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We have seen that the requirement of locality

implies that sweltering Amplitudes bore poles

when intermediate states go on shell and

this requirement is enough to fix YANG-MILLS

thesis fn spine posts !

there are more UNIVERSAL properties that scattering

ouyhtnds in YM theory must fulfil ,
he posh

- color when external particles become SOFT
-

or COLLINEAR
.

-

• *÷:|pnllpz Collier

1pm
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let's have a closer look
,
toke color ORDERED

n-gluon amplitude

MH2
,
. . . ,n ) assume ps of gs beauessoft

"
good

n -2

\
n -1

if pi-oou.ba
pi= °

f. =
1-

(pups
'

=
1-pi-ipi-izpn.pe/zp..pz- →•if pe→o

Soft

when can this hogger ? Color ORDERED !

either attached on pz , or on Pn
or-z



n.

\
n - I

must be attached on on off - SHELL portals KM

¥ =

1-

K'+Zpik
'f- P^→° , no divergence
=

Nde doo p, must be dtoehed through a 3-gluon
vertex

,
otherwise ofoin no divergence ⇒ Ignore 6-gluon

vertices

let's see how the amplitude behooves cuthathmit :
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isohu.si '- libya
.
-or i n

n 9 PtP2 9¥ Petpk

mom" - a) =
- iv.gl#qysighw

Fps
pa

- ilbglhil,9Ñµgl2,3, . . -9in )
For an

qz must be taken incoming!

↳1129121 __ M
-

i§z[gmlpn-pzf-igrflpz-iqzY-gmf-9n-KHE.in- -

pi-2pz-pn-pzreeueeeberEn.pe__ Ez.p2= #
↳ % a



V?gH29n)=¥z(G-Ezlpn -pals +2Gt Eipz
- 2 Ef G-Ps )

how assume pe→o (soft)

oud use pi Mgl2,3, . . . ,h ) =o (word identity ! )

Vig 1129 .it wind / 2 E. pie!

railing

Vig lnrqm)%→° ifgfen.E.pl - via.ph/n-if-Gei-tn/eif
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So the eaglehide becomes :

him Munni - FIFI. - g;Pp÷)eiyk
piso

-
this is nothing but Amplitude for scattering of n - t

gluons

8ft Factor I ;÷ - ¥÷ ] universe

And it is the some even if soft glue is emitted

by quirks ! We 'll show this later
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Let's write this in spinor - hdichy fandom !

Eslpapn ) ⇒ le=→"

T
gouge momentum

Ei! - [hj
rain ,]

Ei? ¥%÷

so for the two hdialies

÷:=+÷÷T¥n=-÷÷,

é±=÷÷E÷⇒=%÷⇒
Papa
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so

liu MUI . . .nl ~ - gEY÷y MK3.in )
piso

him MUI . . .nl ~ + g 6b€ Mlas . . .
n )

pn-30
Cnn><v23

[result in gouge e. pn=o ⇒
robot in any gouge ! ]

In general we waste forUNNERSALSOFTFAC-tOR.AT/oNliueMU2...j!..n)=Slj+ii? 1) MAI . .j-1,1+1 . - h )
pj→ 0

[ask.by
-1=-1

Slogs
-1

,
b) =/

- g
[ob]_

+ s
sb>

+ = -
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UNIVERSALITYOFSOFTT-ACTORCF-wn.euof soft gluon frame quote line )

¥ ?§€r color ordered

9 vertex depends ou
q or 9-

g- y m

Ps In Vqcig =±i§zgµ
q e

>

\

*a.it/M1*:#.-.pr- v¥÷¥,.IM/uiipikirzjki

f
SOFT

GLUON
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in ps -so limit

n'FaujiPolly Msi -14¥ - É Mjitguilpi)2pips 2ps . pj

use

pies-1 = Hi . Est - Est
'pi & Piufpi ) = 0 etc

-1%4-4%1 / ifi :¥;÷ -

"÷É_ iyi } ui
2ps . Pj

iM=¥g ftp.Ei.s-Y#pj)ujcpdiyiuicpi)-SAMEAsFoRaLvoNs
!

choose gouge
Est . py=o then

⇐" = -9,9¥ ;] ¥÷s=rIs >Csi>Pips

to



COLLINEAR LIMITS

let us toke on amplitude with quotes and

gluons ,

as before , and study what higgens
when a gluons becomes collines to a quod

p,

icprpr )k\¥g→ II = -g.I IE 2props tie

2Pa . Pa = 2EnEz( a - LÑE¥¥! as On )

if proud P, ore BOTH months

we'll
see that

2pipa = 2ErEz (1- Cm On ) → Qi if { real Div
WW Q 's mi⇒ !
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we observe immediately something impotent :

COLLINEAR SINGULARITIES
,

Wrt 80-1=-1-0h es
-

are always amounted to te_Éy !

momentum pie = pile pie

• - MG . .
-
n )

-
n- s

color
indices

n

MH . .nl = g Tj u-cpnjmw-pz-lcpa-pzjztljfprhpsi.tn)

+ other Feynman Diagrams that one not

singular in collinear limit
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to study the collines lait
,

it's convenient to

introduce a so - called fudakov Decomposition

Gren alight - like direction pm (p2--0 )

we porouetvze the two
"

collman" momenta

Pi = xp + y , F + PI f
choose a

reference four{ pz = xp + ya F - PI where Pa:-. -pit !

where pi is a complementary light - like momentum

such that p - pi =/ 0

Pt is momentum

" " ^th%• phone ⇒ fp.p+=p# |
#He PI

it 's Euclidean

vector

EXAMPLE [ 2- - axis is collines direction ]

PACE, 0,0, E) ; 151 CE, °, 9-E) ; Ps = Co, Px, Pg ,
0)
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-⇐+ here

this is convenient because for both momenta :

ftp.j-qpI-2xiyip.p = 0

notice the sign

Yi = -
PI
2X; p .p-

out of

(PntPÑ= +✗Dp + lyityzjp-%2Cxi-xjlyi-yilp.jo
and using expressions for Yaz

Kripal:-(xnxx.tl#+Eifp?t-p--PP=-Cxf-:E-fpIwhich is the

luvoient mom

Ñbes
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so now Callinan dunt clarity corresponds

to Pt → o because then gin OCPI)

pain Ocpi)

pan Xnp p, nxzp ⇒ lpi-pz-4.ee#.

NoTEALSO:IchoosedecompositonsudrthatÉ

① in strict collinear limit
,xn-ixz-1.iii.i.ir#.:.:-.i.::-1-l

DIVERGENTTERMS)

or

UH . . .nl ng Ty .

UTPDVYp.tt?&pMjfpiaPsi.Pn)-gTiju-cpuV*-ii-PMy cpxn.pz.int
15



Left handed Qwark
, gluon + or -

MY gija-ippk-ypmjlpni.tn ).

"

^

helicity

getst-ixf-D-I.GE/ipI=-L28mgpY:;y-ni=-2aN#
V2 [4^1]

↳ *
-

pi -- +
"

I¥÷;"="÷¥÷>
And therefore

Minotti ÷Y÷;%%÷
"

<pujcpn.ph
-

pri ! ~ Qi →0 !
no



notice that 42> cancels frau hum and den
= =

which softens the aellnen divergence ! ⇒ ANGULAR

MOMWNS-tk-n.gl?gT2g?-;Y-zyfpHn-anlMylxip...pn )
T

+ non divergent terms
now divergence=

-¥ :*.
- ¥:*.

=

At leading order
,
we can take limit everywhere

and compute residue d- On = 0 ; Xnexz =
1-

i:÷=÷÷÷r÷=¥
y
p, →xp

it



Min -gt:j¥
,
gig MÉP, . . . ,Pn )j_

\ Lp Mcp . . . pn )
-

mom

Ama ✗ne Xz = 1 ;
✗a = l - Z Xz = Z factions!

helicity\ conserved

M⑤;¥É¥ . .
. Pn )

[ 12] j

$
Divergence ~ p¥ ! - ¥2

=

WHAT ABOUT THE OTHER GLUON HELICITY ?

Min*gty¥¥¥, Lpntlj 1pm . . - pn )

•

here we should also see cancellation of

divergence to
bore §

, ;
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Up] →o if rlly so 6%-19 :

apt die =M= - %,!p?-
121] 423 2pm . pz

| use ptpz = ④+xD p-iyi-y.IE

= -

"⇐¥¥ñE]
use pipe =

= - cf- 128> [tip] |c×,+xxyÑ:P|2Pa . pz
-

= -*¥÷¥,zpp- syiscpp] =.
"H
(Hetz)LppYpp✗

a



⇒ 4¥, = - 4¥> *¥, → -⇒
Lpp>

[{ Collines limit !
Convergent

to ouyhtude becomes (Ktxa = 1 ! )

iii. -ñi÷ii%.>
'

¥:¥;÷¥¥
now in collinear hurt pr → xp

4¥> → rn ; 9¥> → - F÷

Mi u g Tig
V2 fFÉ rxz ¥> Myth . .tn )
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Mij¥É%p . . . pn )

let's compute now sum oren gluon pdoisohias :

foe 1Mt? 4min Kik)
-1g

= g.

tE.T://Y-zpt.it?-zp!-i/E1Mi=njdijp...G--/÷É / 21m12
-19

IT

splitting Function 21



P G) = ¥¥ probability that after
99 splitting , daughter parton

conies fwetron
"

z
" of

parent momentum

g.work
conies 2- = ✗z

9- 98 { gluon comes n -2- = in

Pqqcz ) is probability fine gunk
to ante quote of
mom 2-

PG -2-1 =
1+4-2-12

-z
= Pqgcz )

99 I
prob of a

Pgglz) different ! quote to eunt

Depends on type of portions a gluon of
mom Z 22



9¥ speitig g- g

(helicity quote is

conserved dong |quote line

not always true ! In general we need to sum

An 11 . .
.
at:b

"
!
. .
n ) →

⇒ [

spbtypla.biz/An.,l...p-!...)-lp--tg--bspbHpaig-,z)=-¥ fog !? ! ,
outgoing/

1 Incoming
split Iq:& ,

H = 1-

Fz ÷A 23


