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POLES AND SINGULAR LIMITS OF QCD$
SCATTERING AMPLITUDES

• We bore seen that scattering amplitudes can be

written in cowpat form , by exploiting their transf .

properties under POINCARE' ⇒ little group ⇒ sPWL
SUCN ) ⇒ Color ordering ⇒ Primitive

AIRES

these allow us even to constrain their

ANACYTKFORM-sb.ee
, we ore

not using full information !

together with global , gouge and space - time

symmetries , QFT is funded on the concepts

of AND LootL#
I



LOCAU-TY-s.ve born in QFT thot

locality of interactions, implies thot

POLES in the 5-MATRIX ore always onocioted

to on - shell intermediate stoles
&

start from GREEN FUNCTION

Gulps , . . - , Pn ) = fdhxne.ir??.fd4xneiPn-xn
-

momentum - spree <Rltolxn ) . . . 4th ) le>

give Function

suppose 7 a onepoitidestote

WHY ,

out a subset of momenta

pm. pie . -
+ pi = Priest - - • + Pit ; PMP, -_ MY
- 2



such that

1414141 . .
. 01km1 In> -1-0 then

G- will have a pole d- p
?
my
'

and it

will foetoise close to thot pole as

hot

Gcpa . . . pn ) ~ MY, 1- (MÑ
" /
+

+ "Arians

p?my2+iE1 I

mohx element matrix element for

fn oh . . .fr -54 § if →far . . .tn

note that 147 must not be elementary in

general ! could be some bound state !
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if we think about tree - level mortem
-

amplitudes ,

:÷⇒+÷ 1.
I

tole from pwpgtn 1-
ftp.t . . - + pnj

'

if oeuphhedl is color ordered
,

propagators will

also contain oneybre external legs !
=

locality @ tree level means = any poles with non -

vanishing residue must correspond to the propagator of

a physical particle going on -shell ⇒
SPURIOUS POLES

hove ZERO residue
.
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HOWC-ANWEUSETt-2.ae
step back : TH_ÉTAÉE

"

Till now we considered four- point oeuphhdes ,
but

there exist simpler things :

•
two - point just propagators , nothing interesting to

say
d- tree - level⇒ (OFF SHELL ! )

• three -point P'

Epp
,
= ?

pro

if all pinholes ore on -shell
, pi=o

,
kinematically

forbidden !

pi = pi-o f5=(pn+pP= 0 ⇒ zpn.pe = 0
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let's think about this oeuphhwle more generally in

spinor heloety : it must depend on Egm ; Pym
⇒ 4117,125 , b) out V7 127 137 }

patpitp} 11>91+12>121+13>61--0

In]at +12741+133<31--0

C

111 (n>Filth>Gtb>G1 )

=
42>[21 + 43> [31 =

0

121 (n>Filth>Guts>G1 )

=
221>111 + 623> [31 = 0

so we bore

{
<12>121 = - 43>131

412> at = c- (21> [3 ]
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either 423=0--2133--623>

or

{
[21 = - ¥3131

⇒ 1111112111131

[11 = + ¥2,131
which implies [rite [131--123]=0

so either all <nj> = - or [ij ] = 0

how for redmome_ Lij> = Cgi ]* so they
are all
zero !

↳⑨w = o there is nothing
0 it can depend on
-
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Let's relax our assumption on momenta and study

ouvphhvte for GMPLEXMOMEnTA-

then Lip =/ Gi ]* and we hove two possibilities:

if
464

,µ④u3i= f- ( 427,437,6233) cijI=o

=g( UH.GS?G3I)cijs=oLilTo--aRooPscobmg(im-wm-imgmomeuta)
to study veins helicity possibilities

Ip> → 2- Ip> EI → zee;

Ip] → E- Ip] E? → ¥ Et

Mat's" =/ Yin
>É⇒%Ñ e)

A B C
*
[is] f.23] [31] (2)
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AtB=H2 -26=(-12--11-13) 2") { Atcity .

-2A =µ3 -11--1272

Btc -213 , -213=41^-12-1312

µ( 1-
"2+23-13) =

cobc 42>11+12 -13,23>-12+13 -11cg ,>
titles - -12

sailing frame (2) :

l] - k -h ta -k -13 -12-11-13

= cob ' [12] [ 23] 131 ]

helicity structure uniquely fixes structure up

to cob?
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FIRST CASE : ALL PLUS AMPLITUDE

+

Goat =
cotton>as>oses

or+
Cabe I
-

[if [237131]

IT

to diverges
aauwt be !

so µ-12+3-1) = Cold 425423>1317

now let's do some doudouolyri-s.at's
easy to see that on ouephhde with n - legs must

bore dimension [ E ]
h- n

la D= 4

⇒ cross - section must [ or] = AREA

= ¥7 to



Ly> nrzpipj ~ E so [Cdc ] = - 2 !

this cob ' most include coupling constant

⇒ if we work with renormolisdole theories

only solution is cobc=o-

no scattering couple hole for equal helichies

even for complex momenta !

• Now consider

Matriz ) = cob
' <¥÷,

→
→ a.m
forreal
momenta

m



so May -13-1 = cob' <%¥µ,
Mtisisit. ok £¥÷

3

My-2+8 ) = oh <÷÷,>
y

equal bosons !
1-02,4-03 ; 2⇒3 symmetric !!

Spinor products ore antisymmetric for all exchanges

which implies cobc = totally
out- symmetric
under exchanges

of all pairs !

⇒
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lou we say more about this coke from general

arguments ?

let us consider b-gluon scattering again CMHV )

MINH 3- 4- ) = 42513672 fokdcs.hu)
-

Scoles properly
under little group| it's not unique !

PARKE TAYLOR :

1127€
Gases>age

Holes in the some wog !

notice tht ratio of the two has no spinor phase

Wai =

's

" helicity
free "

13



⇒ ↳¥E
"

=
all oszj !

µ nt must be a combination of sit , u !
512

=

. ""?÷÷Y"Ka
>

512

= + 121796×41*12>-5/12 =

$2523
= su !
9

it can be hidden is

f-
did
at , a)
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to let's write

A-(1+2+3-6) = 42513472 t-dddcs.hu )

Dim ouoligis IA ] = 0 = 6- u !

⇒ Fobcd - ¥⇒ , ⇒
it must

have some

poles .

Lou we constrain at four general orguments ?

⇒ (MTARITY implies that poles in the S -math

]must correspond to physical on-shell portals !

let's use this :

+

cq
-

+

q g-
~ f-⑤

+
v91

. + a

physical on- shell particle^5 s - charnel pole 15



+ Cg p

⑤ñfeÉ•o
-

+ ✓
Er
-

PM=←pÑ
= + (paps)M

12 → P P → 34

P + vanishes due to left - oeupbhde

P - nonzero ⇒ means + on the night
because it is outgoing

b
-1cg⑥éefa+u④L

- d

+ g e f
•

I

ef

live MIT'2+5h-)= ¥2M 11+2+5 ) Mts-4-1*1+1
s→o |

' fan
MAY -13-1 = cobc 42£ burglar

223>131> eouj
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21233 [ 3673
Iggy µwtJht =

"

Epileptoid

notice that we can oluap choose| 1.p> = iip> c.pl = xp, fee next
1- P] = i If ] [- Il = i [pl Pge )
liana# 3- til = -

"

¥¥%÷<
µ,8-so

P= -pi - pz =P] -1Pa

LRP> [Ph] = -421>[147--42546]| ggpygp,> , ↳ayy,,

G2Ñ[gqy32
h.ae Mattis-6) = -

de

FisuSso
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About 1-p> → its> etc
,w¥ :

✗ = Ip> Epl + lpikpl

pts - pie

-p/ = - Cp> Cpl + lptcpl )
do for two spinor components sepootesh

" $ " " """

|
"""""""

Capt = [qp ] Cpl
I :p]<-p1= - Inept

291-141 = - cap> cp,
⇒1-D= i 1ps
1-p]= ilp] etc

[qtp ) = - Cap] Lpl
④



tim MINI-13-6-1 = - c÷Ekuz> ' [3972
s→o

= wanted to be t-dxds.hu) 42513472

so we fool

t.su/--okdGt,u)=-cobeccd#
-

the s-chanel is not the only one !

tjbceyggg }
-i +

Ex§
-

n- channel

→

^ W Uh
;D

t here gluon con

t.ua
✓ u here

c- - two hdih.es!
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like Mutz-13-4-1 =
cadecbce

U→o

+
-

⑧ if :÷÷÷⇒a÷÷÷:*)
¥¥Yj*⇒=

codeine / %¥¥+-a-

with complex
a pole is 46> Chit → 0 momenta

, only one

of the two goes
to Zero :| ⇒w÷, , gag guy , yea ,
[[327621>

mom cons

= c÷bceµhP
1124237 1362417223>136741>136]

Gift217421123>

=

I

= u¥
'

} ve



line Matty ) = codeine
-gu

<12513612

u→o

which implies

live us t-obcdcgt.ie) = code cbce
u→o

Similarly t - hand -1^6*3
-

÷
%

+ 2 G -

ta tst-dxdcs.tn)= Cece c.
bde

t→o
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to we have found the following constraints

t-okdqy.ie ,
stiff = -

ode

{ II. = coded"
→

hue
=

cocecbde
b-→ 0

stance
set +u = 0 we can write

t-okds.hu) = stg f:b
'd

(E)+ poles;;

+ ¥ fib
'd

(E)
+ pees

"

tie
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obcd no

F
=s! ⇐ aikdl;-)

"

+ E. bikdl :p
IT IT

could have high could hone

poles in L high poles
U

in &

let's studyhmits :

1s⇒
cobeccde

f-
did
→
-

Ju
n ly ait

'd

+ Ocr )
a

lt→I In -s- s)

poked → ÷Ék ~ ¥ bib 'd c- out

o

= -
cobeccde⇒%FÉd

. • cacecbde④ = -1 !$ 22



U→ o is more delicate ( t -s - s )

code cbcepoked →
Tu

=

= stu E. oiled (E)
"

+ ÷Éb?
"

I:p

=D codecbce = E. and
'd

(E)
"

- [ bikdf :)
"

he 0

=
I. failed - a)"bi

"d) 1£)
"

h= 0

we don't want coded" to drag .

it should

be independent of kinematics !

⇒ aikd-c-iib.no#V-n>0 !
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so we ore left with

code cbce = a :b'd - boobed from porous
results :

=
- Cdse cede + cececbde

⇒
a

cadecbce-icobeccde_cocecbde-ouusimgo@metrycobeccde_gcaec.bde
+ code cbce = ,

this is the JACOBI IDENTITY

⇒ Gouge theory based on tie Algebra
on the U-Nfrm_onlen_spim1_
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⇒ so we see that just using the

requirement of locality , namely thot scattering

oeeephhedes foetoise properly ,

we could

prove that YANG-MILLS ore the only

viable solution for spin - s particlesf


