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LORENTZTRANSFORMATIONSWewo.huMinkowski space - time,
4-d.mentions

CFORNOW 'd)Rais

gM= diag 1+1 , -1 , -1 , - 1) metric
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hotdieu 011,3) = Lorentz deth = -1-1

✓ ↳

041,3 ) 8011,3)

N°011 defA } 80+4,3 )proper , or restrictedorthochronus =

Every element of 011,3
) written osseuiduot

product or 80+11,31 and { 1
,

T
,

P
,

PT}
Devote transformations

RELAMONTOSLC2.CI#-3S0t-13)SLl2
,
¢) group 2×2 complex matrices with det=1

nt turns out to be the universal cover of 801+1,37

÷



If ✗Me 11213 define # = ✗Mom

Gµ=(11 , É ) PAOLI HAVE LOWER INDEX 101--4=1

1%-1%102=1%1%(1%1)
-

then ✗ = (
✗4×3 Elixir

✗Hi ✗2 ✗9×3 ]
this is the most general Hermitian matrix /X+

so ltx → X and H ✗ hamliau → XM

Notice that del- ✗ = ☒5- I
'

= ✗
µ

!

A Lorentz Thereof must preserve the determinant!
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how transform ×
'
under 6212

,
¢) :

i

✗
'

= A ✗ At with A c- 6112,41

• ☒ F- X
'
so hermitiaty is preserved

• detx
'
= ColetA) Cdet At) detx

⇒ norm preserved if ldetA- 1=1

so this most be a Lorentz tuasfsmolia

A Hof At = CAT (A) XV ) gu

.
Now if A , A' = ÉQA

then

A- ✗At = A' ✗ Capt !
use
e'6 to

Fix detA =L

SLC? 6) a



8h12
,
¢) special linen group ,

3 complex parameters

• if A c- 8h12, 4) ,

also - A is !

detA= detl- A) ! so A
,

- A produce1A !

⇒ 504351 = 8112,10/2+2

SKI
,
¢ ) is the universal covering group of 5011351

GENERATORSANDALGE.BR# DIY 3)

Rotations
~

generators
T

R

Boosts

B
~

Senators
K
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Action on PP (space - time 6- vectors )
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rmihsly for Ry , Rt , By .BZ
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FOR BOOSTS WE GET :

i. o . : : : :]lk.ir. /! ! ! :] 1kg1:(oooo
0 O O O O O O O

o o o ° From generators wea. i :-(: : : :) can work out
i 0 0 0

the Lorentz Algebra
==

Edi
, JjD= i Enju In

i
, KjB=

i Eisa Ku } Ew
[[Ki

, Kj]] = - i Eign In

a general Lorentz Transformation will be

A = eiJ.8-iik.io
7-



By introducing N? =L ( Ji ± iki )

[ N !
, Nj ] = i Eijn Niet

⇒ 1 [Ni , Nj ] = i Enjr Ni
I [Ni , Nj ] = o

/ SÑ13)=S④C2)Xsuc Lie

Algebras
-

any representation of 80+11,31 specified by

doublet ( y
,
j) ⇒ (2J-111cg

'
-11 ) degrees of

freedom

• REMEMBER Full Lorentz group 013,1 )

not generated by Sou
,
3) algebra os eiti Ri

only 50+4,3) , proper
ortho chromes group

which is connected to the identity ( ti -_o )
±
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REGULAR " PHYSICAL
"
ROTATION GENERATORS ARE

§ = Ñ++N - their eigen . grethe
" spin

"

of the representation
I.

a Wpr (A. B) of Lorentz group , generates

f= ATB
,

ATB -1
,

- . .

,
IA - Bt representations Socs)

or±2)

LORENTZ → ROTATION

801210+8012) Socs)
" spin

"

10,0)
0

11,01 I

10.1-a1 E

rimed (E
,
Z ) -3 1+00 reducible

(1
,
0 )tired11

,
1)- 2+010+0 zedrcible
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REMEMB.FI : Exponentials.mg Lie Algebra , we get

UNIVERSAL COVERING GROUP

EXP : such ⇒ SUCH V. C. of 8013 )

Exp : such ④ soon ⇒ SLC? ¢) V. C. 80+11,3)
=

=

F-XAMPLESREPRESENTATDNSI.to/0)s-ol-or
,
trivial representation

2. CE
,

0 )

N-i-osohi-i-k.TN?mostbetzrepSUl2lNit=l-zOiNi=1ztsi-
Iki )= iki = {Oi

⇒ Ji - {Ji Ki = - ¥ Oi
so



RIOT = eio-J-e.io
-E.

☒ (g) = e.io?k=e&E so explicitly :

Kwai -- (
↳ ¥ " ""¥ ) ; RyHy1=[ ¥

""¥]isind; w¥ times costs

Rzldz / = (
ei0% o

0 e-
idk ]

Bxkfxt. fash ¥
rmh ¥

tnh¥ ash¥) Bgloly)=µh¥z
- irish ¥

isimhdyz ash 0¥ )
B- lolz /=/

e
%
o

o e-102-12 ]
bft-1-wedspi-E-nofso-H.DK



3. (0,1-2) Ni=o ⇒ Ji = - iki

so Ni = Its, - ik) = - iki =Ji= ztoi '
= -

Ji = Eri os for ¥0 )

ki = izoi different from CI, 0 )

ÑCO)=ei0¥ B- (g) =
e-
0T¥

¥

for example Bzlolz)=µ% 0

0 edHz ]
Right -Handed Spinor representation

differs from left - Howled on BoosTS__
,,



TRÉ=TTR•.

⇒ 2h left - handed spina means

• rotation 4,1 = eiÉÉ 4,
• boost %

'
= eat %

From here
,

consider 4J = irz%*

how does nt transform ?

• rotation 45 = iozlrfi )*= irate 4)
*

= ire
-io¥*

µ,* insert

= F) list )]102=1? f)
= iszé first iTz4*
-Ty

it

cioz) * first = -I

← e.io?Eyj some transf .
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•
boost 4J

'

= ioifrhi )*

= Mz ( eEÑ%j*

= e- {
IF 251 RIGHT-

HANDED
# SPINOR !
=

{
182 left to Right

-
i. 02 Right to Leff } conventional

⇐ 1:

- inch # =- in [io.ch#*o.o:=l:9)---ir;fioif4c--4L
back to

left - handed
cauplex conjugates + multiplying by irz

switches from LEFT to RIGHT remember
- - l

this

we'll get boek to this soon !

He



notice that to go from
RIGHT to LEFT
- =

C-iozrfr)* = Ñ< transforms as

f a left handed
need a

minus sigh to be
ones

consistent

in font : I know in 4¥ = 4%

-
in r)*= -

in [ in 4¥ ]
*

= - infinite]*)*
= Eiozcioz) 2k = 4C

→

deff healed
Conventional who gets toad - !

again
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• le CE
,
E) ⇒ I 10+0

p
contains spin 1

Indeed
,

this turns out to be vector representation

through usual identification
iab éb

¥1
: * cong

conventional homes for two indices, É tu R
b in L

we will come back to this in exercises and

Next lecture
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WHATDOWENEEDFORPHYQCS7.tk
be ore representation of 8071,3 )

Physics requires [ for QED, QCD for example]

Invariance also under PARlTY__ ⇒ photon has
two tubes !

For what concerns Lorentz creeps,
it means

that for spin § pity swaps (-1,011/0,1-2):

boost Bgr lol)=e±£% §⇒ -&

but Bi= tonhcfi = He
swapped by poity !

(1-2,0)+010 , E) = (Yy )
DIRAC

SPINOR

-

in diud

Representation 17



PARITYANDHANDNE.SI

Boost on left-handed ( Io) Bff)~É¥°

right -handed 6. E) BLOT)~éÉE

fan left → Right § → -§
but ofj ~ pi o pi -- touhoi = ¥

PARITY SWAPS p→ - p ⇒ of → - of

ie at swaps left - Right boosts

A Lorentz Invariant theory must doo toke PARTY

into account
,

which ultimately is the

Doron why we need

DIRACSPWORSCE.io) 0+6 , E) = ( Ir) a

Repr .




