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ON-SHELLRECURSIONSRELATDNSW.tnProof of uniqueness of YM theories for
vibration of spin 1 ,

we bore seen a fist

example of how general requirements , as those of

little Group covariance + locally
,

are enough to

fix three
-

and four - point scattering ouybhds
\

⇒ we 'll see now that this can be generalised

for ALL tree - level scattering amplitudes , neck

that they can be computed only resorting to

AEU , GAVGElNVARlANTDA ,

without ever

having to use Feynman Diagrams !

Again , this is based on omemption of LOCALITY

÷



• Tree - level on- shell amplitude An n - point
scattering

w-Epali-E.1.PE
-_ o i = 1

,
. . - in and .Épi= 0

An function of Pi and Ej;U
external states

⇒ helicity Auydhde will be function of spinor
products

Tis 1 Cil only

let us imagine to perform the following shift :
--_

pi → p^i= pi^+ze? {
• 2- ← ¢

1- . { Ei = 0i.
some of the 2in maybe . zi.zj-o-vi.si

Zero !
. pn . zi=o Hi ②



note that
u

• Epi -- o → É pi = o

1=1 i = ,

mom conservation

. p%= (pi + 2-it! pi-zki-2-zpi.li = 0

shifted momenta ore on-SHELL

•
take a subset of I momenta with 21#I E n -2

and define II = C p ;M ( total momentum)
i c-I

↳ II ④ ⇐④I

often shift : ÉI= E.±Pi^+z E. zi =P.É+zRÑi c-I

M M

where RI - €±Ri then

Liner in
ÉÉ ± BE + 22 II. RI G- 2- 1.11
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^
2 we are interested in
It I BE + ZZ II. RI

studying BE = 0
( LOCAL FACTORISATON! )

then we can waste :

§ 2
I

= -
PTI (z - ZI ) with ZI = -PIZZIZPI . RI

^ 2

PI=o ⇒ Z=ZI_

So we bore a new set of ON-SHELL Cmonlen ! )

momenta ^pi , which fulfil momentum conservation
.

We

want to study shifted amplitude as function of 2- .
- -

@ tree - bed we hove seen that scattering Auepehdes

ear only bone POLE
,

no branch ants (hogs, roots
etc)

Anlz) must be a RATi of ¥

An = An (2--0) original AMPLITUDE 44



Aulzl con hare poles for 2- = Zj

* these have to be SIMPLEPOLES-ncz-l-zy.pe
⇒ All poles one of the type ¥z ( from pupag ! )

At tree-lined there cannot be more equal pupefdors

if all external momenta one generic

* ¥; = - Zp÷ ¥z±, ;
⇐ = - to

ZPI . RI

poles ore away from origin of z - ¢ plane !

this is AaAW_ all consequence of LootL !

Low : Consider now A"¥>← single pole
for canid . above 5



Ink )

fit) = Ah{¥
• e¥Zles, peg,⑥

a

CAuatYTHEOREM_ : §
,

Ah¥ dz = Anto ) =An

but DEFORMING contour to infinity We get

( GLOBAL RESIDUE THEOREM )

¥9 4¥) + ⇐ B¥⇐¥¥) = 1% A"¥
-

-
Bn

An "

boundary
" term

⇒ An = - EE EE. I"¥) + Bn

6



Res
-z

⇒ 2-→ g- §dzA"z¥=§d§An1g)2-→ ✗

AHH

-

2-→ •

-

y → o

to Bn = An (y→o ) = An (2- → a)
[First coefficient of
Laurent exp close to ✗

An = -

CBs ( A"¥) + Bn
2- = ZI

ZI
µ

Locality says that @ z=Z±
,

P=o
,

Amplitude must FACTORISE on that POLE

2-must Flow here !
→

OVER ALL ON SHELLAna .# → ¥ I :÷÷÷÷PARTICLE STATES

L R
EXCHANGED

⇒ helrahysrm
etc

= ÑLCZI) ¥z ÑRCZI )

= -
ZI-AT.cz,= ) 1- A-RCZI)
2- - ZI PER not shifted 7



so that finally

Kes Antz ]

2-=Ze I
= -

ÑLIZI) ¥ Arlz,=)
A.

this intermediate particle
Is now ON-SH_-ELL

these ore shifted ON-SHELL amplitudes !

• the subampbhides AL,R involve fewertE#

so if Bn=o (no residue of infinity) we aee

get An from ONSHK AMPLITUDES with fewer postiches

⇒ BASIS OF RECURSION RELATION

Sufficient but ⇐ mommy condition [ " too strong " )

is that Ancz ) → 0 as Z → A 1
. 8



lm Jorgen , if An G-) →o fu 2-→ no we say

that we started from a VAUDSHlFT_

An = £ ÑLCZI' ¥ ARIZI )
I

=3 ÷④É"E
I

sum over all possible foetoisation channels

sum over ell helicity - states etc is 1MPuaT_
.

generic on-shell Recursion Relation ⇒ build .highap_t

scattering amplitudes from lown-poimt.gov#nt,on-shell-

building blocks !

MOSTFAMOvSONE- :

BCFW = BRITO
,

CACHAZO
,
FENG

,

WHEN

uses one special type of sift . 9



BCFWRewrsiowt.ru
BCFW recursion we shift only two momenta

soy pi , pj and choose zij neck that

Ii> = Ii> Ii] → Ii ] c- zlj ]
[ i. j >tj]= lj ] ij > → ij> - zii> } %?£

this means =

* = Ii> cil-lit.si/ → tiki ] + zli>Ijl + licit
+ writ

= ph + zcii>GI + ly ] Lil )

= y>41+4741 →☒ - z( Ii>gl + g)Lil )

what is corresponding shift momentum ?

%! -yM= 9M such that of = Ii >Ijltlj ] Lil

qM= 1-2 [ jlpmli>--B
10



1NDEE_D:

• In + Pig = Put Pj mom conservation is preserved

• 9. pi = g. py = o { Pi=[i8÷i
> p,=Gr÷j>

or pi.q-E.CH $+91K )

• g. q= o { Cj Vi
> Ghi > ~ aisgj ] = o

or off alternatively .

hMPORT_AN 9M with these properties cANN

exist as REAbu =D it must be complex !

Pi = CE, 0,0 ,
E) Py =

CE
,

°
,
0

,

-E)

then g. pi = g. Pj = 0 ⇒ 9=(0,9%92,0)

g. q= 91+9,1=0 a-

⇒ 9^-0 if g. egg ! }
" feet 914ms

hose snÉA= !

11



so recapping BCFW shift is Li#

Ii] → Ii ] + zlj] ; 1g > = Ij>
- Zhi >

pi → pn + 2- tzcjrmi >{ pg → pg - zig tjymi
>

General recursion
: (omimimg AnCzo )

An = & Aic# ¥E<AR"n¥pedI

=§÷④É④E
/ sum over

✗ ÷::*Becomes

:& ④ E-i -

if Pa , Pj on some side, PI does NIT depend on Z !
there is no POLE 12



What happens to pdonsotas vectors under shift ?
Zi = gauge

EI → - £Yf?+ za;j , , momentum

✗
new poles ?

⇒ no ! choose ri = pj and É : = EE

so there is e gauge where
in shift

in pal vectors
.

1-

PARKE -TAYLOR FORMULA FOR N -GLUON SAIT .

We'll use now the BCFW recursion to prove

PT formula fr the#MHEo !

We will do this inductively , starting from

n=3_
13



Adjacent heliatieo
m

Ali's-15. . . n
- / = 212£

2123623> . . . .
2h a>

• n=3 we derived amplitudes and found
that "team sad's done "*

MAY -13-1 = Kobe) 42£
<23> (31)

= a¥÷<a> ✓tme•

let's try now to build on inductive proof

for n - gluons and two adjacent + hehaties
.

16



we will cheat-b.it now : let's study

PARKE TAYLOR and see how amplitudes
behave under [1,2> shift

Abitz: . . n
- 1 . 4¥

425415 . . . Lm>

in] = In] +2-12] Ii] = 12]

Ii> = In> 12^3--12>-2-11>

42> → as> - 2-41> = Liz> on shifted

223> → 623> - 2- 1134 stifled

everything else vNsmFTED_ .

All-12-13: . . n
-

) ¥7 Iz so AG) → ✗

no BOUNDARY

Term !
15



this is cheating ! One can prove
,
completely

in general , that if 4 , j> ADn then :

[ i. j> : Itt>
,
1+-7 , I - -3 , I - +3

Ancel : ¥ ¥ ¥ 2-3

IT

only non
arXiv : 0801.2385 allowed

stuff
.

for example [n n> on our oeuplhde means::÷÷÷:÷
.

in> → 11^5 = In> - 2- In>

42> → Az) - z Lnz>

Cnn> → <has - Zz Cnn> = Cnn>

Antti ~ 42>3→ 2-3 ! DIVERGES

16



So let's assume shfl Us> is a good
stuff here

.
Then we hone lALLWOM!)

3-

Antibes:
. .n-)=[n?+¥④¥-④¥"

k=4 5- +6-15

c-COLOR ORDERED ↳

all pombiht.es such that :
P^±= Trips -1 . . . + Pie-1

I ] Ñ and I are on opposite sides so thot

PI depends on 2- !

2] at least 3-point function on each side

otherwise PI = §, ⇒ PÉ=0 there is

no such diepau

it



so
n

Anais:-. n-t.CZ/An.nsli+izEk-...n-)h--4hiI--
±

A

✗
I

✗ Are
, (-1^7,2+131,6-15) }PE
$

this has opponte
]

helicity compared to

Now notice

1 . All :-. ft . . . K-1--0 except for K =3

n if ^
It

Anlt2-5.int = [ ñI④¥E④¥"
k=4 5-

- + +6-15

ether left or right amplitude

obeys zero except :
18



It
"

⇐④¥-

An G+2+5. . . n
- )=

n
- T +4-15

otherwise zero

it ✗
it

+
"¥④+÷④⇒.
*

1-4-
otherwise zero

what do the middle propagators look like ?

the two ÑI are evaluated at the residue

ÑIZ =o ! there should be e POLE
.

Let's look at the oeuphtude he fast d- goes

{
1-Pin] -iilpii

fit
.

-pin
,
n-)= - [Pm etc

[nit.ci Pin]

19



he feet, remember we derived :

Alive)= <¥÷
Atia-⇒=a%÷=aE¥÷,

=

i3[Ñnn]_3
ii.ñncni ]

= - [¥÷;÷]
how Fun must be on - shell

Fin = 2p%pn = sin> [ni] = Can>[hi]
✗
only

"

z
"

shifted one

-

so on the pole 2- such that Chi ] = 0

÷



mainly

lÑn> [Pinn] = Pin In] = ☒ tpnln] = ☒ In]
= Ipi> [in] = o goin

so [Ñunh] ~ 0 as [in ] does !,

siulrlg also [ñ Pin] →o as [in]

so AzlÑ
.

-Pinin)= - [ÑÉ → [in] ->o
Ini ] Ii Pin] -

⇒ imposing momentum conservation
,

this ouyohhok

IS 2-eo¥
21



We ore left with one term only in our

recession !

it

AnGt2+5. . . n
-f

n
- *④t

"

+ - ⇒-

= Air
, fit Pii 4- . .

.tt ) 1- Azl-853,2-1,5 )
Pz}-

- [31%3]>-1--0 !
[piiz] [2^3]

be
but 12^1=12] ; 123=123-2-11>

so [2^37 etc

don't change ,
no on-shell

condition applied that
bills Haul

22



NOTEA-a.MN :

AHH-3-4 =
53€
42>623>

7.
All-2-13-1 ,

131£
Gifts]

A-31-1%5,2-1,5 ) = [3CÑs
f-PII][zzy

= - 13¥13
CÑs2][23]

+

gauge.¥An (1+2+5--4) =

Lipid 1- [31%3]}

tipi,> cpiihkhs-7.int>
223>132] Cp¥zI]

°

-

3-pointIII.point ÷÷
23



=<¥?÷÷?¥¥→]↳%ñ#ñ⇒
Use how

•
< ipi,>Grif - Lips> Iris]

= - G CPI + Ps ) 3] = -
43>[2^3]

and since :| 12> = 12> -2-11>

= -
612> [23 ]

26



• ( Pisa> [Pis = - [Epis]<pish)

= - [I C# + $, ) 43=-12^274^451
- [231236>

E- - 1231136> = + [32] (3G)

so combining everything we get

Anti'2t 5. . . n
- ) =

[3£] = [32]

=

21233132T€\
£]

yes !

1237665> . - . <ni > 132*[3/2]<343
TY
Cnrs similarly

=a÷¥⇒÷=⇐¥m>

25



is this the only way ? No of course , we
can try another shift . soy fins 1%1+2-41In>→ 1ns-2-117

f- peat
-

Anti't . . . n-1=2 ; →④
"

I
J
* Thi

most be + and

the right -hand

ouydrtude must
@-25

be a 3 point !

+4 -D-

g. | Astpniiie-Diñ
- I

=

it

[hints
1-

= a¥¥÷n→p⇒TPnmMnm> in.int#in-n-ntPimD
26



=

-4¥
.

1-
[mñ

42×23> . -
. 4h -2Pimpin- in> Ln -in> Innit [Pin. , in -D) Iñ Pin.]
= run run =

Ln-2 Inn> [ñ Ñnn, ] = - Ln-2 Pin - i> [ Pin . , ñ ]

=
-< n-2cpif-pn.it ñ ]

= - In-2 n- I> In-1 ñ ](pin,, ,,.mn, . . , , ,⇐µ, n,= -
Lin>[n n - I ]

= 1- 2h13 Cnn
- i ] so finally

42>4
=
-

<mas>.< n.am
><mn><n÷,n,

✓it



0vkENTSouVAUD1TYofB-ofWrearñN

We bore been able to derive ouyhhedes fr

n -gluon soaking
,
only using as information

3- gluon on-street oruphhedes . . .

But in YM theory there or two types of

interactions :

IATA ;
A
" } C L

- I
Ah term required

four Effy byftp.ohdl-gongelmvoieuceof L

why does it not matter for ouyhh des ?
28



⇒ the point is exactly that 3-point amplitude

we start from is on-shell and gouge lmoioat

÷
it somehow conies inside the

information [REDUNDANT ! ) contained
ice a- gluon vertex

-

we never need st !

=

this becomes impressively powerful lugroity

graviton interaction comes from

L = In. fd"✗ Fg R g = yeah
µ µ

M

expanding ink ,

we need infinitely many vertices

to compute all tree - level amplitudes ! zq



On the other hand
,
one can prove thot

BCFW is ✓old for gravity d- tree - level and

All
, Infante vertices are

"

redundant
"

!

⇒ all tree
.
level ou-shell-oruph.tndes

can be derived from
eee.LY 3- grantor

scattering !

=

what about toh ?
"

simplest
"

QFT ?

simplest ouyhh.de is An = ¥ = I

3
6

+ all
next - to - simplest As -¥Éfs pawntdias

1 6
30



but Ao = tsf= -" ftp.#p,p+-- ]
= -iFÉD+4Hi

c

whatever stiff I do, there is always
terms that do not contain those tire

momenta

Ait )→ 04-0) when a →✗

there ore decays bovsndoy terms
and

Bofw does not work for lol" !

⇒ Gouge theories in this sense are
definitely Gayles thou 110£ .


