
VITALITY :

Cut Kosky Rules & Dispersion Relations



RECAPS
We have played with one - loop bubble

E-
p.m.

1
. Coupled at for pain ⇒ p

'

>o

-

Euclidean

momentum

Dn2

-0- = Cmg
"

Plate )/ - In, §,, his + OCE ) ]
introduced pEmi4 -512 LANDAU VARLABCE

5-

2
.
We have seen that in order to get Minkowski on

result we need to continue such thot

p'→ - (pñ+ie ) ⇒ 5 → - G- is)
=

02 ✗ < 1 ⇐> pm¥m2
f- = Cmi Fluid / Ima ¥, hi HI * £ ,f iñtokl]
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such thot
,
dare threshold (p

'

>unit the

bubble develops on iuuyiwuj port

Dishes)=2iImt0-) :#Pui
•

pi-ie

Iml -0-1
"! + 2-m.IT 04in - any
-

IT

+ 01 E) only defiant
reef .

physically , imaginary post = discontinuity

produced when p2 > am
> because there is

enough energy to produce virtual particles

ON-SHELL__
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HOWTOGMPUTEDISCONTNUITES-lwag.myports come from intermediate postsdes

going on -
shell

.

g- it . r¥g
Feynman
pwpgdot

We have

T-mlri.E.ie/=&ihi-m-:is-r-m-:is)=-EGd-my2-E2
And notice also

¥:(§?¥ofcHd×)= -itfco )
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such that

{ In
= -Takai )

Disc (¥8 ) = -2mi ICKE m
' )

⇒ propagators ore red except when postiches

go on - shell !

Now
,

let's consider the Feynman Bopgotor
f) NOTICE , WE DEFINE IT WITHOUT I !!

1THkY= = _Ñk¥is - k¥ie]
with Wr = TEMa.io#--zwnlk-w--is-kFw-n)+-wnk!-.wueiik!--wn-iI

see next page
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¥.is ' Eti 1k¥. - w¥:]

=¥k[ ko-tk.is - ¥i .ie] } ITRIK )
RETARDED

( + ÷r[¥wÑs - Ewe
-
is]

"""

-

ko-wu-iE-ko-wu-IE-z-2IE-ko-wu.ptE 2 Clownfish

= ltrlk ) - ÷µµ÷p+E
= ITRCKI - Wiz IT 8 (ko- wa)
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so we can rewrite Feynman Bopgotr or

TECK)=ITrlk ) - twig Rko -Wa )
IT

the retarded propqtr hos ONLY POLES above the

real AHI .

let's take our bubble in D=2

i
☒- =/ !?÷%(ke÷i cn-p¥¥
P k-P

Ifk ) ltrlkp)

= /¥Ypfh )- iotko-wnjffltr-sfk-p-iI-nctko-po-wn.pl/Wk=F-m
wu.pe☒É
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there are 6 terms

t.fi?-i-idTrin11Trcu-p)=o

a.fi#iiaEwu.pk-%EEiY-m--olfI..p
in these

3.) ¥-1,21T [twkdho-wnllT-rlh.pl]
We can

re-use

" |i¥¥I[ torn. -pawn, ,#any /
+" Kms

Wu -p save lehdieu :

ITRCK ) = ITFCK ) 1-_n8( Ko-Wu ) And throw

away do

goinIRIh.pk/Tr-lh.p)-&iiwT-.p8lho-po-Wu-p ) we get :
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PD- = - i |¥?_%/ ¥81no-wutIrlh-p)
+ pdko-po-wwu.pl/Tr- (n) ]

Till now just simple " momprolines
"

Let's take now the discontinuity

Disd I = -if ¥!÷ / E. drown ) Disc Citrin- p) )

+ Iwu-potko-po-wu.pl Disc Cltfcn ) )]
Disc (1%-6) I = - ITISCk'-my
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Disc -)= - if ,&÷%[¥81ko-wiel-21-ibkn.pt -my

Imp duo-po-wn.pl/-2iTi)dCk2-mzjf
notice also that

Sai-my =

dkuo-wukkotwuD-dko-wmqkoj-otk.LY?-Otko)T2weJCh-pP-
MY = Rho -

po-wk-plitho-pol-w-plko-po-wnt.io#-Y-?pH-OCpo-koI
so we obtain gone 4 products :
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1 . / Jcko - Wu ) Echo - Po -Wu) Olko- Po )

2. §Cho - Wu ) orcpo - Ko -Wu ) Otpo - ko)

3. ↳ Cho- Po -Wu ) dcko - Wu) tho)

4. §( Ko-Po -Wu ) 8(kotwk ) Ot
-ko)

go
to frame pM=CM , 8 1 out find

1. folk . -wut 8C-M ) Otho-M) = 0

2.fdluo-wuldCM-2WKJOtpo-kol-ofz.fi
-M ) dlko-Wu) Ocho) = o

h
. f 8C - M -ZWK ) Elko -1Wh ) Otho) = 0
-

Wk>o obeys ! M> o too ! q



so we are left with

Disc# =-if .¥÷, I. Rko-Wa) !jipdpo -no - wn.pl
a Olpo-ko)

"db &" "he "t ↳"" " """ +

by using on sad-ma ) = Juneau -Wu)

ftp.uol otp-up- m
') = ztwupdcpo

-ko - Wn-p)

putting all together we get :(Putting
-
i

inside
)

Disc# =/ ¥÷%[4ñi)añ-mYOh
Haiti) cdkp.nl?mY8lpo-ko) ]
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we obtain disney by
"

cutting
"
the

suitable set of propagators through
"

rule
"

→

¥+i
,

→ -

IITÑJCK?met Jaco )

paying
attention to "

DIRECTIONALITY
"

⇒

posobve energy OCEOI is the one that

flows fan LEFT to RIGHT

Into- ) =P -

k-p
→

Po -Ko not Ko -Po !!
-

wTRoSKH RULES can be proven by
LARGEST-TIME EQ.

(Veltman )
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futkosky tales provide a way
to compute

"directly
" the discontinuity of a graph

by substituting propagators with 8- functions,
ne putting intermediate potholes on-shell .

INDEED in general we must cut the

diagram no to divide at into two separate

pieces with the variable we once contested

in flowing four LEFT to RIGHT

EXAMPLES

Dis.to/a-0f-=f)p2-7
pre
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here there ore in general
2. p¥Ég three verses pi

'

pi→ 2

Discp.at#)a1-f/L.,DiscpifTI)afyT-/" etc
3

3.

i#,

here in total 6 pi.i-ii.ir
plus sn=cpi+pzP

uq-cpzepr.ie
with

sn-csis-S.is#-&piD*p;1T-/✗ ÉÉ etc
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Dis.si#i1-iI!.Ii
Discs
.HI;) Is⇒

a 6

a-

Explicitly for one - loop bottle :

= / ¥1m £21Tidk?mY Ohio)]

faitidlp-up-MYOlpo-ko) ]

go to reference frame p%CM ,
it
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21m = - 41T/%!÷µko dlui-Wilko )

84M-ko[wñ ) 044 - ko)

M

= - hit
'/ id¥¥fodkodkg-w-%8CMHW-i-zmwk-wil-teiif.IE?Y-Ian

JCM
'
- ZMWK )

=*iLY¥¥"f?drñ% Earl Wh - %)

( Un --FE dwie-lzklwkfdk-l-F-I.dk

-
dwr-mÑ→dwn - 1)=*÷÷¥÷;I
.
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→
i ¥Éj

•-3

µ=p

→i¥÷⇒F÷÷
"

fu D=a

2
= *

• 21¥
MEI FEI

= -¥*p¥÷

pñ=ñh¥
' É=ñ(¥)

= -ri at tmz ,)= Ii ⑧21T£ IN
__

*

the iuugnoy post that

we found by oncolytic continuator
-=
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Now
,

the Important point as that we can

use this lungwry pint, which comes from

COTKOSKY RULES
,

and ns easier to compute ,

in order to reconstruct the full results ⇒

⑧ Dispersion Relations

⑧ generalisation ⇒ GENERALISED

UNITARILY ( next semester )
=

1-1
At tree -

level
, knowledge of analytic structure of

scattering ouophhrde [ POLES ,
NO BRANCH Cots ) allowed

us
to use Complex Analyses to derive BCFW recension

⇒ Disp Del are fast generalisation of this @ L- loops
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DISPERSDNRELATONS.com
sides efuauplex) function foil neck that

for 2->Zo flz ) has a branch cut out develops

therefore discontinuity
rIwZ

Rez| go.gg,
Disfffzy Discontinuing own

branch art

-

= flail- ftt-ie)_

Suppose that someone gives us the discontinuity ,

dispersion relations tell us how to uoust¥ky
,



e

¥mmm
Consider a point y for from the branch cut

and consider

§f =
ziti fly ) from Cauchy theorem

2- - y
e

But deforming contour e to imfmhy we get

i
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now if fzg → o as 2- → •

( uncle at infinity)

then :

§ f¥dz = f !yd£+ff¥dz
e

2- - Y 2- - y
f- rt

=
Ziti fly )

or
, turning this around

Flott = 2¥. ftp.t/r.+/&?j-dz
✗

✗

→ ¥; / dz f¥¥gÉ =

-1 / dz Disk21T i 2- -y
Zo Fo 20



finally notice that Disefcz)= ziimlfltl )
-
-

no

/ ftp.f-fzd?--yImlfc#f2-o-
Dispersion Relation for fcy ) !

note that I assumed y for four
branch art

,
so it is Not on integration

contour
.

We also assumed that LIT →o ot infinity .

2-- y

If it doesn't
,
one needs to build so - called

subtracted dipqS ;
=
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Suppose flz) goes
too foot of infinity ; then

consider

✗

ftp.fiyol-f-fdz/IzY--yth-InflI2- - yo)
2-
o

✗

¥ / dz.IM/fczp1Y-Yo1(2--y1l2--yo )
2- 0
-

this
goes now

os ¥

so at tills flz ) more!

⇒ ftp.flyd.LY#df?l2--IaflH-(2- - y) (2- - yo )
2- o
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Let's apply this immediately to air

1-loop bubble in DN 2 ( CONVERGENT ! )

4- - Into )

01×184 -x)
= -2m¥ Imitate ) ¥, -

to for
0 < ✗ C l

I:p
"

•

phyiofendt or pen >4m21
-

..;+i
Relph

Tenalidear
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so we should bore

no

D- =÷fdP_ñ Im /D-
Pri )

pi- th
- p
'

am" T euclidean momentum is

negative !

= ¥ /°dPñ_ Im /D-
Pri )

am,
Prix PZ A

expressed conveniently

will pñ=niL¥

dpñ= m
' / 24¥ -dI¥]d✗= ma /2¥Ñ2✗)3

= m
' /¥! / dx = -mi ¥? dx (02×4)
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D- = # (*¥4571M)
1

✗ fdx '¥ñm¥¥p, ¥
0

1

= +2-45%4+4 / dx1-m2
,

Ctx )2+Pm÷ ✗

use also pouauetnsotiar for = 4¥
then rational function becomes

e- =L
4-1×55+4- SPX 4++14×19 +4+92-2/9)x

I
→ 5*+7+4 =
£
④+5) (at 5 × ) •
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+0- = + ±mfmÑ The ) /
"

DX ⇐¥+×g ,
0

| ¥7m = ¥, - ¥,/¥ )

=
. +
I@59TH ) /Eg)µ 1¥ -

- ¥g )
m2

= -1¥ emitted E-gzfbg-lukl.lu#1-ihm/
Exactly

= - ¥ CMD
-E
TEHE)¥ , he (E) result we

stated fan !
no




