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SPINOR INDICES

When studying CI
,

E) repr of Lorentz

group ,
we introduced the notation

pots = job pie for a momentum PM

p
f so-41,3)⇒ sum

6-vector ( vector →4-1 ) )tuafnms in It
,
E) copies .

ia right handed ,
b left-handed

Let us try to generalize this Index notation for

physical DIRAC SPINORS : CI , 0 ) +010, E)
It I

4¥? 4r* ?

which indices

should we use ?
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To be consistent with our previous definition

1.

péb= (PEPS P" IP
"

note that :

p1ip2 peps
)

(péb /
* =/ Pkp

} p1+ip2

trip peps
) ⇒ Cpéb )T= pbé

A
complex conjugation exchanges dolled / undated
⇒

2. we have seen thot
to
go from L → R or R→ L

ii. YE = Yrconfront and { ;pyE = "multiply by if

3.
iot) = (? , f)

in mdix lginor ) notation

is special !

2



Read form of left - handed boost
,
rotations

Rich =/
• ¥ ""¥ ) big,= fash ¥

mh¥ )smh ¥ ask¥isind;
as¥

etat's easy
to see that

Rj liozskj.lt = Bj lira)(Bj IT = ( ios)

Rjr is; (RjÑ= Bf lied LBJ I = ios)

V-j !
matrix is, that goes from L c-> R

is invariant under L and R lorentz trousf !
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As for gmv (comment )
we can use it to

raise or lower L - R indices
, for example

(iFzJ•b4b = 4• but who

is what ?{
cioajoibt-b-toi-GNVENDON-le.tw

fx who we all left

•
Tc = Ya then once complex conj must •→ oi

gwemostp#
• (4)

*
= Hoi and we raise the dotted note✗ with

spinor metz
§}

- Yr = Cinch)*= cod 4,
= 4£

-

right to

left instead
% = C- I 0214k$ = fir;).bz/

b

w

lower 4
Indices !



- Fridley auylex conjugation swopps dotted

oud ondotted so
,
since is REAL =L? f)

Cioz )•b = Cio, )£b = C- israel = C- ioziéj

the spinor metric is often called

|E•b=Etb__E•b=-Eéb=_°f
-

• Define SEE Yaya ,

then

ya✗a = 4•Xb Eab → Lorentz Trousf

if
'
-

✗
'
b Eeb = Yc✗dA&AbdEob-

Ecb = Y'✗c
Lorentz Invariant !

Similarly for Right - Howled ones ! 5



-
Also 4% = 47T Eab = -499 Eba

= - ✗
•

you Antisymmetric
-

4%-0 !

Notation ya = [ ya
to = yya

} [48 ]

[ smiling for right - haunted ones ! ] 4r=4
To = <4 :

7% in>
oi } < XX)

we will not use these spinors most of the

time ⇒ DIRAC !
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DIRAC SPINOR ( in chiral Rpr )
Focus on wore functions which efzeor in Scott . Amplitudes

⇒ Feynman
rules

Ucp ) , Ocp) particles , outjnbdes
of momentum p

-

Time
n

U → incoming police
→ incoming

outs polite
= outgoing pos2

notify *-m ) Nlp) = 0 Dirac

Equation
④ tmlrcp) = 0

focus on moisten case ⇒ pulp )=p rcp) = 0
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iu CHIRAL representation p/=pMjµ where

yM= 10
M

Em o ) 0^-111
,

F)

iii. Ck
,

-8 )

F- to :)
let's connect tws with L

,
R spinors !

Define R=
'

= (%) Pre '¥:(89 )

uyips-R.ru'D ⇒ ucp=%L% )
notice that Died Eq becomes Weyl Iq 12×4

pmr, Mlp) = PMÑ
, Urlp ) = 0

78



now it's easy to prove that

REAL

ñcp ) = cirzxu.cn )* pages ]*µ?!¥±.

put, Ñcp)
= o

,

ie it's a right-handed
Urcp) !

⇒ as for Lorentz spinors, indeed UL
,
UR

ore Left and Right howled ones !

indeed
, writing Weyl Bq .

in components :

MASSLESSPARTCLESUdpj-u-F.pt?Uilp);URlp)=+JP- Uplpl
A ☒

Incoming police with incoming police
with spin along

spin gpite to momentrusts momentum
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similarly , since monlenprhids

Uhcp) = outgoing right - handed oubpoiids

Mrcp) = outgoing left
- handed antiparticles

-

out going PARTICLES ore ⑧we conjugate

spinors Ñ4R

⇒ also incoming
ANTIPARTICLES

with L
,
R switched !
-

Explicit solution , exercise

group !

Udp)= e'2(→mEe-i#
Little

as Oz eiok ) ⇒



we have also introduced the notation

Udp ) = Nor URCP) = UÑ

let us write now [ SPINOR HELICITY ]
-_

Ur Ip] = Np ( % )→
""

Ur=1p> = Np ( Eia),u§
vi. = ( pl = Np /0 Ué ) Ññcpl = Np (na 0 )

Yui Erie
⇒ Bro -Ket notation

so thot

Lpg ] = [pq> = 0 ; Cpp> = [pp ] =o

onti symmetry !
How

Lpp > = Np
'

Ué Ué = - Np
' UéUÉ antigen !

= 0 !
1$



what about <pq> , Cpg]
?

to get there , first notice thot

<pq>
*
= ④ Ur)* = JRUL = [ap] !

moreover ,
-

completeness rel .

§ Nfp ) Icp ) = * = Ip> Ipl + Ip]<pl
11

UiCpIÑCp) +Urlp) Ñrcp) $
operator eke
in burket

how compote (redmg ! ) of QM

Lpg> Cap] = - kpq>12=-1 Cpa] 12
"

Lpl 1195191 + 19kg1 ) / p) = Cpl 9/1 p]
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uicp) & Mip ) = ñcp) 11+-1-14 / '¥ / up

= ñ( "¥1b Abc ( ' ed
Ud

=Tr [ * $ (¥5) ] = 2 p . q =
MANDesna

INVARIANT!

then using
Creed momenta ! )

Lpg> [qp] =
- Kpast = - I [pair

physically important
⇒Ypa

> = Fal e
it

squire - root singularity
[pq] = - ftp.fe-i

$ | on what we needPHYSICALLY in
Collines limits !
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REMARKONN0TAM0N_
we call 1ps Ip] etc

"

Dirac Spinors
"

Ve Ip ]=Np( %) Ur=1p> = Np ( Eia)
some references instead :{

No = Ip ] a

ué= lpsé }
in the end

, compGtI !

but pay attention to how to interpret

things like

D= Ip> Cpl + Ip] Cpl
- -

poib poi
different
spirit
µ

r



One more remark

with our construction
,

we discovered that

we can write

= lpscpi-lpt.gl or eywvolentg

péb=lpÉCpP p•j=lpIe<Phi

remember péb= pm (4)
éb
=
mohix 2¥

such thot detcpéb) =p
'

= o !

sent 's e mohx of rank 1 !

péb =
Ñé✗b ⇒ indeed the spinor

products dove !

Ié=ipé t.b-lpt.gg



MOREPROPERTIESOFSPINORPROD.ve#
we have seen that

• <pq> = -
<qp> ; Cpg] = - Eqp]

• <pp>
= Cpp] = o

• Lpg> = [ qp ]
* ( for aeolmom#a )

• Cpq> Gp ] = 2p.q

NEW ONES

1. t.pl gulp ] = Cpljmlp> = 2pm [Gordon]

2. Epljmlq> = 291 jmlp ] Conjugation]

3. [ pljmlq> [kljule> = 2[pk]flq>(Fieri

Cpl gula] Lkljmle ] = 24k>[lq ]
, ,



6. <plying] y, = 2119]Lpl c- Ip>Cq 1)[Fiaz 2]
1-

5. Ip> Epl = 1+2-85 pl [ projectors]
Ip] Cpl = A

6. spondee> = Cpk> Cqe> + Spe>dead
[Schouten ]

7. n -point ¥
,
pi = o

n
n

⇒ [pl ⇐ pi 19 > = ⇐ Ipi ]Liq> =o

[momentum
0b¥ conservation ]

8. Lpl GM. . . ylkn" la] = [qly
"?

.
. gulp> ODD

Gpl jM . . .gr
" 19 ) = - 1918

"
. - . 8M Ip > Even
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1Ño%És_ : some properties ore obvious

2. [ plgrelq > = Ñrlp) 8M Urcq)

=NpNg(u•o) form )( a:) (g)
"b

FM 0

=NpNqU%p) @yaoi yoi ,,,
É

29184ps ]=NpNql0ué)(FI? )("Ñ
=NpNqUéCq)EÑ•UaCp )

=NpNqUbcp)UÉq)qÉyjéa
C- IN )éb☒Ñ• F)ab = Loñ%bb
TOSE = GM) bio 16



PROOFK.IT to :| [° '

t://.io
]

11

1 : :|-1¥
t:*

to :)
* 1%1=11: :)¥:*µ , µ, ;yo i

to :)
= GMT)•bb !
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1. Cpl pulp] = Icp) jmuccp)

= ñcp ) ( ' ) pie up )
= ¥ Ua Ñb (1+-1)be Vca

=Tr 1*11 184=1711--1*8^1
= 2pm

3 .
Frenz

[PINK> [ Kyrie> =NpÑÑNTNe
✗ uocp) com)aé Uoicq ) Ubckl Ibis UI (e)

what is ⑤Maia (G) bi = ?
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A)aé ②µ) bio =
?
2 Cia)•b Cra)§j tÉ

= (A) ooi (d) bi - E)aoi -E)bi

= Gaia) ( Sbi ) - [ A oraédbio +Bdoibdboi ]

(F)aoiE) bio = A doécbi + Bdesidboi

J Troodon !

① dais @ aoi) . (F)bbi = 0 = 2A Obi + Bdbbi )
☐ 8boi(Éaé ) . (F)bi =3 Jairo = A Ooi +2 Bdobi

1%1%11%1=1%11%1--1:|
ex

.

or 11 Or{ 02 11 oz
= always I

63 11 03
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⇒ {
CIA +B) dbi=o ⇒ D= -2A

&

A- +2 B) dib =3 dots -3A =3

A- = -1/1
B. = -12

to wefnd (Ñaé) @ )b5=2foñJbé - daoidbi
out fully

⑨Mei (4) bio = doédbb + Joédbb → dohidbé

=

=2[ daoidbbi - Job 868 ]
=2EobEéb
=

=
2€82)ob€G)éÑ ✓

go



so going book to Fiat identity we bore

[pljmla> [ Kyrle> =NpNq%eNe
✗ ukpicsIeuoicqjubaelq-b.us (e)

= N u9p)u%g) ubiksuble ) 2 fishes list)éb

= 2 NpNqNuNe Utp) Nolte ) Uécq ) Uéle)
[ p k] 97 Let

= 2 Cpk ] 1194
-

siailoly
Lplpmloikkl file]=2Lpk>[eq]-
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5. Projectors

Ip> Cpl + lpikpl =p
URÑR + UuÑ<

11T¥ Up = Ur ¥52k = o etc

* = lpscpl

4¥)p/ = Inept
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6. Schouten Identity

<pqscke> = Cpus e) + Cpe>dead

Le spinors p , 9 , k , e

spinors ore 2 dimensional
,
so ( choice )

19> = A 1k> + Ble>

Lkg> = Blue> B. = 2k£
< he>

Leg> = Allie> A- = {÷s=¥É

caetq> = 4¥ les - ¥÷ 1k >

Lplq> sue> = file> < hq> - folk> Leg>
schouten ! is



SPINIporh.de# [ de incoming - conventional]

how do we represent a gluon in spinor - hee?

• physical pd : Eµ&H* = -1 normal .

pµ EM = 0 tarsiers .

• gouge redundancy rm ⇒ ME
,
= 0

gouge
choice

pMAµ= 0

•2 EYE
= - guv + kMr÷k÷m

-1 pal

we start fan : Yik [ejup> ; Yik Lrymp ]

Ya?;4= 7% pm = 0 so good starting
point

Cli )¥Gjmp>
*
= a grip] - yin

1



then notice

Leynp ] Leg, pl ~ Hi)*% , = 0

Mn and Yi ore orthogonal

MY - Yi = Crejnp ] [ r jeep> = Crjmp ]<pjµig

= sap>Crp ] so :

define EIcp.rs = - ffzY.to#--(EI)*-iEY-
FOR

two {POLAR .
{ftp.r ) = HIP] = ⇐f)

*
= EI

rzcrp>

Eizp, = Er?zEµ= 0 DiRtcEQ_

signs and manes conventional ⇒ old incoming
2



⇐:#&µl=÷¥÷;÷÷:L, = -1
right
horn .

6+7*14,1=-1

(Ef)
*

E-
µ
= @1)

*
E.
+
= 0

EI
,
- produce states with heloaly +

,

-

↳ have a look later d- toast
under little group .

'
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lMP0RTANT_ reference vector Em has to

do with gouge Faed

In - feet , the 2 Ejcp,fRf)
different vectors

eicp.rs - ftp.at-f/YIp-P-4IpMs- ]

=¥É
< rpscqp >

second
= - f.
"

r*%;÷;÷:÷,
= -÷ "&%÷:;
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tiptoe = P, lgngv } = 2 pvgrv
= 2pm !

so we get

qicpil-ejcp.at = -¥ Pp; 2pm

how lluieubel that G
, opens

an

- E
,
M
"

and WARD ID P,Mh - o !-

no changing reference mom does not

change physics due to word identity ⇒ HAKE
LEAKE

APPLIES INDEP
.
FOR forERY Boson !
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