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Solutions

Infrared subtraction, parton showers and matching

Solution to Ex. 1: NLO contributions and soft/collinear limits

(a) LO and NLO partonic processes.

At LO in QCD the relevant process is

e+e− → γ⋆/Z⋆ → qq̄.

At NLO in QCD one has two classes of contributions:

• the one-loop virtual correction to
e+e− → qq̄;

• the real-emission process
e+e− → qq̄g.

Since the initial state is leptonic, there are no initial-state QCD singularities.

(b) General soft and collinear factorisation formulae.

For a soft gluon j emitted from hard coloured legs a, b, the squared matrix element factorises
as

|Mn+1|2
j→0−−−→ 8παs

∑
a<b

pa · pb
(pa · pj)(pb · pj)

⟨Mn|Ta ·Tb|Mn⟩.

For the Born process γ⋆ → qq̄ there is only the colour dipole (q, q̄).

For a final-state collinear splitting a → i+ j with i ∥ j one has

|Mn+1|2
i∥j−−→ 8παs

1

sij
Pai(z) |Mn|2,

where z denotes the momentum fraction carried by parton i in the collinear limit and

Pqq(z) = CF
1 + z2

1− z

for q → qg.

(c) Singular regions for e+e− → qq̄g.

The real process is
e+e− → q(p1)q̄(p2)g(p3).

The singular regions are:
p3 → 0, p1 ∥ p3, p2 ∥ p3.

There is no g ∥ g singularity because there is only one gluon. There is no q ∥ q̄ singularity
because this process does not contain a parent gluon that splits as g → qq̄.

The explicit limits are therefore

S3(|M3|2) = 8παsCF
2s12
s13s23

|M2|2,

C13(|M3|2) = 8παs
1

s13
Pqq(z) |M2|2, C23(|M3|2) = 8παs

1

s23
Pqq(z) |M2|2.
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(d) Explicit soft and collinear limits of the given real matrix element.

We start from

|M3(p1, p2, p3)|2 = |M2(s)|2 8παsCF
1

s

s213 + s223 + 2ss12
s13s23

, s = s12 + s13 + s23.

Soft limit. For p3 → 0 one has

s13 → 0, s23 → 0, s12 → s.

Hence
s213 + s223 + 2ss12 → 2s2,

and therefore

|M3|2
p3→0−−−→ |M2|2 8παsCF

1

s

2s2

s13s23
= 8παsCF

2s12
s13s23

|M2|2.

This reproduces the expected eikonal factor.

Collinear limit p1 ∥ p3. In the strict collinear limit one may write

p1 = z(p1 + p3), p3 = (1− z)(p1 + p3).

Dotting both equations with p2 gives

s12 = z 2(p1 + p3)· p2, s23 = (1− z) 2(p1 + p3)· p2,

hence
z

1− z
=

s12
s23

.

Moreover, since s = s12 + s23 in the limit s13 → 0, one has

s12 → zs, s23 → (1− z)s.

Thus
s213 + s223 + 2ss12 → 0 + (1− z)2s2 + 2zs2 = (1 + z2)s2.

Inserting this yields

|M3|2
1∥3−−→ |M2|2 8παsCF

1

s

(1 + z2)s2

s13(1− z)s
= 8παs

1

s13
Pqq(z) |M2|2.

Similarly,

|M3|2
2∥3−−→ 8παs

1

s23
Pqq(z) |M2|2.

(e) Soft–collinear overlap.

Starting from

C13(|M3|2) = 8παsCF
1 + z2

(1− z)s13
|M2|2,

take the additional soft limit z → 1. Then 1 + z2 → 2 and
z

1− z
=

s12
s23

=⇒ 1− z ≃ s23
s12

(z → 1).

Therefore

S3

(
C13(|M3|2)

)
= 8παsCF

2

(1− z)s13
|M2|2 ≃ 8παsCF

2s12
s13s23

|M2|2.

This is exactly the same analytic expression as the pure soft limit.

What we notice is that for this simple process the soft–collinear overlap has exactly the same
form as the soft approximation. The reason is that there is only one soft gluon and only one
colour dipole, namely the qq̄ dipole. In more complicated processes, the full soft approximation
is a sum over several colour dipoles, while a given soft–collinear overlap selects only one branch.
In that case the overlap no longer coincides analytically with the full soft term.
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Solution to Ex. 2: FKS partition of unity and singularity identities

(a) A typical FKS distance measure is of the form

dij = Ei (1− cos θij) .

It is not symmetric in i and j because in FKS the index i denotes the potentially soft parton,
whereas j is only the FKS sister that defines the collinear direction. Their roles are different
by construction. Otherwise one would not single out a single soft divergence in each sector.

(b) In e+e− → qq̄g, the only potentially soft parton is the gluon. Therefore there are only two
non-trivial sectors are

χ31, χ32,

and
χ31 + χ32 = 1.

Their expressions are:

χ31 =
1/d31

1/d31 + 1/d32
, χ32 =

1/d32
1/d31 + 1/d32

.

(c) By definition,

R =
∑
ij

Rij , Rij = χijR,
∑
ij

χij = 1.

The partition functions χij are chosen such that in the limit i ∥ j all sectors (k, l) ̸= (i, j) are
suppressed. Hence

χkl = 0 ⇒ Cij(Rkl) = 0 for (k, l) ̸= (i, j),

while
χij = 1 ⇒ Rij = R.

This immediately gives the first relation

Cij(R) = Cij(Rij).

In the soft limit of parton i, the partition functions χij are regular for sectors containing i,
i.e. for all j, while all χkj = 0 for k ̸= i. Thus

Si(Rij) = χij Si(R),

which is simply the weighted fraction of the soft limit associated with the sector (i, j).

Summing over all sectors that contain the soft parton i, i.e. over j, gives (since all other
χkj = 0)

∑
j

χij = 1 ⇒
∑
j

Si(Rij) =
∑
j

χij Si(R) =

∑
j

χij

Si(R) = Si(R).

This means that the soft limit of parton i is distributed over several sectors, with the corre-
sponding weights χij summing to one.

(d) The construction of the partition functions ensures that each sector Rij contains at most the
soft singularity of parton i and the collinear singularity i ∥ j. All other singular regions are
suppressed by the partition factor. This renders the singular structure of a single FKS sector
is extremely simple. As a result, one obtains a very simple subtraction term of the same
general form in each sector using just the soft limit of i collinear limit of i||j.
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Solution to Ex. 3: FKS subtraction structure through plus distri-
butions

(a) By assumption,

R J(Φ̃n, ϕ) =
1

ξ2(1− y)
Σ(ξ, y, ϕ; Φ̃n),

where Σ is regular as ξ → 0 and y → 1. Multiplying this with

dΦrad = Nϵ J(Φ̃n, ϕ) ξ
1−2ϵ(1− y)−ϵ dξ dy dϕ,

one gets

σ̂R = Nϵ

∫
dΦn(Φ̃n)

∫ 2π

0
dϕ

∫ 1

−1
dy

∫ 1

0
dξ

1

ξ1+2ϵ

1

(1− y)1+ϵ
Σ(ξ, y, ϕ; Φ̃n).

(b) The singular distributions are expanded as plus distributions.

For ξ ∈ [0, 1]:

ξ−1−2ϵ = − 1

2ϵ
δ(ξ) +

(
1

ξ

)
+

− 2ϵ

(
ln ξ

ξ

)
+

+O
(
ϵ2
)
.

For y ∈ [−1, 1]:

(1− y)−1−ϵ = −2−ϵ

ϵ
δ(1− y) +

(
1

1− y

)
+

− ϵ

(
ln(1− y)

1− y

)
+

+O
(
ϵ2
)
.

Bonus: The factor 2−ϵ comes from∫ 1

−1
dy (1− y)−1−ϵ =

∫ 2

0
duu−1−ϵ = −2−ϵ

ϵ
.

The full expression keeping terms up to O(ϵ) gives

σ̂R = Nϵ

∫
dΦn(Φ̃n)

∫ 2π

0
dϕ

{
2−ϵ

2ϵ2
Σ(0, 1, ϕ; Φ̃n)

− 1

2ϵ

∫ 1

−1
dy

(
1

1− y

)
+

Σ(0, y, ϕ; Φ̃n)

− 2−ϵ

ϵ

∫ ξmax

0
dξ

(
1

ξ

)
+

Σ(ξ, 1, ϕ; Φ̃n)

+ 21−ϵ

∫ ξmax

0
dξ

(
ln ξ

ξ

)
+

Σ(ξ, 1, ϕ; Φ̃n)

+
1

2

∫ 1

−1
dy

(
ln(1− y)

1− y

)
+

Σ(0, y, ϕ; Φ̃n)

+

∫ ξmax

0
dξ

∫ 1

−1
dy

(
1

ξ

)
+

(
1

1− y

)
+

Σ(ξ, y, ϕ; Φ̃n)

}
. (1)

(c) One can now identify the structure of the NLO subtraction:

• the δ(ξ)δ(1− y) term produces the 1/ϵ2 soft–collinear pole,

• the δ(ξ) and δ(1− y) terms produce the single 1/ϵ poles as well as finite terms from the
epsilon dependence of the plus-distribution identities



Solutions: Infrared subtraction, parton showers and matching 5

(d) The last fully regularized term has the structure∫ ξmax

0
dξ

∫ 1

−1
dy

(
1

ξ

)
+

(
1

1− y

)
+

Σ(ξ, y, ϕ; Φ̃n) =

=

∫ ξmax

0
dξ

∫ 1

−1
dy

1

ξ(1− y)

[
Σ(ξ, y, ϕ; Φn)− Σ(ξ, 1, ϕ; Φn)− Σ(0, y, ϕ; Φn) + Σ(0, 1, ϕ; Φn)

]
.

Now write the local limits directly in terms of the real matrix element (forgetting about the
jacobian J(Φ̃n, ϕ), which we only absorbed into the definition for convenience):

1

ξ2(1− y)
Σ(ξ, 1, ϕ; Φn) = R(ξ, 1, ϕ; Φn) = Cij(R) ,

1

ξ2(1− y)
Σ(0, y, ϕ; Φn) = R(0, y, ϕ; Φn) = Si(R) ,

1

ξ2(1− y)
Σ(0, 1, ϕ; Φn) = R(0, 1, ϕ; Φn) = Si

(
Cij(R)

)
.

Therefore the finite last term is exactly

R− Cij(R)− Si(R) + Si

(
Cij(R)

)
.

So the whole FKS decomposition is visible directly in the one-step expansion:

• δ(ξ)δ(1− y) → integrated double pole,

• δ(1− y)(1/ξ)+ → integrated collinear single pole,

• δ(ξ)(1/(1− y))+ → integrated soft single pole,

• (1/ξ)+(1/(1− y))+ → locally subtracted real.

(e) The usefulness of the plus-distribution trick is that one single expansion simultaneously pro-
duces:

• the integrated subtraction terms from the δ-parts;

• the local subtracted real from the plus-distribution parts.

So both the integrated counterterms and the local subtraction are obtained in one streamlined
step.

Bonus: Double pole and its identity with the Catani I-operator. Using the soft–collinear
limit

S3

(
C13(|M3|2)

)
= 8παsCF

2s12
s13s23

|M2|2,

we rewrite the invariants in terms of the FKS variables

ξ =
2E3√

s
, y = cos θ13.

In the soft–collinear region p3 → 0 and p3 ∥ p1, one has

s12 → s, s13 = 2E1E3(1− y) ≃ s

2
ξ(1− y), s23 = 2E2E3(1 + cos θ13) ≃ s ξ.

Therefore

S3

(
C13(|M3|2)

)
= 8παsCF

2s(
s
2ξ(1− y)

)
(sξ)

|M2|2

= 8παsCF
4

s ξ2(1− y)
|M2|2. (2)
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Hence

ξ2(1− y)S3

(
C13(|M3|2)

)
=

32παsCF

s
|M2|2.

Thus, with

R J(Φ̃n, ϕ) =
1

ξ2(1− y)
Σ(ξ, y, ϕ; Φ̃n),

one gets

Σ(0, 1, ϕ; Φ̃n) =
32παsCF

s
|M2|2 J(0, 1, ϕ).

The double pole of the integrated subtraction term is

σ̂sub
∣∣∣
1/ϵ2

= Nϵ
2−ϵ

2ϵ2

∫
dΦ2(Φ̃2)

∫ 2π

0
dϕ Σ(0, 1, ϕ; Φ̃2).

Using

Nϵ =
s

(4π)2−ϵΓ(1− ϵ)

(
µ2

s

)ϵ

,

∫ 2π

0
dϕ = 2π,

one obtains

σ̂sub
∣∣∣
1/ϵ2

= dΦ2|M2|2
32παsCF

s

s

(4π)2−ϵΓ(1− ϵ)

(
µ2

s

)ϵ
2π

2ϵ2

= dΦ2|M2|2
2αsCF

ϵ2
1

Γ(1− ϵ)

(
4πµ2

s

)ϵ

. (3)

Disclaimer: not sure about all normalization constants and conventions, but the general approach
to show this relation is correct.

For γ⋆ → qq̄ one has
Tq ·Tq̄ = −CF ,

so the Catani operator gives

⟨M2|I(ϵ)|M2⟩ = − |M2|2
αs

2π

1

Γ(1− ϵ)

(
4πµ2

s

)ϵ
CF

ϵ2
.

Up to overall normalization conventions in the factorized radiation phase space, this reproduces the
universal double-pole structure of the Catani I-operator.

σ̂sub
∣∣∣
1/ϵ2

∝ −dΦ2 ⟨M2|I(ϵ)|M2⟩
∣∣∣
1/ϵ2

.

Solution to Ex. 4: Catani–Seymour subtraction

(a) The reduced matrix element must be evaluated at mapped n-particle momenta because the
subtraction term approximates the (n+1)-particle matrix element by a singular kernel times
an underlying Born matrix element. The map {p̃} must conserve total momentum, keep all
momenta on shell, reduce to the correct Born kinematics in the singular limit, and provide
the correct recoil assignment. This is essential to integrated the dipoles analytically over the
extra radiation. The precise mapping for final–final dipoles is:

p̃k =
1

1− y
pk and p̃ij = pi + pj −

y

1− y
pk .

Thus, the recoil is taken by the spectator parton and the momentum is conserved p̃k + p̃ij =
pi + pj + pk.
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(b) The only dipoles are
D13,2 ≡ Dqg,q̄, D23,1 ≡ Dq̄g,q.

(c) These are the only dipoles because the only singular limits are

q ∥ g, q̄ ∥ g, g → 0.

There are no initial-state partons. Therefore, only final–final dipoles appear and the only
splitting that appears is q → qg (or equivalently q̄ → q̄g). Hence, only the quark legs can act
as spectators.

(d) On the reduced Born amplitude |M2⟩ one has

(Tq +Tq̄)|M2⟩ = 0, T2
q = T2

q̄ = CF .

Therefore
Tq̄ ·Tq |M2⟩ = −T2

q |M2⟩ = −CF |M2⟩.

Since the reduced Born amplitude carries no gluon colour index,

Tg|M2⟩ = 0,

hence effectively Tqg = Tq +Tg → Tq on |M2⟩. Thus

Tq̄ ·Tqg

T2
qg

|M2⟩ =
Tq̄ ·Tq

CF
|M2⟩ = −|M2⟩.

Similarly for the antiquark-emitter dipole one obtains again −1.

(e) Using the colour result of part minus sign cancels the one in the definition of the dipole, so
the two dipoles become

Dqg,q̄ = 8παsCF
1

s13

[
2

1− z1(1− y13,2)
− (1 + z1)

]
|M2|2,

Dq̄g,q = 8παsCF
1

s23

[
2

1− z2(1− y23,1)
− (1 + z2)

]
|M2|2.

Collinear limit 1 ∥ 3. In the limit s13 → 0 one has y13,2 → 0 and

z1 =
s12

s12 + s23
→ z.

Hence

Dqg,q̄
1∥3−−→ 8παsCF

1

s13

[
2

1− z
− (1 + z)

]
|M2|2.

The expression in brackets simplifies to

2

1− z
− (1 + z) =

1 + z2

1− z
,

so that

Dqg,q̄
1∥3−−→ 8παs

1

s13
Pqq(z) |M2|2 = C13(|M3|2).

Analogously,

Dq̄g,q
2∥3−−→ 8παs

1

s23
Pqq(z) |M2|2 = C23(|M3|2).
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Soft limit p3 → 0. In the soft limit one has

z1 =
s12

s12 + s23
→ 1, y13,2 =

s13
s
.

It is useful to simplify the denominator exactly:

1− z1(1− y13,2) = 1− s12
s12 + s23

(
1− s13

s

)
.

Since

1− s13
s

=
s− s13

s
=

s12 + s23
s

,

this becomes

1− z1(1− y13,2) = 1− s12
s

=
s− s12

s
=

s13 + s23
s

.

Therefore
2

1− z1(1− y13,2)
=

2s

s13 + s23
.

Keeping only the leading soft-singular term, one finds

Dqg,q̄
p3→0−−−→ 8παsCF

1

s13

2s

s13 + s23
|M2|2

Notice that this is not the eikonal factor of the soft limit. By symmetry we get

Dq̄g,q
p3→0−−−→ 8παsCF

1

s23

2s

s13 + s23
|M2|2

Summing the two dipoles gives

Dqg,q̄ +Dq̄g,q
p3→0−−−→ 8παsCF 2s

[
1

s13(s13 + s23)
+

1

s23(s13 + s23)

]
|M2|2

= 8παsCF 2s
s13 + s23

s13s23(s13 + s23)
|M2|2

= 8παsCF
2s

s13s23
|M2|2 , (4)

which produces the expected soft eikonal factor. Using s → s12 in the soft limit, this becomes

Dqg,q̄ +Dq̄g,q
p3→0−−−→ 8παsCF

2s12
s13s23

|M2|2S3(|M3|2) = S3(|M3|2) .

Thus each dipole reproduces only a partitioned part of the soft singularity, while the sum of
the two dipoles reproduces the full soft limit.

Soft Colliner limit. Finally, taking first the collinear limit and then the soft limit yields

lim
p3→0

lim
1∥3

Dqg,q̄ = S3

(
C13(|M3|2)

)
.

This demonstrates that the dipoles reproduce the correct collinear limits, the soft limit, and
the soft–collinear overlap of the real matrix element.



Solutions: Infrared subtraction, parton showers and matching 9

Soft–collinear limit. Given that the collinear limit is reproduced exactly, the soft–collinear
limit must be the same by construction. If you want you can recall the derivation of Exer-
cise 1 (e). Thus

lim
p3→0

lim
1∥3

Dqg,q̄ = 8παsCF
2s12
s13s23

|M2|2 = S3

(
C13(|M3|2)

)
.

This shows that the sum of all dipoles reproduces all soft, collinear and soft–collinear singu-
larities of the real amplitude.

(f) In Catani–Seymour subtraction the singular regions are covered by the sum of all dipoles
without overlapping divergences. Effectively one creates a single counter term that covers all
singularities of the real without generating spurious singularities. Each dipole reproduces the
appropriate soft and/or collinear limits locally, and the sum of all dipoles covers all singular
regions. In FKS, by contrast, the singular regions are sectorized so that each sector con-
tains at most one soft and one collinear singularity. Catani–Seymour uses overlapping local
counterterms; FKS uses disjoint sectors with simpler singular structure in each sector.

Solution to Ex. 5: Parton-shower Sudakov factor

(a) Since
dPemission(t) = Γ(t)dt

is the probability of an emission in the infinitesimal interval dt, the probability of no emission
is simply the complement of the emission probability 1 − Pemission and hence in the same
interval

∆(t+ dt, t) = 1− Γ(t)dt.

(b) No emission between t0 and t + dt means no emission between t0 and t and then also none
between t and t+ dt. Therefore

∆(t+ dt, t0) = ∆(t, t0)∆(t+ dt, t) = ∆(t, t0) (1− Γ(t)dt) .

(c) Expanding the left-hand side,

∆(t+ dt, t0) = ∆(t, t0) + dt
∂

∂t
∆(t, t0),

one gets
∆(t, t0) + dt ∂t∆(t, t0) = ∆(t, t0)− dtΓ(t)∆(t, t0).

Cancelling ∆(t, t0) and dividing by dt yields

∂

∂t
∆(t, t0) = −Γ(t)∆(t, t0).

(d) With ∆(t0, t0) = 1, the solution is
d∆

∆
= −Γ(t)dt,

hence

ln∆(t, t0)− ln∆(t0, t0) = −
∫ t

t0

dt′ Γ(t′).

Since ∆(t0, t0) = 1,

∆(t, t0) = exp

(
−
∫ t

t0

dt′ Γ(t′)

)
.
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(e) For

dPemission(t, z) =
αs

2π
P (z)

dt

t
dz

one has

Γ(t) =

∫
dz

αs

2π
P (z)

1

t
,

so

∆(t, t0) = exp

(
−
∫ t

t0

dt′

t′

∫
dz

αs

2π
P (z)

)
.

(f) Yes, this form is familiar from the collinear limit. There the unresolved probability behaves
as

∼ 1

sij
P (z) dsij dz.

This corresponds to a logarithmic measure. If one chooses a transverse-momentum ordered
shower with t = kT as ordering variable, then

dkT
kT

≃ dsij
sij

at the level of the logarithmic singular structure (note that for an angular-ordered shower
with t = θ the relation to the collinear limit can be derived in a completely analogous way).

In a standard leading-colour parton shower, the soft behaviour is effectively reproduced by
the soft–collinear endpoint of the collinear splitting kernel. For example,

Pqq(z) = CF
1 + z2

1− z

contains the soft singularity at z → 1. Thus the shower uses a collinear branching kernel whose
endpoint behaviour reproduces the soft–collinear logarithms and, at leading colour, captures
the corresponding soft radiation pattern.

Solution to Ex. 6: MC@NLO vs. Powheg

(a) Main features and differences.

In MC@NLO one subtracts the shower approximation from the exact real matrix element:

R− CTPS.

The subtraction term matches the first emission generated by the shower. The Born-like
events receive the integrated counterterm, while the parton shower subsequently generates
the emissions.

In POWHEG the first hard emission is generated directly from the exact real matrix element
(instead of from the shower) through the emission probability proportional to

R

B
,

together with the POWHEG Sudakov factor. The subsequent shower then starts from the
transverse momentum of the radiation generated by POWHEG.

So:
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• MC@NLO lets the shower generate the first emission and corrects it by subtraction;

• POWHEG generates the hardest emission itself using the exact real matrix element.

(b) Negative weights.

In MC@NLO the hard remainder
R− CTPS

is finite but not positive definite, and the Born-like coefficient

B + V +

∫
dΦradCTPS

is not positive definite either. Therefore negative weights appear naturally.

In Powheg the event weight is based on

B̄(ΦB) = B + V fin. +

∫
dΦradR

fin.,

which corresponds to the NLO cross section differential in the underlying Born phase space. If
the real-radiation integral were evaluated with infinite statistics, B̄(ΦB) would be positive over
the full phase space. In practice, however, the real integral cannot be computed with infinite
accuracy for each Born phase-space point, so statistical fluctuations can lead to negative
weights. These cancel in physical observables after integration over many Born phase-space
points. In any case, negative weights are strongly reduced compared to MC@NLO.

(c) Expansion to first order in αs.

MC@NLO. The first-emission shower operator is

I
(n)
PS-1st = ∆(kmin

T ) + ∆(k1T )
CTPS

B
dΦrad.

Expanding the Sudakov,

∆(kmin
T ) = 1−

∫
dΦrad

CTPS

B
+O

(
α2
s

)
, ∆(k1T ) = 1 +O(αs) .

Hence

I
(n)
PS-1st = 1−

∫
dΦrad

CTPS

B
+ dΦrad

CTPS

B
+O

(
α2
s

)
.

Insert this into the MC@NLO formula:

dσ = dΦB

[
B + V +

∫
dΦradCTPS

] [
1−

∫
dΦrad

CTPS

B
+ dΦrad

CTPS

B

]
+ dΦB dΦrad(R− CTPS) +O

(
α2
s

)
= dΦB

[
B + V +

∫
dΦradCTPS

]
− dΦB

∫
dΦradCTPS + dΦBdΦradCTPS

+ dΦB dΦrad(R− CTPS) +O
(
α2
s

)
= dΦB(B + V ) + dΦB dΦradR+O

(
α2
s

)
,

which is the NLO result.

POWHEG.

Expand the Powheg Sudakov factor to first order in αs,

∆pwg(Λpwg) = 1−
∫

dΦrad
R

B
+O

(
α2
s

)
,

∆pwg(kT ) = 1 +O(αs) .
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Inserting this expansion into the Powheg formula gives

dσ = dΦB

[
B + V fin. +

∫
dΦradR

fin.

]
×
[
1−

∫
dΦrad

R

B
+ dΦrad

R

B

]
+O

(
α2
s

)
.

We can use dΦB

[
V fin. +

∫
dΦradR

fin.
]
≡ dΦB

[
V +

∫
dΦradR

]
and expand up to O

(
α2
s

)
dσ = dΦB

[
B + V +

∫
dΦradR

]
− dΦB

∫
dΦradR+ dΦBdΦradR+O

(
α2
s

)
= dΦB [B + V ] + dΦBdΦradR+O

(
α2
s

)
.

This is precisely the fully differential NLO cross section (where the real is fully exclusive on
the real phase space).

(d) What if CTPS does not match the shower?

Then the first-order expansion of the shower no longer cancels the local and integrated sub-
traction terms exactly. For instance, if the shower generates a first-emission kernel CT′

PS

different from the subtraction term CTPS, the real contribution expands to

R− CTPS +CT′
PS ̸= R.

As a consequence, the matched prediction is no longer NLO accurate.

(e) Why the first POWHEG emission is exact.

The crucial point is that the exact real matrix elementR appears both in the Sudakov exponent
and in the radiative term through the ratio R/B. As a consequence, when the POWHEG
formula is expanded to first order in αs, it reconstructs the full real-emission contribution

dΦB dΦradR.

This is the essential reason why the method reproduces the NLO result. At the same time,
the hardest emission is generated with probability proportional to R/B, so it is distributed
according to the exact real matrix element rather than an approximate shower kernel.


