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lMLEaRouPScAUNG_

We stated this discussion saying
that we were

sanding for a way to represent scattering
amplitudes , which makes their transformation
properties under LIITLE GROUP manifest
f-

Given a momentum pm , little group is

set of transformation thot leaves at mvoieut .

☒ = Ip>Cpl + Ip]Lpl or pé! Ipicplb etc

f. p to be invariant
,

we have only one possibility

1ps → 2- Ip> Ip] → £ Ip] mourns

Left
howled

incoming
conventionalRight -hated part 1



notice that FOR REAL MOMENTA 2- must be

• phase ! this is because

Ip>
*

= Cpl ⇒ 2-
*
= Iz

⇒112-12--1-7

WHAT DOES THIS IMPLY FOR SPIN -1 OBJECTS ?

9-= - %zY÷} ⇒ that
't ' Eti → zzE+m

Label Eff→ EF invoice

< zjmp]
EI =- ⇒ { LGCP

) E-M-sz-ZE.ie

rzcrp> Lace ) E? → EM invariant
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this is another manifestation of the foot Hot 2m
Is just a GAv9EMothENTUM_

• Notice thot all relations among gina products
must respect the correct scaling

[plgrlq> [eljmlti ⇒ [ pe] Lug)

Rhs (→ rhs must sole the some wog

e%ÉÉwhÉ oeupchtes

most trasfrm under ↳ThEGRooP_ !

So now we see that this representation ollas

us to constraint fun of Cmonlen ) scattering

ouyhhide in terms of which 1ps or Ip ]

ore allowed to open !
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• Sscdteimg Amplitude for mÑs will

be function of momenta out pdoisotas

→ at can be rewritten as <3 [ 7 only !

• For eah external porbde
,
ouephhide must

sole properly under little group

Alpa, . . . ,Pi, . . Pn ) → Alps, . . . Wifi, , .
.
. pn )

= 2-
+Yi Alps, . . -

, pn )

hi helicity of particle i !

if i fermion of helicity -1-2 ⇒ Hz LEFT

+ tz ⇒ Z RIGHTa



Notice that

Ip> & Lpl scale sana n z

UR ÑL

Ip ] & Epl scale some ~ Iz
UL Ter

""

m ⇒ again] left-handed
Fermionine

Ki
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EXAMPLE_1 eté → µ+µ
- Massless e !

and µ !

let us compute the tree - level QED prom

eTp¥mÉµ+cpu
)

momenta

all

écpi) %
" ☒ pigs ) incoming !
=

if di helicity of particle with momentum pi

ith,nµµtu = ¥ UIHprlfmu-nlprlu-u.IM WHIP} )

with ftp.tpzf-cps-pa#
NOTATION :
Uc =p ] Ur =p > UJ = Cp Ñr=[p
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WHOI : there are a possibilities Cedar why ?)

YM << << = -¥ Life 2 ] < Gym3 ]
p

② left handed
incoming

antipolite = - i¥ 246> [32]
= right - handed
outgoing port

-de

ill LLRR = -¥ ( 18^2 ] [ 6 pm 3)

= - ¥2 Gym2)↳ jmh] =
-¥222133142]

✗Maru = -1¥ [ ljm 2) 2h pm 3]

= -¥? Ctjmz> [38µA> =
-¥24374427

iµ RRRR = - iz! Gym 2> Ch 8,35

= -1¥ z[au] <32>
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Mya = - 2%2 216>132] <

M" "" - ¥ """" *hd
"

any !

PAKI
MRR

,

LL = - 2¥ [13] 462>
L

MRR RR = - ¥? [1h] <32>

A pouty transformation reverses all heliuwes

oud since QED is Envoiout under P

we find that the
"coefficient

"
is the some

µ LL
,
LL

I → z

soling little group is correct :| ;] I
,, ,

2 → Vz



Notice that
,
Amplitudes squood_

(out cross-sections ) must be invariant

under little group .
Indeed

/ Maid ! IMRR,rr /
2

= +4%443132] [6114235

=

,
they!ftp.pu/l2p2.ps)Defuecsaolruondelstoui(pi-pzT--SCPitP$T=t

44ps F- UI
= + 6¥, U2
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dniubdy

1MW,RRY= IMRR
,

41? +4dg 43>42] Gina>

= -1%-1 2pn.pzzpz.pk

=p 4¥ tz
µeoYf
{ ¥1M:{24mn

.ci/4lMu.rrt)--2eYt4#)Utimyt-.-szlr-cnO)u---sza+a.o
,
¥e%+↳②#
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EXAMPLE2-e.tl
-

→ Jj ru QED

for now we remain in QED.obdiouf.UA/ gouge
group . Compute on oupltoli with spin 1

and 112

e-Cpi ) + écpr ) + jcpz) -1814) → 0

Allimcomimg .

É%,B,l} 8. B

pntP3Y-PUI~kpa.lu#hYPsP?lz
Pz

pi=-(pi+pi+pi )
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iM.nu.nu= - ie
' UI.cm/Tfu)U-inlPDEIsEY,

Tfw = Tuck -11%18µ

É
+Wjz
(paps )'

= Nk¥H + 0n÷EN
As expected from general considerations, helicity

along monty fermion line should be conserved

In = -12 =L or -11=42 = R

we see nt expertly ,
as there once always three

✗ matrices between the two spinors !
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so we have two possibilities times 2×2--4 fu photons

ilhu.is.lu =
-
ie' 421 Tin 11] Ei, Ei?

yr ,
-13in = - ie [ 21 pm In > Eri Eia

<211' Ii ] = <Ñilpz) T U< Cpr) ]

1.) pho-tsofe-guolhdi-ah.es ⇒ * are :

EMP}
,
9) = - [931-3] EI Cpa

,
r) = - [•4

rz[r%4 ]Fr 1933]

photons ore cathodal with y :p !

8M [¥÷} = ? = ¥3,/A- 19,141 +Bls>Gd)
3 right little

group scaling



toke mother element with generic momenta

• ⇐ ( on "r÷¥)e ] =

⇒ <k
q
e ] [q,µ 35

=
¥3> [qe]

/ ⇒-
V2 [9,3£

Fier 2-

%"¥§# =
BNEI ⇒ 13=2

rz 8,37

• air 'r%÷, )e> =

[up e) 19µs > = A [k ↳e)

⇒ A = 2

1h



so we find
• On EICB.at = -¥3s, (191531+1331%1)

= ¢+40,9 )

• WE:(Puig; -F- (1%141+141%1)
[944]

=# Cpu ,r )

in Mutt only two pieces survive :

• (24+112,01144+113) ¢+4039,111 ]

• <2A> [ &;
. .
3> [ 931 ]

95Pa
→

ZERO.GE/-icps,9)lpXtps1E+lpuiqY1]
rq= 1

- 223319g . . h> [94 ] →
"

zero
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ninlorly fnhrr.tt

• [29 ] 2h .
. . q] 631> 94 =P 2

4 3 = ZERO

• 12g] <3 . . . 9g ] <413 93
= A

3
= ZERO

we proved that for equal photon hehaly

Mutt = µRR ++ = O

Mu - Mar . - → by PARITY

all tree - level coupleholes
with photons

with equal heliaties ore tent.
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only independent ones

**;
there

-

;
ther - t

only truly independent, the other two

come from pouty

we need corresponding relations for

• 8m E! Cps, 937 = [÷g (1331931 + 19,7131)

• gv E:(Paid = Y÷(long! + KYI 1)

it



MLL
-+ =

-é ( 21 In ]

{&*¥¥÷-+&E¥T
②

choose reference momenta to simplify structure !

Is - = [÷ (133<9,1 + 19361 ) 9=102
2%3=0

*+ = -¥-1,4914 + In>log! ) a- In
[in] =o

② falls and only 1 piece survives in ③

Gu> [14+6127131]
Mu -+ ⇒ et2-
f-123>114]
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Mu -+ ⇒ e;÷ñ, Ga>HK+y3D
=

aez-Gusith.EC#3i]

Ut = 43>131 ] !

÷ . :÷÷÷*
=
- 2e2

626€
< 13>123>

similarly , choosing 9; Pr ; 94
= pz

Mkt - = -20 %¥↳ (Mu-+ with
3<-56

exchanged! )
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let's do this exploits

, ,]ALL -1 - = -é ( 21

--
{ 4-K¥;¥++K+¥+u*÷§

¢3 -1=-0%-1 ( 191<31 + 13> [931) 93--101

¢ - = -1T¥> (14144+197141) 94=12
① falls ,

only one term of ② survives

fizzy,

%>G&t3)2]ALL -1 - = + e2 2-

U

To



623>(12%3) 2) 141]
Mu + - = + Ñ÷yÑ, ¥ÉuD

= ¥9s
=
-
2e
2
423€
<cake67¢

IMF 24Mu + - l't Illa - +1
' ) =

→eat :÷:÷⇒+÷÷¥÷}
= real ÷ + ÷} = see" {¥ :}
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(Tree - level ) oeuphtudes with bosons with

equal helrchies tend to be zero . . .
we'll

see this more in general lota on

-

WHAT CHANGES in QCD_ ?

95 → gg ?

qcpn ) + 9- (pi ) + gcpz) +gcu)
→ 0

in

¥03,9
it

3.a

^PHM pµ
" Ñ

Then
,b

je ¥64b jz
Gb zj

•
→ adjoint

qg coupling -
i 88" t¥_ fundamental

22



ty generators of 8013) ( or in general SUNc) )

Trltitb] = Eb ; [to
,
tb ] = ifob't:j
j

the first two diagrams can be
"

copied
"
from

e-e- → gy

⇒ ABEUANPART_ ( e⇐> gs )

in
i.
= - igiu.i.cm/Tm)U-iiMEI.EI ,

tµ=N*I* ftp.ifni-ioncp#kvkj:tT!.
MIA] =/ only for µ + -

. MRR + -
MLL - + ! MRR - t }
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NONABELIANPARTY.eu:0""""

d cog
=

- ily
#A]
Intel314

his,v
2.j

je
[NA]

iii.m=+i§ÑHpÑU.fm/-iEp!?pY.-)TjdfdxfgM(pi-pi1+gYlpi-p:/ + ftp.I-ti//Eziew

3- gluon loud b- gluon vertices / come from

Fµ= or Av - aAµ - Yg [An ,Av ]

TECDSTRENGTJ-T.AM Ayaka
gluon

or



obd→ contributes to

= g} vii. 8g Ut, § Tfi both Abelian

d- poems

✗ / G. Eu Lp,-put -1281 ( Es - Pu -#3) +251¥.- G. ps))
1-

Using momentum conservation :

por = Pi + Pa = - p3 - PG

E3 . pm = - E3 . PG ; Ea
- Pne - Eu . pz !



MANIPULATE.GR#-ACT0R:TrltietbJ=Ezb;It9tbJp.-- ifob' tf;
b o

⇒ fibditdji = - ilitjiktbi - Ignite:|

=iEHi⇒
have color of some color of

diapause d. green
2

⇒

µ
a- +NAI

= µ, #I%i + Mz (I¥%i
#

Called " Color ordered
"

only 1 ordering contributes ,NA_¥!y
,



IMPORTANTPOINT-e.MN and Mz ore independently

gouge convenient and can be

eouywted more simply !

1 \ V3 1 4

^€9.
M2

①

MUI 631
1111234 )

color ordered amplitudes

to compute eoeh of the two I need only 1 of
the obelion diapers plus a piece of the

non abelian one Mavis) -=MHÑz⇒4-



let's compute one of the two

Mutsu) = + gsi { UI, (k¥÷ Elata Uh

+ ÑuV Uh / § . Eat " (papa)µ + 2 É? Pa Ei
"

,

¥
- 2 Ej

"
. pz Egil'] }

the other one would be 13⇒a)
-

MHBa) = - gi { UI, Ki"*j; &," hi,

ÑuV Uh / EY . Ei
' " (papa)µ + 2 É? Pa Ei

"

,
* I

- 2 Ej
"

. pz Egil'] }
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Against turns out that LL - - Rn - -

LL + + RR + +} = 0
Exercise .

the independent ones ore goin LL - t RR - +

LL -1 - RR + -

to
by PARITY
-

Now let's compute LL - + fu Murda )

MHB4)u-+ = g:[ 12145 #P¥)&ih ]

+
<2T¥ ( ei.eilps-paY-iei.is#-eipsi))

see that if 93 . Pa ; quips ⇒ |E3'Pu=EiB=
y



Also with His choice

Ej . Eat ~ (arm 3] [38m43

= (48^3)<4 jib] = o !

so non - abelian port d-sappers !

Mama
- +
= gi GI 4- (

'¥4 ) Hh ]

&i= -1%(14761+13141)
4- = + IT> (137241+163131)

MADHU-+ = -2.9¥,> sly
,

124>[3114-1*141131]
29



"""iii. + = - % %¥¥%
= - * ÷:¥:÷* 4

to make it nicer

= -1-2%2 4b€
13£ 42KL>c2

1-23>6317 136]

t.LK?l2as=.si:::::-.....:::::-f1ufoetE3ifL2h)=
-134142> = +1317412>
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so we found
.

1411234711 - + = 2%2 22433K€
4232237<343641>

notice scaling d- → 2-
"' "

= Yz = 1]

2 → 2-3-1-1 = 2- =D 12>

3. → 2--2 ⇒ Ej

4 → 2-1+3-2=2-2 ⇒ Ej

o- !
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