Beneke, M. Garny, R. Szafron, J. Wang, 
17, 17, 18, 19Generic N-jet operator has the form:

J = ∫ [∏
ik

dtik]C({tik})
N

∏
i=1

Jci
(ti1, ti2 . . . )
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Leading Power Analysis

Leading power matching J[i]
LP(t1, t2, t3, t4) = y2

t Pμν
i 𝒜c1⊥1 μ(t1n1+) 𝒜c2⊥2 ν(t2n2+) hc3

(t3n3+) hc4
(t4n4+)

= CA0
[i] (s, t)

(h)

(h)

(h) (h) A0[i]+ . . .

Collinear Regions c1, c2 ∝

NLP
[i]

Mixing with the external 
gluon is forbidden at LP

Relevant operator structures
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Leading Power Analysis

Collinear Regions c3, c4

Situation reversed, structures 
appearing at LP are vector-like NLP

[i]

Mixing with the external 
Higgs is forbidden at LP

Result holds to all orders in  due to helicity conservation for αs mt → 0

Next-to-Leading Power

NLP
[i]

Structure of the amplitude allows mixing with 
external gluon/Higgs 

Expect contributions from collinear/soft regions

NLP
[i]
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Overview of Structure

LO : αsy2
t (c0+mt n0),

NLO : α2
s y2

t (a1lμ + c1+mt n1),

NNLO : α3
s y2

t (a2l2
μ + b2lm + c2+mt n2),

N3LO : α4
s y2

t (a3l3
μ + b3l2

m + d3lm + c3+mt n3),

NiLO : αi−1
s y2

t (aili
μ + b4li−1

m + dili−2
m +…+ci+mtni) .

lμ = log(μ2
t /s)

lm = log(μ2
t /s), log(m2

t /s)

The  amplitude in the  scheme has the following leading power structuregg → HH MS

LP LL 
Known from RG running 

of top-quark mass

LP NLL 
RG running + 
massification

Penin 06; Moch, Mitov 07; Becher, 
Melnikov 07; Engel et al 19; Wang, 
Xia, Yang, Ye 23;

LP Constant 
Hard region ( ) 

contribution only, 
known to NLO

mt = 0

Master integrals known
Caola, von Manteuffel, Tancredi 20;  

Bargiela, Caola, von Manteuffel, Tancredi 22;

mLL(μ) = M exp [aLL
γm

(μ)] zm(M)

aLL
γm

(μ) =
3CF

2β0
ln 1 −

αs(μ)
2π

β0 ln ( μ2

M2 )

Leading log structure generated 
to all orders by RG running
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Leading Power Expansion

Use ``SCET’’ IR scheme for virtuals 

Neglecting real contributions
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s )

Solid Lines: Full TH result 

Dashed Lines: Leading power expansion 

Leading power is a good approximation 
for , focus on the very high 
energy behaviour of the amplitude,

s ≳ 1 TeV

Davies, Mishima, Steinhauser, Wellmann 18;

Becher, Neubert 09, 13;

We study the LO and NLO finite virtual corrections
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Mass Scheme Uncertainty

Estimate as the difference between the 
squared/interfered amplitude evaluated with 
top-quark mass in different schemes 

On-Shell:  
:           

Very large uncertainty obtained 

LO: ~60-70% (blue band) 

NLO: ~30-40% (red band)

mt = mOS
t = 173.21 GeV

MS mt = mMS
t (μt = s)
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Mass Scheme Uncertainty

Including known LP LL to all orders via 

 

which includes the green tower of 
logarithms to all orders 

Uncertainty significantly reduced 

LO: ~25-30% (blue band) 

NLO: ~3-4% (red band) 

Do not advocate a particular scheme, but 
argue that the known LP LL should be 
included and not assigned as part of the 
uncertainty

A( j,LL)
i,y2

t
(mOS

t ) = ( mLL(μt)
mOS

t )
2

A( j)
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Alternatively, can assess the mass scheme 
uncertainty by sticking to  and varying 

 

Uncertainty 

LO: ~13-16% (blue band) 

NLO: ~7-8% (red band) 

This uncertainty can be reduced by 
computing the LP amplitude at NNLO 
(requires only  result) 

Conservative: take envelope of  and 
 as uncertainty 
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Mass Scheme Uncertainty
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Conclusion

Thank you for listening!

Studied  in the very high-energy limit  

Method of Regions showed that only hard region contribution at leading power (LO, NLO) 

Argued using tools of SCET that this generalises to all orders in  

Leading small-  logarithms known to all orders from RG running 

Results 

Studied impact of including LP LL on finite virtual amplitude at  

Mass scheme uncertainty at NLO reduced from 30-40%  7-8% if we consistently include known LLs 

Outlook 
Analysis can be improved with NNLO finite coefficient, including NLL (massification) 

NLP formalism significantly more involved, framework being developed 

Interesting to look at  threshold region & full NNLO calculation still desperately needed 

gg → HH

αs

mt

s > 1 TeV

→

tt



Backup
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Sector Decomposition in a Nutshell

  

Singularities 

1. UV/IR singularities when some  simultaneously  Sector Decomposition 

2. Thresholds when  vanishes inside integration region  

Sector decomposition 
Find a local change of coordinates for each singularity that factorises it (blow-up)

I ∼ ∫ ddk1…ddkl
1

∏N
i=1 (qi − mi)vi

↔ I ∼ ∫ℝN+1
>0

[dx] xν [𝒰(x)]N−(L+1)D/2

[ℱ(x, s) − iδ]N−LD/2
δ(1 − H(x))

{x} → 0 ⟹

ℱ ⟹ iδ

Can exchange loop integrals for integrals over Feynman parameters

 are polynomials in FP  𝒰, ℱ x

Hepp 66; Roth, Denner 96; Binoth, Heinrich 00; Heinrich 08
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Sector Decomposition in a Nutshell

  

 

Normal vectors incident to each extremal vertex define a local change of variables* 

  

  

*If , need triangulation to define variables (simplicial normal cones  )

I ∼ ∫ℝN
>0

[dx] xν (ci xri)t

𝒩(I) = convHull(r1, r2, …) = ⋂
f∈F

{m ∈ ℝN ∣ ⟨m, nf⟩ + af ≥ 0}

xi = ∏
f∈Sj

y⟨nf ,ei⟩
f

I ∼ ∑
σ∈ΔT

𝒩

|σ | ∫
1

0
[dyf] ∏

f∈σ

y⟨nf ,ν⟩−taf
f ci∏

f∈σ

y⟨nf ,ri⟩+af
f

t

|Sj | > N σ ∈ ΔT
𝒩

Singularities Finite

Kaneko, Ueda 10
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Sector Decomposition in a Nutshell

Calculation of Multi-Loop Integrals with SecDec-3.0 Johannes Schlenk

is performed in sector j. The vectors ei denote the orthonormal basis of RN−1, the set Sj contains
the facets incident to the vertex j. In cases where the set Sj contains more than N− 1 elements,
an additional triangulation of the sector is needed. In SECDEC the triangulation algorithm imple-
mented in NORMALIZ is used for this purpose.

Compared to the other strategies implemented in SECDEC, strategy G2 is the fastest method
and it usually produces the smallest number of sectors.

As an example we decompose the two-loop vacuum integral with one massive and two mass-
less propagators using strategy G2. After employing the Cheng-Wu theorem to integrate out the
massive Feynman parameter x3, the Feynman integral becomes

I =

m

=−Γ(−1+2ε)
(

m2
)1−2ε

∫ ∞

0

dx1dx2
(

x11x
0
2+ x11x12+ x01x12

)2−ε . (3.4)

The exponent vectors

v1 =

(

1
0

)

,v2 =

(

1
1

)

,v3 =

(

0
1

)

(3.5)

can be read off from the polynomial in the denominator of Eq. (3.4) and the associated Newton
polytope Δ is shown in Fig. 1.

1

2

1

0
1
v1

v2v3

n3
n1

n2

Figure 1: Newton polytope Δ associated to the two loop vacuum integral of Eq. (3.4)

The facet normal vectors

n1 =

(

−1
0

)

n2 =

(

0
−1

)

n3 =

(

1
1

)

a1 = 1 a2 = 1 a3 = −1
(3.6)

together with Eq. (3.2) specify the facet representation of the polytope Δ. The sets Sj associated to
the three extremal vertices v1 to v3 are S1 = {3,1}, S2 = {1,2} and S3 = {2,3}. In this case no
additional triangulation is necessary since the size of the sets already equals N−1. The change of
variables defined in Eq. (3.3) can then be written as

x1 = y−11 y3,
x2 = y−12 y3

(3.7)

4
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4

r r r

=

Schlenk 2016

For each vertex make the local change of variables  

e.g.  :  ,   : ,   : r1 x1 = y−1
1 y1

3 , x2 = y0
1 y1

3 r2 x1 = y−1
1 y0

2 , x2 = y0
1 y−1

2 r3 x1 = y0
2 y1

3 , x2 = y−1
2 y1

3
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leading to the decomposed form of the vacuum integral

I =−Γ(−1+2ε)
(

m2
)1−2ε

∫ 1

0
dy1dy2dy3

y−ε1 y−ε2 y−1+ε3

(y1+ y2+ y3)2−ε
[δ (1− y2)+δ (1− y3)+δ (1− y1)] ,

(3.8)
where the δ -distributions correspond to the sets S1 to S3.

3.2 Complex Masses

In certain applications, especially in the electroweak context, the width of unstable particles
can be important. A consistent treatment is provided by the complex-mass scheme [24, 25], where
the width Γ is included as a negative imaginary part of the mass via the replacement

m2 → m2c ≡ m2
(

1− i
Γ
m

)

. (3.9)

The graph polynomial F then has the form

F = F0+U∑
j
x j
(

m2j − im jΓ j
)

, (3.10)

i.e. the widths induce a negative imaginary part:

ImF =−U∑
j
x jm jΓ j (3.11)

In general, for zero widths, F will exhibit kinematic-dependent zeros even after sector de-
composition, which can be avoided by a suitable deformation of the integration contour [26–28].
Similarly, a non-zero width can help to avoid these singular regions as well, but one cannot expect
this to lead to a stable numerical integration in all cases. Thus it makes sense to try to combine the
two in a consistent way, which should be possible since both the contour deformation and the com-
plex masses are required to produce only negative imaginary parts in order to fulfill the Feynman
+iδ prescription. For SECDEC-3.0 we have chosen

z⃗(⃗x) = x⃗− i⃗τ (⃗x), (3.12a)

τk = λxk(1− xk)
∂ReF
∂xk

, (3.12b)

i.e. to set the widths to zero in the definition of the deformation. For small deformations we then
have

F (⃗z(⃗x)) = ReF (⃗x)+ i ImF (⃗x)− iλ∑
k
xk(1− xk)

[

(

∂ReF
∂xk

)2
+ i

∂ ReF
∂xk

∂ ImF

∂xk

]

−
λ 2

2 ∑k,l
xk(1− xk)xl(1− xl)

∂ReF
∂xk

∂ReF
∂xl

[

∂ 2 ReF
∂xk∂xl

+ i
∂ 2 ImF
∂xk∂xl

]

+O(λ 3). (3.13)

Up to order λ , the imaginary parts induced by the widths and the contour deformation are both
negative as they should. The term involving ∂ ImF

∂xk does no harm because it is purely real. At order
λ 2, however, ImF leads to an imaginary part of indefinite sign, which would otherwise have been

5
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Some Future Developments

Computing integrals with leading 
Landau singularities inside the 
integration domain 

Impossible  Possible to compute→

Avoiding contour deformation even in 
the Minkowski/physical regime 

Speedup ~100-1000x for some cases

p1 p3

p2 p4

(a) G••

p1 p3

p2 p4

(b) G•s

p1 p3

p2 p4

(c) G•t

p1 p3

p2 p4

(d) G•u

p1 p3

p2 p4

(e) Gss

p1 p3

p2 p4

(f) Gtt

p1 p3

p2 p4

(g) Guu

p1 p3

p2 p4

(h) Gst

p1 p3

p2 p4

(i) Gsu

p1 p3

p2 p4

(j) Gtu

Figure 2: All the four-point three-loop graphs with possibly hidden Landau singularities.

variables. Might be good to say something about the logic of inserting the derivative with the
imaginary part.]Einan

F(e↵) = F(↵) � i

X

j

⌧j
@F(↵)

@↵j
+ O(⌧

2
), ⌧j = �j↵j(1 � ↵j)

@F(↵)

@↵j
, (3.18)

– 12 –

I = ϵ−4 [8.340040392028 − 52.3598775598347i] + 𝒪 (ϵ−3)
Iana. = ϵ−4 [8.34004039223768 − 52.35987755984493i] + 𝒪 (ϵ−3)
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2-Loop Non-Planar Box

p1

p2
p3

p4

U = x0x1 + x0x2 + x0x3 + x0x4 + x1x2 +
x1x3+x1x5+x2x4+x2x5+x3x4+x3x5+x4x5

F = �sx1x2x5 � tx0x1x3 � ux0x2x4

Momentum conservation implies s + t + u = 0 ) u = �(s + t)
Hence, F can be 0 within {xi} 2 R6

�0 even with s > 0, t > 0
Not possible to define a Euclidean region at all!
Nevertheless, the method works

Evaluating Parametric Integrals in the Minkowski Regime without Contour Deformation Thomas Stone

w/ Gardi, Herzog, Ma (WIP)

w/ Olsson, Stone (WIP)


