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RECAP Con 20.01.2022)
-

• fair. ra→=¥☐÷,
no

• GAMMA FUNCT. TCX )= fdt e- tt✗
-1

0

ten )= X-D ! if n EIN

Pci-x) = ✗ Mx ) Defining Property
1

• BETA FUNCTION Bcx
,g)=/ du u" 4-a)F

'

O

=f?dt¥÷*y ± HHMI
Tcxiy)

I



/LooPTADP0LE_

D= (my Tfa - Dg ) = (my
M(3-E)
-

⇒C I

= 4 (me ) P(6¥ ) 1-
CD -2)(D-4)

important : not all divergences are the some
in dim neg !

A

1 !÷¥m=÷÷*. t.dk ± - ^
KIM- Liner

Divergence
-

=3)

computed in due ref is Not divergent !
2



D= em if -3 )=cmD±pf§ )
= - 2ft Me
←

KNIFE &

NEGATIVED
finiln to ⇐ Is -

- 51st R'

www.5etasc-D-n?f.n---tzg!
⇒ In Dimensional Regulation the INTEGRAL

REPRESENTATION Represents the final result

oN#_ if it converges . Otherwise it has

NOTHING to do with it !
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What if integral representation never converges ?

⇒ this con hogger if there are o⑥ so called

SOFT K→ 0

IR divergences [ •wear Kvp with p :o)

typical example , moisten TADP
[n=• ,

✗ Wdiv D > 2

/ ¥÷. ¥ =¥dk K'↳ { R du DE 2

( k = 0 )

☒ D such that Interpol converges -

some people write f?d!÷, to = C [Ew - Ter ]
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To solve the riddle
,
we need to apply more

mfrmotion , in particular we must specify

what we expect from this "operation " of integrating

he D dimensions -

* fd're fun = 1-
☐ fdiifcñ ) talk

* t.dk/fCk1+glkD=fd%fckltfdikgCk )
usual properties that I am allowed to use when

standard IR
"

integrals one CONVERGENT

they imply something interesting :

folk cop = 0
V-2 !

and in general fd% few) =o for fck)
HoMohENE0US- . 5



fun )= -Rflk ) homogeneous functor

A- means
it does not depend on anything

else ⇒iml-H-tobes-de-lenl.in
fact

Join fun ) = t
' folk fck )

1
but oho = 1-

☐ / d% flu )

⇒ + D= d
-
D

or )fd%flk)
-

-
not true in

general

in particular f dt÷ = o

monsters

TADP0
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INTEGRAMONBYPARTS-lwpo.twconsequence of the foot that all iwbpds
courage , one

set of identities between integrals

called Integration by ports identities

IBP fan standout analysis in IR

b

f for gin dx = fingers / b- fbflcxlgcxldx
or or

a

better rewritten as

f) ¥( hcx ) / dx = had /I had -

- fat gas

nothing but fundamental therein of calculus .
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Now if • =-D
,

6=+0 and assuming that

+X

f hcxldx Cro , convergent , well defined
- no

then IBP identity becomes

too

fd-afhctfdx-o-hc-ix-hc.ro )
4 T

- ✗

treasury condition

for fiiixldxco !
-
✗

Now
,

in dimensional reguloisah.ae ALL loop imts

Converge [ if they don't , they are zero . . . ] and

are
all integrated on whole IRD ( Euclidean

After Wick Rot )
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Using this
,
we can waste integration by posts

identities for Feynman lmtepds .

At one - loop

.IO#i,,...i=fid?TnDi:...Dnr-E
I !÷→. / %

, "D÷☐÷]
= °

HOW ARE THEY Htzp Fou ?
Provide relations

among
wits !

• Explicitly for 1 loop Tadpole
- -

-

! more general Icn ) =/ ¥÷(¥mzYint of this type
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the only IBP I can write is

f¥÷[%nk^µ÷] = 0

I

Eek" D ; ÷y÷myn=
-

Ikr

(KIM2)
"+11.

= µ¥Tyn - 2h k^kM(¥myn -11

=µ÷yn -" µ÷ymi In +7¥
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T.ci?.:.:Fn+&::-nn-..-- 0

⇒ ennif ?!÷.cn#n+i--C2n-D)/I.&@E,nICn-i)--?yn-D-mICn)

which allows us to compute for free any

Tadpole - like interpol ath n > 1
, knowing

only IG) !

IG ) = 2z÷ Ice )

IG) = ¢-☐¥m→ Ice) etc
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For this reason we say
that the

Tadpole
"

Family
"

of integrals has

ONEMASTERINTE.GR#
which we

can choose to be Ill)

SIMILARLY of Hoop one fronds
anew

:D- =/¥÷. ¥☐i. →④ 03

%¥=f÷÷,÷*→H→Ñ⑦
A ,⑦}¥÷=f¥÷÷i•;D: → {
" °
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of 1 loop , every new graph with ^ more

ethanol leg ,

whohas alwaysATMO-stonehewmo-temtegu-dcnottmeol-H.la
HER Loops !)

Example d- 1 Coop :
how to think about nt ?

2h Ds v3 6-photon I light -by- light ) scattering

,%¥h% in momve QED

{ Get • "

"" it"
"

" °"" of what "Hoh

con eppeor
in this calculation -

TOP TOPOLOGY
,

TOP GRAPH

=

|¥÷z qz.my?u.p-Fj-p-p5-m#---T-mY
Dr D2 ☐ 3

DU

yg



Real amplitude will contain complex numerator

that originates from traces of fermion loop

/ ¥¥-Ñ
- = 1,33

DrDzD3Ds

• lock salon product can be written as linen

comb of Dr, Dz , Drs , Da -
Ineed to
consider :

2 3

:*
.

:*:*: :*:*
r a

.io#ixx:isoe:
✗ FAMILY TREE

"

" SUBTOPOLOGY

n%Iw TREE 4

of Box 19



Again ,

in general , each of those graphs will

require Atmos
1 new mostermtcgole

⑦ Note also that for special values of

Internal messes or external kinematics

some graphs might become completely

redouble !

YOU WILL PROVE IN AN EXERCISE THAT :

Py pi=pi=o 92=10

9#
pz

modern propagators
Is REDUCIBLE

|-=d#
us



COMPUTATON OF INTEGRALS
-

:

We hove seen only one example of Feynman

luhpols calculation

⇒ Ñny¥Ik1
this is a special example

,

it does not really

depend on anything ⇒ at 's e number
, up

to overall dimensional scaling -

to hare something more interesting, we need

an object that depends at least on 2 dimensionfl

poueuetas, for example

•

- = Bcm:p 't = f¥÷.1-
(k4u2) (ch-pl

-
+my
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From pains desassiou

S&¥Ew¥⇐p¥w,p →
•PEZ
all reduced to

twomo.tn#tagrol

Polet's couple the Bible .
There are various

methods
,
of increasing Satish -cation

.

Standard one is

FEYNMANPARAM.f-TE.RS#z=fdx1-oCAxi-Bh*jja⇐ tfdxfdy dg )
o o

A- ✗+By 12

I
Textbooks this is a so - called

projective Interpol µ



pnojf-CTNEINT-i.int of some function ,

homogeneous of degreezew-iuchdnginkpoh.ae
measure

A- KHMER; my --1}

fdxdy 1-(D-✗ + By/2 ✗→ ti

D y-i.ly

ftdxdj 1-* (Ait Bg ) 2
=
him degree
zero

.

D

Indeed this is Interpol over pwjechvelrne

Dhe can prove that any pouanetisotra of

the fwjecbue Spee is equivalent to robe the]

wlepol
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CHENG-wutheoreeu-fiubo.ve)physics

bias porauehsdions of pujecbne be (Ky )

✗ = 1

{
F- free
y= ,

} { ✗eyes }{ y -- free }
etc

. . .

all these jouauehsot.us one

epuvoleut , in fact
✗ no

§d× 1-i-f.de#p--fdy1(Ax-iB6-tD,

A-+Bgp

which choice we moke
, might simply

substantially the Interpol , in pabaln

when dealing with more propefdots
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GENERALISATION of FEYN . PARAMETRISARON
( valid @ L - loops ! )

÷! = .fi#ie--ittD12DeDz
. .

- DE

1 P(2n+...+
DDÉ= Tbn) - -

. Ndrf

✗ !¥%É÷÷÷÷É.
-

Interpol can be done putting any subset £ of

Feynman Parameters to I 22g =LJEE

and integrating the rest four zero to imfmtsg



Substituting this back in Feynman Interpol

÷÷F=¥!¥-i÷, / dxjxi
"
. . - ✗
"
=
"

D

e 1-
F-

✗ / É,
Ñ÷n [yDDz+Ér=]€

"

this is a quadratic form in

(the loop momenta ke

✗ = like } p = hpu } m-- hmu}

Q = Ki Aijlx ) Kj + 2B:-(x.pl Ki + CCX , p.m )

t
i counts the loop , hit the components !

E

pot also N = €-2k
21



the integral ear be performed by defending
this quadrate form - exercises -

N - (Lei)E

= in - ¥1 /II.4xj✗i_ / ☒Pldj ) (Eg )
N- LE

are called Symonah PolynomialUa
,

Fa

or ~

GRAPHPOLYNOMIAL.SKbe defined graph -theoretically ,
without boring]

go through expect representation as loop imtgd !

Ua =
det Aij

Fa = Uaccx
,
p.m) - Bilyp ) Qij Bjlxip)

with orig = minors Aij ⇒ Arj
'

=
did = QI
detttij Us

22



N.bg Since Fa
,

Ua can be uniquely

defined from the
"

graph
"
onoioted

to the Interpol , we can take the

mathematic- an attitude and
"
DEFINE

"

• Feynman integral through it 's Feyn .

tonometer Zepzeseutohou

⇒ in - ¥1 /II.4¥ ;÷÷,-1¥
" """

G-Fg )
N- L}

Dishnepmttou be DE¢
v

I sign depends if EUCLIDEAN G) or Minkowski C- ) /
Vectors vectors

•

so pay attention to this ! ! ! zz



LET'S GO BACK TO

ONE-LOOPBUBBCE-wt-Q-fdFE.ca.us#-p-ml
pa

1-
loop mom=/dxdyfdfIz@emyxdu.p,zuyy] '
°"" "

D - N = 2

Q= K'City ) - 2k .py + mYx+y)+p2y_=
A--1×+8 ) B.= (py ) ( CHP ,

my
M 1

to Ua= det An = ✗c-y simple

aij-A-ij.de/-Aij--x+-y-cx-cy)--1adFa=x-y)(m4x-cy)-p'g) - B. Bn . 1

= City) [ mickey) + pay] - p2y2
24



Fa = m4✗eyT+p2✗y

and so finally iutyd becomes :

D- = M2 - ¥ ) / dxdy Hey
)2
-☐

[MY✗ty)4p2×#2-ED

=P /Ef) (ma)☐¥|d✗dyC✗+y④+g) '+÷ ✗g)¥
A

= SKIP THIS-

D= G- ZE and choose Xty = 1 porous .

of pugeebve ene

1

=P/E) (my
-

Efdx (it ✗ In -✗1)
- E

O

=

""¥7
"

fide (ne Inna-n )
- E
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=

cmj-ETG-E-efyn-EJ.lu/n+Fx4-H)dx-coCE7tgl=Th-ce1Cm9-Etg--/ lulu ✗4-✗1) dx +06)}
0

Y Hinde piece of
& bubble

to do the interpol , use

g+÷×a⇒=o⇒
- E.µ-

✗ - ¥1 --

of✗%=^+É =£±£F¥
define

Emile - est ly
n = ¥ > 0 !

E-

Otis tiro %=
- Eg 40 !
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So interpol becomes

fidxlnfr -1%+4-+11=-2 - ¥glu(9)

so we finally get

D- = CMY
"

rate ) / { +2 -1T¥ but ) + OCE ) }
IT

E✗PAhs 1¥ ( seriously ! )

-

27



the 1-loop bubble close to D= 2

dimensions = FlN1TE__

D- = M2 - ¥ ) / dxdy hey
)2
-☐

[MTxty)4p2×#2-ED

=P /Ef) (ma)☐¥|d✗dy c×+y④+g) '+÷ ✗g)¥
I D

D= 2- 2E oud ✗+y =L

I

=P /HE / Cmj
" /

"

dx [ it # ✗ In - ×) ]
" -E

O

1 no

-=lmYÉH+4(mz|dxµ÷¥× ,] -10 (E) poles !
28



= m±§d×÷µ×¥.×, with { " = ¥

V2 = - ¥5

=L. ¥p# (¥, + ¥ ) ¥. "-✗⇐ ¥
,

= 'ñ¥☒¥, lid-1¥. - ¥ . )
=L. 11ha- ✗Hi -hlx.it/i)=tn%fenH-.s1-aE1-eY:1+Yi--sD
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= ÷ ÷. k / § ) = - £ ¥. but )

"

= Cmg
"

Plate )( -§, §,, his + OCE ) ]
-

some functions or D v4

manifestation of relation D → D -1-2 dimensions !

• note that integral is real ( 0<52 1)

as long as p
'
> o (EUCLIDEAN ! )

In order to get phyiad result in Minkowski

kinematics we need to Wide Rotate bock !

p'→ - 1pm
'
+ ie )

y [
comes from Feyn . Prescription

Minkowski
or
,
how we avoid the

momentum

poles !
30



→
Wick Rotdien

C- backward

rotation

.

pµ2= pod - 152 Po energy component

rotation is
, lindy po →eidpoffe.ae#zovdpa=eiEpo=ipo

so that Po = e-
"&
Pa Ocy< Ia

= cosiIwymt
31



so

p? pi+p"=

coiypi-siaiypi-zisimycnqpu-p-2.ly
g-- Iz - E ⇒ P' = - pi+p→ - 2isin(Iz - e) Pu

=.pl?p-Y-iE---Cpai-iie)
From this the following is ( almost ) always true :
-
-

every
invariant that changes sign going

from Euchre → Minkowski takes a{ + ie to be properly continued ! }
32



ÉÉHe ?

D- = CMY
"

rate ) / { +2 -1T¥ but ) + OCE ) )
1h D=}

*÷÷÷÷÷-
PE? ma G- f)

2

how we want to continue this for p
'
< 0

⇒ Ppf > 0 positive minkowski momentum

only " nontrivial
"

eaiimwiiaeisfrloglesl !

:



pz"

msn.mg#nmignznn
SEE÷?÷
. .

nun =
euclidean region .o<J①

rum = physical region pi> umz µÑf

p? melted =
mile - ei9p
⇒=ñ(é¥_ei¥jI

= m2[- rising )£= -4m ' gintz
-

36



let's see what higgens to the bubble

• Ocp; 24m
' ⇒ 5 =

eid 02421T

Duh

D- = CMY
"

rate ) / { +2 -1T¥ but ) + OCE ) }
→ cm9- 4- the ) / { +2 + lnleie ) + Ole )}

=(m4
- Ethel { { c-2 - G ton/¥ + 01 E) }
REALD
v2-0-=CmÑM+eY_m÷¥.ln5+oc

'

= (my
-Ethel /- Jp e÷.ie iy +0 let]

= CmjFleet / É É +0191 ] REAL zs



• Analytic continuation obore threshold

p? > am2 PE mill
-512 g <o

T T
euclidean

to go there , we
shack sad 9 → - ✗ ± id

such that ( poi+ ie ) : right choice is

es → - f- is) in feet

p: malty
"
→ -

make =

✗- is

= -4¥" + ioñ¥?]
⇒ • small

member

so nf I send 9 → ⇒ ☒r- if at means

P'→ -

( priti e) = - [ melted
'

I
+ ie ]
I 36



And the integral becomes :

Dna

D- = CMY
"

rate ) / { +2 -1 T¥ but ) + OCE ) }

= did
- Ether) / £+2 + 1¥ but- ✗ tie ) -10K ))

= any
-

that / { +2 -4¥ tux + it /
'

¥, / +0¥
-

the Bubble has developed on

iueogwynot !

Similarly for Dr 2

D-
☐"

= @g-Ephod ( - In, §,, his + 01 E) ]
-

= Cmd
- Erland / In. ¥. hi HI * £ /¥1 it +01¥
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the existence of an imaginary port when

Pai > 4m' is a fumÉqua of
ÑÑTY and the optical theorem

I

¥÷1¥ - of
the Bubble interpol develops on injury
post ( or

"

discontinuity
"

) in p
' when

b- > am
'

,
ie when there is enough energy

to

produce
two particles hot0#Y as VIRTUAL portion
-

in feet , we unite

$- ✗ Disc [D- ]= ai
Im /D- )

38



Gma Disc@- ) = It
'? ie

D v6

Im /D- ) = + ñcm9-
'

ratel 1T¥ / +01 E)

|ImtO-)☐→=+÷ñ(mÑPH+EI¥z-f
-

important in what follows
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