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what about Ihs ?
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oraloble denominators but lower

Tomko



INTEARANDREDUCTON-theaauputdi.euof one - loop scattering amplitudes has

received a strong boost once at was realised

that
any one - loop tensor integral con

always be reduced to a

BASIS-ofmoskrimte-frols-iuD-a.li- ZE space - time
dimensions

In --19¥.

= Chi Iii
>
+ Csi Is

" '
+ §q, I.

" l

+ § Csi Is
" '
+ R + 0 (e) (1)

A
these coefficients ore E independent
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I denote scALAR__ Crank zero ) N -point

integrals ⇒ in D= 6-2 E we need of most

s color BOXES

the index i is necessary , because in general there is

more that one box
,

more than one triangle etc -

First to prove this were

t.PASSARWPVELTMAN1979-f-th.is
result is

,
in a sense

, independent and

more
" stringent

" thou what one can achieve

CIBPS)

with impaling - pots-daih.es, but
at

is also less general and applies
"

only
"

@ 1 loop
=

[ we
will say more dont e comparison of this

with IDPs in later post of the course ]
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For the integral basis we hove

I Iscmil = f¥÷. I
,

m 2

Izlpiimi.mil = f¥÷p ¥DzP'
→ m ,

%
man T-slpi.pi.piimi.mi.mil = f%÷p¥D,
p%^p3
P2 Pz
✓ me µ

m☐m, Ialpiipi
,
Pi
,
Pi ; saz, Sis ; mi,mi, mi, mi)

A mu Npa
p, = ) ¥¥pD.DZ#DuDi--ll-9i)?mi
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All these integrals are known onlybadly and

we will learn more about the functions required

for theircolculalioninthenextlectuusf.TT
rst thing we went to do now

,
is to prove

our main formula (1) .

We will prove 2 things

zeductien of higher rank

☐ i :÷÷:¥:-< *
"

j
N 's N

CITY Dr . . - DNB

reduction of higher point to lower point

⇒ 11¥. ,¥☐n → £, f¥¥¥Dn .

+ R

T
RATIONAL

PAI
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In order to achieve this
,
we will expand the

loop momentum in terms of the region momenta 9in

( on eguvoleetly pie
,

but less convenient )

• if space - time dimensions NZD -11
,

then we have

enough region momenta to span the full space

✓ = Cn 9Mt . . . + ↳ 95 + If
[ residual port

I. REASON WHY PENTAGON in DIM reg

DISAPPEARS in D= 4
,

modulo
D-ZE-d.me

a rational remainder !

• if N LD-11 then we don't have enough

momenta

1%49? -1 . . . + Gif! + banik . . - + banana?n+, + lie
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we would like to use these decompositions to

prove formula (1) .
Still

,
wecoudoab_

better .
the issue is that the qim ore

not

orthogonal , so if we decompose

lM= GqMt .
.
+ Cnt 9µm, + . . .

these coefficients ore rather

complicated to compute since

9i9j=Qj

it is then convenient to use a different boss

called

VANNEERVEN-VERMASERENBASIS.to
see how this works

,
let's

imagine for timidity

that D= 2
,

and that we ore dealing

with a three - point function ¥z
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Iu this core in 2- ZE dimensions :

lM= Gqh + Czqih + Ii

VANNf_É-=KN BASIS is built as follow :

consider Levi - Gute tensor ⇒D=2 Emv

EMV = µ, f) STRICTLY in D=2 !

With E
"

Epr = off of - Of org

[ we keep here g
" Minkowski

,

Of euclidean

so when we contact EM Epo obeys one has lower

and one upper indices ]
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out build the two vectors

If I notice order is

ÑM= EM qzv ÑzM=É^qw different

Ñnm = EMM ; ÑzM= E%M common notation

such that

•
Ñi - Try f- dig so

it still not orthonormal

B

they are independent vectors and by construction

[
VI. 9n=E

""
vi. g. = 0 orthogonal

Ñz
. 91=0 Tk .q, = {9^92} to the 9J !

E
""
= EM qµqv we'll see what this is

la e second
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let's define the " normalised " vectors

µ 92 9am
vii. ÷÷. . E-Eamon %M= Egg

vn.gr = I V2.92 = 1 vi. 9j=o it j
-

so if I went to decompose IM in D= 2

dimensions
,
I can write

Ñ= @a. e) v1 + (g.e) vie [ sticky u fD= 2 !

Different way to see this is foie Schouten id

1
" EY = even + e'EH
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which is e consequence of the feet that in

D= 2 you cannot hire more than 2 independent

vectors C prove nt ! ]

Emf pamper Pop = o in D=2_

III. g) vie + 4. adroit

• Very convenient because or we know
,
(gib )

con elway be written as linen cans of

propagators of the graph !

d. qi = Di -Dn - 9?-1mi -Mri so

lM= £ .§
,

[Dn -Dn -9ii-mi.mn ] vim

-
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• Still
,

this decomposition is valid

STRICTLY in D= 2
,

where we can define
em !

We can geuhobse this to D= 2-ZE by
using

V,M= E9r9zEM
Ena. cain

"
"
= ¥;%!-%

aw
,

EME go
= Of of - OF of ÷ OFF definition

such that
-

992
= def [

9^2%9,
£9192 Egg , =

8%92
9^-9 qi ]

=
z

= 9,29? - (g. g)
2 GRAM DETERMINANT

OF TWO VECTORS
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So we write

vi. = JI
,

vii. 8%%_9192

z

valid iuD- !

this is called the Von Vereen - Vamosereu boss's

In D= 2

11 A. g) vi. + d.girl + Ii
I

extra component
In - ZE dimensions

.
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GENERALCASF-F-ord.es
we considered case N=3 D= 2

where space - time can be spanned entirely by
the two regan momenta

.

Guider now more general core

D= dp + dt← transverse space loll thaty remains ! )

physical dim
# depends on graph =¥)

considering physical use D= 4 then

dp = min ( N-1 , 4) if N-1>4
,
then still only

he of the external momenta
can be on¥ !
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⇒ Important : even if we workin dim reg ,
external momenta amain in D= 4 !

=

Now we construct the VAN NEEREEN - VERMASEEN

basis ice the dp physical dimensions spanned

by 91 , . . -

, 9% or :

will = g-
9" " %-1M 9ms . .

. 9dp
i =L

,
. . . ,dp

9^..-9i_...9dp-

↳§9n . .
. 9dp )

Ddp = diet (9i9j ) grow
determinant of

region
momenta

.

completely
8%81. - . . 81g } Antigen

gµ^
. . . Mdp in upper
4. . - ddp

=
diet | .

:

and lower
8M¥ 8% . . .

81:p indices !
-

vi. qj = dij orthogonal to the 9J ! 1h



how do we spae
the tzoaorusespoee ?

• EUCLIDEAN space , spooned by Ny
?
j =L, . . . ,dt

hi - ng = dij ; Vi - Nj = o & 9i - ng = 0

→

similarity also for the C- 283 extra dimension her

so we write

dp dt

1! 2 Hq ;) vim + [ d. ni )n? + Cline ) not
i = 1 i = 1

so , for example , for a 3-point function

2

¥
,

1! II.ai)oi+2l . nilni + t.net ni
i = i

µ
i= '

µ
*

dp = 2 dt= 2 + 1 extra )
to space
- ZE dimensions

→




