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GWR ORDERING : I-gluon-ouy.lihides

we new thot tree - level oeuphñou for qgitgg

can be decomposed into two
" color ordered

" oeupl .

Mqg→gg = Ma ta tb + M
, tb ta

ab

color ordered oeaphtudes are simple owl from
one we can obtain the others by crossings etc .

let's see how this works for n- gluon amplitudes

let 's resole EE T÷ ⇒ FIFTY = job

which moves foetus of rz from color algebra

to Feynman rules , irrelevant at the moment .

⇒ irrelevant
,
but follows literature conventions !
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so there or three possible products of fobcetc

use Trfttb] =
8
"

plus

[top ] = if
-↳
T
' Fs to

watery
Tr Tb] F) =irzf.be/-rItetg*=irzfobc
⇒ f•b! - if Tr ( [1-51-5] 1- c)

= - ¥ ftrltt'T) - Tr (1-4-4-4)

=
-¥11T LTT'T) - Tr(1-9-4-3]

cycliahr
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so

false fade • [Tr (Totbte) -Tr (Fte tb)]

✗ [ Tr (T'Tdte) - I(1-4-4-9)

htums_ - pick the first

A = Tr (TTTe) TCFTDTe) =

= Tig Tfr Teri Tem Tdmn Tene
I
⇒ Teri Tene É Sre Jin - f- Sri Ine

! Tig Tigre Tem Tdmi - fr Tig Tfi Tem The

= Tr (Tetbtctd) - fu Trltth) FIFTY
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B= -Traite) TCT'T td )

= . . - = -
Tr(TTbTdT ) *

.tn/-rCT9-b)TrlTdT4C---TrCTeTeTb)TrCTcTdTe)---TrCTbT9-cTd)+tnTrCT
'T')TrlT#

cÉ-ginning

D= + Tr ITTF / Trct'T
- Td)

= Tr(TbTTdF) -1g FIFTY THT'M)
{ya÷egmiy

summing AtBtc+D

↳ the § port canals ! ⇒ PHOTON

DEcouPL ! 5



I 2 3 G I 2 4 3

false fade ~ True Tb To Td ) -Tr(FTbTdT4
1 3 4 2 1 4 32

- Tr (T-T 'Td T b) +I Cttdtctb)

⇒ { Tr 42341 ; Travis ); Tr 111421 ; 17114321}

siuihry fr the other two we find

dlgggg = Mr Tr 11234 ) + all permutations of
(2,3, 4)

⇒31¥

= & My[1012341 ] Tr ( 1 51234 ) )
6 C-P3

☒
a gluons

color ordered amplitudes !
- 6



REMARK__ 1. HERE

In order to expose color twos
,
we hire used

only two identities valid for SUCN )
=

• Job! - (1711-9-59.174-74))

• Toy TEE = Jie Gyu - tu dig due FERZ_

this lost identity is the statement thot

SUCN ) generators form the complete set of

traceless and hermiton NXN matrices

TI
bntroet dig

Torii T:c = Gresik - Gee = 0 !

⇒ TEI = o thanks to second II. 7



if we consider UIN ) instead of SUCN )

ULN) = SUCN) ✗ V11 )
I. additional generator ✗ I

1-
Qual

y
= ¥ dvj

if we add this to set of SUN generators

⇒ Tory TIE = die djk fr UCN ) !
-

nu Jargon , extra generator is called
"

photon
"

since it commutes with all SUCN) generators , it

does not couple to gluons !

Fav = die Av - dvAµ - Yg [An ,Au ]
Field

strength

I self - coupling ! 8



IN GENERAL
,
this " photon

"
could couple to

fermions instead !
→

~ 4- guy Aii
" I
-

.

the fat thot all tums coming from f- origine
of Fiat zeonougeiuent falls in 4- gluon

of tree
-

level is that for these coupe holes

we can use UCN )
,

because there are no

fermions involved where the extra photon

could attach !µ

9



REMARK 2 .

-

As long as we consider n- gluon amplitudes of

tree - level in QCD
,
fermions never appear in

Feynman diepoeus ⇒ Fermion line must close on

a loop !
-

⇒ lMPORTANTCoNSEQUENCE_ :

@ tree level all products of ftp.bcs-f.is! . .

2 3

Kwik ,
ooh

1 5

⇒ can all be tuasfuned using

f-
•b'
* Tr ( [1-91-5] To) and then Tinted

• T.IT?e=8iedyk 10



⇒ this produces only single trees of the type

Tr (T1 T2 . .
. . T

" ) out permutations thereof

=
Tira 2- - h ) Cnt ] !

Color ordered amplitudes

Mng = [ Ankita .nl )Tr( lolz . . n ) )
y

se Sn -1 cydiaty !

Important : ot loop - level SUN) + UCN)

similarly do when fermions re

involved .

4g @ f- loops -
Tr 1101236 ) )

- trail trace )Y÷÷!÷
,

from Traut

11



• WHICH FEYNMAN DIAGRAMS aoutnbmte to

each twee cot tree - level ! ) ?

We hove seen that Traba) receives

contribution from color algebra of d- yuan 2

2 3
⇒ Follow right order !Ink .

DIAG 4

n ftse of
" @

some with? Yuuki ? z←> 3

⇒ Tr 1132611 Tr 113421, Tr( 12h31, Travis)

gluons ore not properly ordered
,
• this

dignan does not contribute

12



it is convenient to introduce fGWR0RDFEYNMAN RULES

ZV

Edge ,=
,

i¥[ gmcpn-pilt-igvtcpz-pH-g-typs.p.ly
1M

✓ www.?ioEfzgHgvr-gMg-io-gurgr-1 ]
n r

ALL and ONLY graphs which ore properly
ordered should be included when a process

is computed with these Feynman Rules



REMARk

1) Trae bars is clearly orercompeete !

Mng = [ Mnt rk.int )Tr( lolz . . n ) )
Je Sn -1

⇒ 6 gluons , there are 6 taxes
,

but

we only started from 3 color fchrs !

false fade face fbde fade fbce

MOREOVER JACOBI IDENTITY

yobe feed , face fedb + fodefebc, o
so actually only two are supposed to be independent!



2) WHY ARE COLOR-ORDERED AMPLITUDES USEFUL ?

*
"
PARTIAL

"

ORTHOGONALITY ensures gouge invoice

£1112 . . .nl/Trlrl12...n1)J*
= N'"" CÑ-1) (8*01%4) sub

*Leading color

gouge invoiace
must hold outer by order in YN

* ONLY COLOR ORDERED DIAGRAMS CONTRIBUTE

↳ FmstwmpuE

* Overcompleteness momfests os further relations

among
these amplitudes !



Property of n- gluon color ordered amplitudes .

-

Cot tree- level )

1. Cgdicity A 112 -- n ) = AG . .
.nl )

⇒ reason why they are Ch-D !

2. Reflection A U2
. .

.nl = C- 1)
"

A- ( n . . -2^1

⇒ can be proved using outs symmetry of
color ordered Feynman rules .

ltmeote-loops-forgluons-3.photon Decoupling

AtYg G.2,3, . . .in) c- AIT 121,3, . . .nl + AIJG.s.li . .nl

+ - . . + Atingle ( 2,3, . . . ,n-1,1, n) = 0

13



Consider tree - level decomposition

A- = { All 8123 . . .nl/Tr(eoGs...n ) ) C* )
5123 . .in)

= Sn /In

Whenher
,

h gluon amplitudes @ tree level

creeped if we compute them in SUCN ) or UCN)

but in UCNI if we pick for one gluon, the 0117

photon ,

the amplitude must vanish , as we sow !

put 1-1=11 in C* ) and enforce that it

vanishes
,

this gves
the photon decoupling



É÷÷÷iiiiÉi¥am
+ AaTr( 1342 ) + Astra423) + Aotrllb 321

if 1=11

Artful -1 AIRED + Astrid)

+ Aarne ) c- ALTERÉ = 0

m= A 112341+1-(13421+111623) using

= Allah) + A- 121361 + A-②e4 )
)9d"

in general fon n gluons , sum of h- l amplitudes :

AHH . - ht-AU13.in ) + -
-
- +All} . . - 1h1 = 0

PHOTON DECOUPLING IDS - 14



Photon Decoupling is sometimes called

DUAL WARD IDENTTY ⇒ it can be derived

in string theory , dual theory of some QFT

through Ads I CFT Correspondences .

there ore m-o-uideu-h.es , one can prove

there are only Ch- 3) ! independent color
-

ordered oeuph hides

to 6- gluon scattering only 1ouyhhuk__ !

- Klass - kuijf relations
'

→ due to oracompeekaen

( for 4 gluons ± UH) decoupling) of color tuxes
Ch-2) !

-
BC] relations ⇒ wewill see on

example Ch -3) !

15



COLOR DECOMPOSITION WITH FERMIONS

Remember
,

external quoit lines stat and end

with Tes with open fundamental indices
j see am

⇒ [T" . . . .

Tom ]ij ]Yu am-1

,
<
eÉea^

tree
-
level color decomposition for qq-g.mg

¥

Atvs 2 (Tor". . .

Too" )ij Art
"

Hg, 29,0131 . And
GE Sn-2

Ex : do explicitly qÑQQg , only color decomposition !

-



b- GLUONS @ tree level

• We hire in principle 24=16 helicity conf-quotas
and 3 ! = 6 Color ordered amplitudes.

many related by DosE-RY !

Pick 1 ordering Actual
,

the others related

by crommg , in general , plus other relations !

* Felicities

- ACT'2t5G+ ) = A G- 2-3-6-1 pouty -①

similarly ⇒ 8 independent ones !

•
All
-2+3+6+1 h of these =⑥

- All-2-3+6+1=421--6 /zposty =⑧
it



• all +Groll - ) one decoys zero @ tree levee

remember that if we choose the same gouge

vector for 2 gluons ⇒ IEIP.iq/ME+cpj,9)--0-f
-

if you think
about it

,

@ tree level all gluon

oeuphhdes here only stuff like

EI?
. .

. Erin [ A
µ

. . . pin
]

IT
A
µ . .

-pin
= { Pain . . Pnpn ; gµµ. etc}

but d- tree level
, only 3- gluon vertex gives pµ !

there are olwoy FEWER vertices than external lines Cn-21

so eoeh 1am must hire at least one EF.EE = ol



this proves easily that ott#af all

n - gluon amplitudes with EQUAL FELICITIES

ore zero !
-

WHAT ABOUT 1 negative hel ?

if a helicty is minus
,
we'll bore log E)

Ej . Ej ; Ei . Ej i. j =3 . . -

,
n

• choose all ejcps , p, ) for j +1 !

⇒ Ei . Ej = o equal reference momentum

ei-pya.etjlpj.ph ✗ 1%17%-8%7
* Gif ⇒ !

so All-2-1 .
.
. nt ) =o tree level ! 19



so we proved that ALL Equal hel

All with 1 Diff bee
"

the first amplitudes thot omit zero, ore

the so - called MAHMALLYH.EU#i7NGMHD
neeAll + ⇒

+

G①%: = → violated
to I

-

Ewing Itp.mg

tangentwe - tento minus

yg.gg
,

Abt

VIOLATING

the
"

moot
"

we

+
+

ca wdleatehdiiyeye2mi noses without getting
+ W Lee - zero . 20



for 6- gluons then we are only left

with 1 ouephtude to compote

All
-

2-3+4-1 ) all the others can be

obtained by PARITY
,

and crossings of externalget all typesof [ legs .

- - + +

how do I get - + - + ?

All-2+3-4-1 ) can be obtained from
photon decoupling oo

AHHH + AMG ) + Attslh ) = 0

[ydiaty
s Aciiiit + Alija c- Actu 5) = 0

21



• moreover
,
we know that C REFLECTION IDs.)

All 236 ) = A- (632-1) → AGU32)

All263) = A 13621) → ACBG2)

A 11326 ) = Acid 1) → AUG23)

no

AAI'5hY= - Alibi-44 -Altair )
-

so if I know -
- c-+

I can get

plus photon decoupling and Dot ⇒ I need only ones .

22



PARKE-TAYLOR
-_

In
your exercise , you'll verify thar putting together

the color ordeal Feynman di yours
2 3

.

Y
'

iii.youku.mu
^

you aou get Coll incoming
)

All -12+3-4
'

) = 212£
212×23>4343241>

reasonable ⇒ I ⇒ z
2

}
Correct

2 ⇒ zz
little group

3 ⇒ 1/-22
scaling

a ⇒ 11-22

23



somsloilyFoRALL@TaNaaLuoNSJoenebooksAli2-5cik.AUH}-6-1in µ④outgoing !

notice that (stay outaana FOR Now )

All-2+56+1=-9-11-52+44 -AG-3-a-bfusi.mg
A- (1-52+6-1) .

113¥ exchanging
203

43>(32×241141)

All-54+2-1 ) . 43€
1137134>(42×21)

26



summing
them

=÷÷d¥☒+¥⇒]
=
43>

" [(36×12)+(32×61)]
ÉÉÉ

Manasa.>
f**%É÷%?µ*☐⇒

43£

t.%EE.iami-Eiiix.ms=
Sis 524

11

s"¥;÷s*_ = "+÷
= - I ✓

25



so we find that

Aviation = µ¥¥É>
in general , one finds that for n -gluon

scattering

All! . . i :-. j . . . nt) = <ij#
42342) - - - - Ln1)

always !

All MAV oeuphtudes ,

with as many

gluons as you might like

n=5 ⇒ him fog diagrams

h= 6 ⇒ sum 3,8 diagrams hit
, digg



impressive simplicity hidden in hundreds or thousands

of different terms . . . something must be going on

here !

⇒ we'll prove all
Poke - Taylor founds

shortly , wrong OtEL RECURSION techniques

BCFW
-

before getting there
,

we
need to talk

about general oueplihides with complex

momenta

27


