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Fixed-order calculations vs parton showers

Fixed-order calculations — hard jets
- reliable at high scales, without scale hierarchies
... *» accurate for limited number of legs (+ loops)

— « perturbative accuracy (LO, NLO, NNLO, ...)

Parton showers — jet substructure
« reliable at small scales, with scale hierarchies
. *» approximate predictions for many particles

NLO
+2 0'(()2) agz)
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_§_ +1 Jg )
+0 Ugo) 0§0)
+2 +3
LO+PS
2|l @ | @
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g_ +1 0'(() ) ag ) og )
+0 o{o) ago) ago)
+1 42 +3

— « logarithmic accuracy (LL, NLL, NNLL, ...)

= ideally combine (match) the two approaches!



(A B Modelling QCD radiation

Starting from a hard scale %, parton showers model radiation under the assumption
that it is soft/collinear and ordered (), > t; > 1, > ... > 1))

Assume that parton branching occurs
independently and that parton evolution
conserves probability (unitarity).

The probability for n emissions is then given
by Poisson statistics

Ane—ﬂ :
P(n, 1) = | |
n! | '
with “decay probability” A and Z P(n,4) =1 | :

n



(A Biammnmsm Shower predictions

The shower prediction for the expected value of an (IRC-safe) observable is

(O)pg = [d(l)n B(®,) S, (®,,1,;0)

The shower operator is defined recursively
tn

(IS PZJ(Z)
S (@, 1, 0) = At 1) O(@,) + ) | dt | dz A, 1) = St @1, 50)

/ Y ™~

| no branching between 7, and 7, ﬁ branching at scale 7
1‘ = - ~ =

The no-branching probability is expressed in terms of splitting functions
r 3 1 _ Z
tn

dr’ a t J
At =expq =) [ dz 5= Py i
I,J ;

" J

g
l
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To compare showers and fixed-order calculations, the shower has to be expanded
in the strong coupling.

The first-order expansion of the shower operator is given by
tn

a Pi'(Z)
SO@ r:0)=[1-AMc 1) O® )+ Jdt[d S Y o(®
(@,1,,0) = [1 = AN, )] O@,) + ) | dr|dz - —— 0@, )
l,JfC
[ P(2)
ith Alll(z 1) = [dtJd s Y-
" (ts ) Z ZZT[ t

I,J ;

C

The shower approximation to an n + 1- parton observable* is given by

P;(z)
<0n+1>PS = Jd®nB(®n) Z [dt[dz ;S Jt 0n+1(q)n+1)

. T
l,]

n

4

C

“i.e.0,.(®,)=0forallm <n+1
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MECs
Schematically the simplest way to combine " >
parton showers with LO calculations: 2 % %1
Matrix-element corrections (MECs) - - -
é’, +1 o) o, o5
Replace splitting functions (for first branching) B -- o )
by full matrix element 2 ’
+0 +1 gs +2 +3
P;(2) R(®,,,) Pi(2)
_)
o 1
t o Zi,j TPU(Z)B(CDn) !
The shower approximation to an n + 1- parton observable becomes
tl’l

a R(®, . ) P;(2)

<0n+1>MEC — [d(DnB((Dn) Z [dtJdZ - = - 0n+1(q)n+1)

2r &y 1p t
I,J 4 21 Zi,j IPU(Z)B((I)H)

4

C

= [dCIDnJr1 R(®,,) 0, (P, ) (above shower cut off )



G GOt T Multiplicative NLO+PS

NLO+PS
Augmenting a MEC prediction by virtual
corrections yields a simple (multiplicative) w2 | e (I |
NLO+PS matching scheme. - - o
3 2

Strategy developed ~ 25 years ago 0 o o
[Norrbin, Sjéstrand NPB603(2001)297-342]

+2 +3

Nowadays known as POWHEG matching
[Nason JHEP11(2004)040]

Idea: first-order expansion of matrix-element-corrected shower reproduces NLO
calculation if Born-level event is weighted by NLO K-factor:

(OIS = [ 4, B@,) Kuyof(®,) 5,(0,.:0)

Schematically, Ky o(®,) =1 +

V@, [d(DH R(D,,,)
B(®,) B(®,)


https://inspirehep.net/literature/534448
https://inspirehep.net/literature/659055

€N Multiplicative NLO+PS

Schematically:
Brio(®@,) Kni o(®,) S,(D@,,1,;0) = (B(d)n)+V((I>n)+[dQDHR((I)nH)) ll - Al (t,.1)] O@,)

T R(® P;
+B(®) Z [dt[dz ;s B (D,41) #(2) 0@, )
7 4 o Z,J ¢t l]( )B(CD ) 4

L] p
c

~ (B(CDn) + V(@) +[dc1>+1 R((bn+1)> 0(®,)
o Jd®+1 R((Dn+1) O((Dn) + [dq)+l R(q)n+l) O(q)n+l)

L. Z.

= (B(cb,,p +V(@,) + [ddm R(®n+1)> 0(®,)
+ [dq)ﬂ R(®,,1) [O(CDnH) - O((Dn)] * @(asz)

= first-order expansion yields projection-to-Born result (with cut off ¢
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NLO+PS
Alternatively, use shower kernels as . p”
. . 2 2
subtraction terms — MC@NLO matching 211 9% o1
[Frixione, Webber JHEP 06 (2002) 029]
o 2
+0 o o0
+2 +3

Idea: modify subtraction scheme so that first-order shower expansion reproduces
NLO calculation:

(OWMCENLO — 1dd |B(®)+ V(@) + Y G (D) S (P,.1;0)
NLO+PS n n n /j
I,]
+ [dcbnﬂ [R((Dnﬂ) - Z Cij(q)n+1)] S i1 (P15 by 13 0)
[,]

with Z [dcp+1cij(q>n+l) = 2 € (@,
L,j

i,


https://inspirehep.net/literature/585687

(A\ SErmasmnmmsm Additive NLO+PS

Alternatively, use shower kernels as subtraction terms:
o IDU(Z)

T

(ONTowps. & |d®, [B(@,) + V(®,) + ) G, (®,)]| | — Al'l@,.1) O®,) + dt
NLO+PS

] ] la] ¢

n+1)

wrong observable
Jd¢n+1 [R(CDnH) Z G (q)n—i-l)] O(®,,+1) $——— dependence

in subtraction term

Jdd) [B(¢)+V(q>)+2%(q>)]

L,J

 Pi(z)
+ a0, [R(cbnm 0@, ,,) - ]
+|ae, B(@)Z]dr[dz—s ”() [0@ ) 0@,)| +6(a?)
271_ ) n+l1 n s
0
, Pij(2) CD.)
2Tt gl

(with power correction in t,)

10
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Approaches to NNLO+PS

1y [PD/GeV]

do/dp

Ratio to HqQT

UN2LOPS MINNLOpg
do/bin [pb] nggs@ LHC 13 TeV
1T ‘ 1T ‘ 1T ‘ 1T 1T 1T ‘ 1T ‘ 1T ‘ 17T ‘ 17T O IIIIIIII | IS N N L B B B B BN B N B B EEL B B R
L 1S 1 L= -
s =14Tev 1319 Fu M'NN'-PPS
N UNZLOPS 5 e I MINLO
1 e — HqT 45 - NNLO (MATRIX)
& — NNLO ] 100 L
— MC@NLO 3
| 101}
10-1 = = F
: 1 102 !
2 m,/2<u I:<2mH
g my A< <m, d?’f’?n{nNNILQpls IIIIIIIIIIIIIIIII
107 % m,,/4< U <my HqT 140 ' ' T T
B 1.2 H
& 1 ‘w,;;{l-l
0.8 w0
:\ L1 - - - - - L1 L 0'6 "‘N‘r T
0 20 40 60 80 100 120 140 160 1[8G0 200 0 50 100 150 200 250 30(
TH pTH

[Prestel, Li, H6che 1407.3773]

[Monni et al. 1908.06987]

do / dpjl [pb/GeV]

10°F

10—1 L

GENEVA

Vs =

—— GENEVA
— GENEVA+PYTHIA8
—— GENEVA+PYTHIA8 (hadronised)

pp—> H+ X

13TeV rEFT

50

100

pH  [GeV]

[Alioli et al. 2301.11875]

150

200

250 300

All of the above rely on conventional (LO) parton-shower evolution.

= does not reflect singular structure of the fixed-order calculation

= requires regularisation via auxiliary scales / analytic resummation

= second-order shower corrections improve existing + enable new methods

11


https://inspirehep.net/literature/1306321
https://inspirehep.net/literature/1750311
https://inspirehep.net/literature/2627196

(A Biammnmsm Shower structure at second order

The second-order expansion of the shower operator is given by

1
SD . 1:0) = [1 - Al 1)+ EA,[}](tn, tc)zl O(®,)

tn
E 3 [0 (1 80,10) €@, 8@, 0
i,j p

C

|
= [1 - AI[’ZI](tl’l7 tc) + EAE](ZW tc)zl O(q)n)

t

n

+ Z [dq)ﬂ (1 - AE](% fn+1)) Cii( @)

i,j §

C

tn+1
x [(1 = Al (141,1) ) 0@, ) + Y j 4D, | Cy(@,,)) O(D, )
k,l

c

12



(A Biammnmsm Shower structure at second order

The second-order expansion of the shower operator is given by

1
SO(D . 1:0) = [1 — Al 1) + EA,g”(tn, tc)zl O(®,)

t

n

+y [ddm (1= Ay b41)) Cy@,e) O(D, )
i,J "

In tn+1
+ Z Jd®+1 Ci(Ppy1) [ — Al (6,11, 2) O(®,,4)) + Z J d®,; Cy(®, 1) O(P,y5)
i Kl

tC

13
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Outline

I. First steps towards NNLO matching with local subtraction schemes
based on arXiv:2108.07133 and arXiv:2412.14242

Il. Second-order shower evolution

lll. Decomposition of splitting functions
based on arXiv:2505.10408

14


https://arxiv.org/abs/2108.07133
https://arxiv.org/abs/2412.14242
https://arxiv.org/abs/2505.10408
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Part |

First steps towards NNLO matching
with local subtraction schemes

15



G CoTNaEN Sor e T Multiplicative NNLO+PS

NNLO-+PS

Extend multiplicative matching idea to

NNLO via matrix-element corrections. +2
[Campbell et al. PLB836(2023)137614]

VINCIA@ NLO

o

+3

legs

Idea: fully-differential multiplicative NNLO matching scheme (“POWHEG at NNLQO”)
(focus here on eTe™ — 2j and the like)

(O)\NLO+Ps = qu)z B(®,) Kynpo(P2) $2( P, 1; O)

Need:

(1) Born-local NNLO K-factor

(2) NLO Matrix-element correction in first branching

(3) LO Matrix-element correction in second iterated branching
(4) Direct 2 — 4 branching with Matrix-element correction

= for two-parton processes, everything can be calculated using antenna subtraction

16


https://inspirehep.net/literature/1905669
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Key aspect: [Campbell et al. PLB836(2023)137614]
up to matched order, include process-specific NLO corrections into shower evolution

(2) correct first branching to exclusive NLO rate
( % )

R(®;)
Alz\%g(t@, f) = exp 4 —Jd@H B(®,) (1 + vNLO)
h

L J

i

f RV

(3) correct second branching to LO matrix element

r 3 t()
)
RR(® \4
AI§24(H’ f)) = exp s _[dq)+1 % . t1\ RR
: (D3) ‘)
L 2 J
(4) add 2 — 4 branching and correct it to LO matrix element f
Iy z.
ALO _ RR(®,) © \tl ~7 % RR
rallos 1) = €xXp § — 42 W (L—=1) ¢
I, )

17


https://inspirehep.net/literature/1905669
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Real-virtual corrections

Virtual correction to first branching evaluated numerically using antenna subtraction

(“POWHEG in the

NLO
A2|—>3

exponent”)

(f9, 1) = €XP 3

e — Lne(Ts)

Ygq

—
o

as(Mz) = 0.127

R(®D;)

0.36
0.32
0.28
-0.24
-0.20

-0.16

0.12

0.08

0.04

[El-Menoufi, CTP, Scyboz, Skands 2412.14242]

3

NLO , ,NLO , ,NLO
(1 Ty VN VN )

h'd

0.36

0.30

0.24

-0.18

In ggq

-0.12

0.06

0.00

—0.06

8
-8 -7 -6 -5 -4 -3 -2 -1
In 744

18


https://inspirehep.net/literature/2861332
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[Campbell et al. PLB836(2023)137614]

Direct 2 — 4 shower fills unordered region of phase space with pi4 > pi3

1/o do/dlog(p? 4/p7 )

” Emissions ete” — 47 @ /s =240 GeV " Splittings ete” — 45 @ /s = 240 GeV
Vincia default Vincia default
Vincia default + MECs —— Vincia default + MECs
Vincia 2to4 Vincia 2to4
1071 5 to =5, te = (5 GeV)?, 2-loop a; 1071 5 to =35, t. = (5 GeV)?, 2-loop ay
i
o~
N
—2 | < 10-2 4
10 ) 10
=
=10}
<
=
_3 ™~ 103
10 o 10
=
S
\
i
e >
1075 g 1075 2
O O
b b
z Z
105 ! ! ! ! | . | —1 105 ! ! ! ! | | . —-
—4 -3 -2 -1 0 1 2 3 4 —4 -3 -2 -1 0 1 2 3 4
2 2 2 2
log (pL,4/pL,3) log(pLA/pL,B)

Sectorisation enforces a strict cutoff at pi4 = pi3. No recoil effects!

19


https://inspirehep.net/literature/1905669

(A B VINCIANNLO in resonance decays

By construction decay width is NNLO accurate.

NNLO Born accuracy also implies
NLO accuracy in first branching and
LO accuracy in second branching.

Thrust

—— H — bb NNLO+PS (VINCIA)
O —— H — bbg NLO (EERAD3)

E.g. H — bbj at parton level vs. NLO
[Coloretti, Gehrmann-De Ridder, CTP 2202.07333]

D
(massless b-quarks, non-zero Yukawa) " \/?@ @
{\%\/NGA NNLO
%
«7
2

0.0 0.1 0.2 0.3 0.4 0.5

dr
dr
o
w

T

_L
1 —
Hbb

0.2 1

0.1+

0.0

20


https://inspirehep.net/literature/2032599

(A B General multiplicative NNLO+PS?

NNLO+PS

Extend multiplicative matching idea to
NNLO via matrix-element corrections. +2
[Campbell et al. PLB836(2023)137614]

VINCIA@ NLO

o

+3

In principle, the idea can be generalised to arbitrary processes
(ONRB s = 40, B@®,) Ko@) 8,®,.1,:0

but requires:

(1) -Bern-local-NNLO-K-factor General Born-local NNLO subtraction scheme
2) Efficient NLO Matrix-element correction in first branching at full colour

3) LO Matrix-element correction in second iterated branching at full colour
4) Direct 2 — 4 branching with Matrix-element correction at full colour

(
(
(

= antenna framework not ideal for general multiplicative matching

21


https://inspirehep.net/literature/1905669
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NNLO+PS
Use shower kernels as subtraction terms
— MC@NNLO 2
Idea: modify subtraction scheme so that §"
second-order shower expansion +0 o®
reproduces NNLO calculation. =

Schematically:

(O)\Ntosps. = |d@, [B(cb,» +V(®@,) + ), By(@,) + W(@)+ ) GV + ) %l-jk] S (@, 1,3 0)

i,] i,j i,j,k

+ ch)n+1

R((I)n+1) — Z Cij(q)n+l)
L,j

+RV(®,,) + Z Cr(Pyi1) = Z Ci(jl)(d)n+1)] S 1 (P15 113 0)
kil i.j

RR(®,,,) - Z Cir(P12) — Z Ckl(q)n+2)] S 42 (Pry2s Ly2: O)
Kl

i,j,k

+ Jd®n+2

= second-order shower expansion has to match NNLO subtraction terms
22
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Part Il

Second-order shower evolution

23



(A Biammnmsm Shower structure at second order

The second-order expansion of the shower operator is given by

1
SO(D . 1:0) = [1 — Al 1) + EA,g”(tn, tc)zl O(®,)

tn
+ Z Jd®+1 (1 =A@, 1) Ci( @) O(@,, )
i

C

t

Z, n+1
+ Z [dq)+1 Cij(q)n+l) [ - Ail_gl(trﬁl’ tc) O(CDn+1) + Z J d(I)+1 Ckl(q)n+2) O(CI)n+2)
i,j ) k1l )

c c

24



(A B Shower structure at second order (cont’d)

The second-order expansion of the shower operator is given by

1
SD ,1:0) = 1+5A,g”(tn, )| O(®,)

tl’l

— Al 1) 0@,) + ) qu’ﬂ Ci(®@,,) O@, )

i,] p

C

Z [d +1 A ( +1) ((I)n+1) O(q)n+1)

l,]

tn+1

4D, | Cy(®, ;) [ — AU (1,11, 1) 0@, ) + Y j 4D, | Cy(@,1) O(®,,)

t

c

e

3|
i,

t

c

25
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(AT Shower structure at second order (cont’d)

The second-order expansion of the shower operator is given by

1 )
2) . — Al y
S (P 0) = [1 + QA” (s 1| O(P,) NLO n-jet subtraction
— 1
—
‘Sudakov |~ A0, 1) O@) + Jddm Ci(@,41) O(D,)
on top” by

dd,, AN, 1, ) CD, DIO@,,) NLO n + 1-jet subtraction

Z
y _' _—

) tn+1
3|
L,j

do,, l,-<<1>n+1>f[ Al (1 +1,r>0<<1>n+1>+2 Jdcbﬂckl@m) 0<<I>n+2>]

3

C.

N%S

%N

t

c

26
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Shower structure at second order (cont’d)

The second-order expansion of the shower operator should be given by

o(@,)

1 )
SO(D . 1:0) = [1 + EA,g”(tn, )]

NLO n-jet subtraction

/ Iy

_—

‘Sudakoy | —AM@ 0@, + ) Jddm Ci@,1) O(@,.,))

on top” Lj g

C

I
T —

e

d®, | A1, 141) (@, )IO(@,,4)

NLO n + 1-jet subtraction

/

S —_—

do,, c,-j<<1>n+1>f[ A (t,41,1) O(®,,) + Z j 4D, Cy(@, 1) 0<<I>n+2>]

tn+1

3

C.

§N

—

T Z Jd®+1 I}AU ( +1) ((I)n+1)

@,

l']t

c

_—— real-virtual subtraction

[O(q)n+1) - O(q)n)]

27
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Shower structure at second order (cont’d)

The second-order expansion of the shower operator should be given by

1 )
SO(D . 1:0) = [1 + EA,g”(tn, )]

o(@,) NLO n-jet subtraction

-

_—

‘Sudakoy | —AM@ 0@, + ) Jddm Ci@,1) O(@,.,))

on top”

t

i,] p

C

t

-3 [eo.,

i,j »
C

Al ) C(®,, IO, ) NLO n + 1-jet subtraction

+) |do,,

i,]

tn+1

c,-j@nﬂyl — A (141.1) 0@, ) + Y j 4D, | G @, ) 0<<I>n+2>]
k,l

3

C.

do,,

tn
tC
tl’l
tC

. _—— real-virtual subtraction
I}Al[al](tn’ tn+1)Cij((I)n+1) + C,'E'I)((I)n+1) [O(q)n+1) - O(q)n)]

double-real subtraction

Ci(@,12)[0(@,, ) — O(@,)]

28



(A Biammnmsm No-branching probabilities at second order

Define no-branching probability for double branchings as:

t

i,j,k §

c

and for one-loop branchings as:

t

ARV@ 1) = exp{ - Z [d(l)+1 [Cél)(cbnﬂ) + Al tn+1)Cl-j(CDn+1)] }

I,j §

c

with ANO(: ) = A (¢, HARV(t, HARR(@ , 1).

The exact form of C;; and Clg.l) depends on the shower algorithm.

29



(A Biammnmsm Second-order shower implementations

Two approaches to implement second-order corrections in the shower evolution:

MU'tIp'ICﬁtlve e. g VINCIA [Hartgring, Laenen, Skands 1303.4974],
[Li, Skands 1611.00013],

[Campbell, H6che, Li, CTP Skands 2108.07133],

[El-Menoufi, CTP, Skands, Scyboz 2412.14242]
O(ts — t3) + O(ts —ta) + ...

- sectorisation of phase space into ordered (LO) and direct (double-real) branchings
- real-virtual correction as MEC on LO branchings

[Héche, Prestel 1705.00742],
[Héche, Krauss, Prestel 1705.00982],

[Dulat, H6che, Prestel 1805.03757],
Addltlve e g. DlRE [Gellersen, Héche, Prestel 2110. 05964]

. epr|C|t subtraction of overlaps between limits
- real-virtual correction added to LO branching

30


https://inspirehep.net/literature/1597573
https://inspirehep.net/literature/1597584
https://inspirehep.net/literature/1672514
https://inspirehep.net/literature/1942260
https://inspirehep.net/literature/1224557
https://inspirehep.net/literature/1495435
https://inspirehep.net/literature/1905669
https://inspirehep.net/literature/2861332
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Decomposition of splitting functions

31



G

GEORG-AUGUST-UNIVERSITAT
GOTTINGEN U commees

Factorisation in unresolved limits

32
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G GOTTINGEN 75 Factorisation in unresolved limits

2 .
+(1—- z,-)) V’
X
— e m
k
i
2 2Szk ik 5 1 2’Zk Pi
oy SijSjk Sij 1= %
A\
2 / %
ko)
Y
L L1 2% |
8s— 1 + ( - Zk) Pk
Sij — <k K

Note: limits do not commute!

33



(A Biammnmsm Spin structure in QCD

Idea: decompose vertices into scalar and spin-dependent terms

D2
P12 —@ — —@ +  spin dep. terms
D1

(a)

P2
D12 @m@ —— 4@ + —@ +  spin dep. terms
P1

(b)

E.g. quark propagator + quark-gluon vertex:

p+q . ic™” Y'p
—ZT,-J-W =T, |5%(p,q) + >~ >
(p+q) (p+qg)- (P+9
with scalar current:
(2p + g)*
SH(p.q) = >
(p+q)

34



(A B Scalar decomposition at LO

Simple example: LO g — ¢ splitting function (massless)

P2

f
Pq—n](pl’p2) — PQ—MN](pl’pZ) + Pq(lq(pl’pZ)
P1

with scalar and purely fermionic splitting functions

2z,
P.ippp)=Ci—  PL (p,p) = Cp(l - &)z
)

Simple combination with scalar multipole

Di Di
DiPx
s.Urtq)=—- ) TT
n neo T lz,:‘  (pa)(pay)
D Dy

= same result as simplistic overlap removal

35
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Double-branching splitting functions

The same idea can be applied to 1 — 3 splitting functions P1

[Catani, Grazzini NPB 570 (2000) 287]

P2

E.g. g — qq’'q’ splitting function: (a) P3

5123
(Pysiiqgd(P1s P2 P3)) = qq({p},pppz)+S—<P§flg‘”(p3,p12)> Py 0 (D1>P2)
12

with scalar multipole contribution

P Dq

a1 i S, (P} a1 a0) = 4T, 2 TT SitSk2 + Si28k1 — SikS12
192 R k

% & ik ST28i125k12

Pk Pk
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G\ S One-loop splitting functions

At one loop, the same exercise yields e.g. 2

(PeLy(P1sp) = P (p1,py) + (P (p1, o)

with pure spin-dependent remainder n

02

. 1
(PN (p1py)) = Cy (——) [(I—Z)ﬂ(l—z)—N—%(Zﬂ(Z)—%) (P (p1:PD))

S12

o1+ L e e H(PE (P py))
4 N% S12 1 —2e 2\ g b

Collinear limit of scalar one-loop multipoles yields scalar contribution

i, D
- ) 2 _ 1 po
a, qq 111’% I4,f(ZQ ’ t9 (1 - Z)Q ) — 7P ~(pi’ Q1)

q—q

k, p
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Numerical tests

First test of subtraction terms in simple process: ete™ — gg

T |l T T T “l
1070} s A
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3 1090t §v° ‘
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1021 } o0 ® Double Soft -
v —ms AT
“ 1 L L 1 1
. : 1 L Ll + ]da 1
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. s
E 10713+ ' o . i
- . . "8 0000000

Plot by M. Knobbe

Pepper MC
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At NLO, parton showers (typically) reproduce the fixed-order singularity structure.

At NNLQO, this is not (yet) the case.

For simple processes (like ete™ — 2j, DY, ggH, ...) process-dependent NLO
(matrix element) corrections can be incorporated into the shower evolution.

When Born-local NNLO K-factors are available, a simple multiplicative NNLO
matching scheme can be constructed.

To capture the NNLO singularity structure in showers in general, detailed
knowledge of the (overlapping) limits is required.
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