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Our good in this course is to build a consistent

relativistic quantum theory ; we have argued that

the starting point must be a theory that
treats

* & t on sour footing -> demote to

a label & use "FELD" or Quantum Operators(a)

Now that we have studied and clarified Poinzie

goop , we finally have all ingredients to build

such a theory

TWO MAIN QUESTIONS

1. How do we build a CLASSICAL RELATIVISTIC

field theory

2. How do we quantize it and make contact

with Hilbert space
& one-particle states of

studied in general before ?
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To answer question 1 .
we need to learn how

to write a theory starting from fields. The

idea is very simple : we generalizerange

&HAMILTON Formulation of Clonical Mechanics

CLASSICAL Y dynamical voidles ore,
MECHANICS and label is t

(or E
, in Hamiltonian Language)

QQUANTUM) dynamical variables are fields(x)
F & and labels XM

Consider then a mechanical system made of N dofs
described by coordinates gi(t) = 9 full set

Lagrang an (19
,
9) where gi= 1, ..., N

Is all... etc
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Unaly (but not only) (19
,
%)= [mig-V(a)

↑

Knelic Enagy [
Potential

We then define the ACTION

S = (dt ((q(t) , q(t)

Action principle states that clonical trajectory

starting at gi = q(ti) and ending of 97 = 947)

Is

anorof theaction wh Here
bonda

· (19 ,
9) =
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=Stati
- It /gi+ 59] itby
=St-rail

↑! 59i = 0 &tile

"boundary term
"

EVER-LAGRANGE

-R Vi
EQUATIONS

From here
, pi = ot conjugate momenta

HAMITONIAN H(91 ,Pr) = [pige-((9i , 92,9:))
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the power of this Formalism is its generality

=> In a FELD THEORY gi(t) -f(x)

fields Pick could be gilt - Optix
anything

=> we are ultimately interested in relativistic

theory , no we will consider Pick scr 2
Spint ISPIN 1

For Example : Pi(X) = Au(X) Electromagnetic Field

but in general Imolhindex
,
not only Lorentz
-

=> the fimalism is gaend , whatever

symmetries you might wantHoimpose

AGRANGIAN (DENSITY) 2(bics ,Oue(

= Action S' = Jax 2/ti , Grd . (
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We will limit ourselves to 2 depending on

FINITE NUMBER Of DERIVATIVES =) Local theory

As we wast the theory to be Poincare invariant

we will use our knowledge of Gentz IRREPS.

to build inveient combinations of Fi, Juli

Tremember , all fields transform trivially under translations]

Enowwe DoNotEditor ts
the integral IS Wally taken on RulL infinite-

SPACE-TIME and we require the physical boundary
condition that all pick) go

to zero at infinity

NOT NECESSARY
,
We can also Fix Finite region R
-

with boundary &R and allow 2/Pi
, Outi, ** (

↑
explicit dependence
on the coordinates

= Would be like explicit time dependence in CLASSICAL MECHANISC



In this set up ,
let us consider now some infinitesimal

transformation of Coordinates XM & fields Pi(x)
Y = x= x+ G [X]

[
& q(x)-(x) = P(x)+a

↓.F I might mix the fields

saue order 14 non-trivia way

&Fi gives onlyFunctional variation since tick)

and Picxs are evaluated atcame point !

As we have already new , the to avoiation will be

f(x) - f(x) = G(x)) - Pi(x)) + Pi(x) -Pi(x)
-

Abi =Fi(p(x)] + Out · EXM

T
to first order
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the action then truslims o

&S =S&(P indi , x) d - Salt
,
anti

,

xrldix
R

R

My = J . dx => J = det[
here used

I
= det [02 +OnXin]det[1+ EA] =

1 + [Tr[A] +OLE")
= 1 + Gr

to first
is = f(02 + 25]d'x order !

R

22=Fi
-

changing bi at fixed X

what is [Inti] = In Opi = OnFi

because X kept fixed! 8



so the two derivatives in & . &XM recombine to give

=/Fifi + i(2x)]
y

I It total
divergence

①=Iff
-i) .Fi

55 = ((-irtil)] Ofidx

+) + zox)
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Now as we are considering S' on region R ,
&R

⑮ Up Goss theorem to

rewrite second term of

&R dry surface integral

iS = -inti))] Ofidx

+ ( + 30x]d
OR

=> If we assume GM & &Fi Zero on Boundary Op

then second term drops ; then imposing that

ACTION IS STATIONARY &S = O give

#- Eve
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EER-CACRANGE EQs
.

=> Equations of Motion of Di

Note that
, if we had considered a Different L

2 = 2 + &k
Adding aTotal Derivative

this either does not change the Action if

#M - 0 at boundary , or
it only changes it

by a constant term

S= S2'dx = S + Const

-> JS = &S so Eg . of Motion are

not changed !

We will see examples of field theris and

the corresponding equations of motion soon.

Before going there
,
we can extract more i fo from

& S = 0 by changing our point of view.
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Interpret transformation

Xut x= X+ G [X]

S (x)p(x) = q(x) + c(p(x]
* as a "variation" with fixed &X &Fi

on the boundary &R to fund stationary point of S

but instead a SYMMETRY TRANSFORMATION OnOs
-
-

our system > reparametization conduates & fields

which LNES THE ACTION INVARIANT

The main femula (# ) does not change but

1
.
R is generic region with JFn

,
OX" O
-

on OR !

2. We Impose &S = 0
,

1 . e. theory does
-

not change , transformation Is SYMMETRY
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In this lose
,
let us rewrite the "boundary integral"

adding and subtractingCori] ech thee

is =-

/variation of Pic!

-larti
um

Ou

where we define the ENERGY-Momentum tensor

&=dudi-
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now if the transformation is given by a Lie Group

we can write in gener

*** (x Ea set of infinitesimal
parameters to parametrize

* ti = Gia (p ,04) continuous transformation

# Tvariation of a = 1, ..., N

FIELD

Now
,

let us ancome that fi(x) obeys Ever Lagrance

then requiring &S = 0 means

SloSia-OY) doe-I
i should be tre

to abitory Ea !

Define Ja Sia-Or Yo
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=> SJodi = o or using Gason

which should

SaliJ]dx = o be true for

only region R !

=> We find a Conserved Current Ja

For every infinitesimal Ea = Y generator

of the group that is a symmetry of S!

OuJa = 0

For each Jadefne Da = ) Jade
2

whereI is any space-like curface

typically we choose t = const => E = 3-dim V
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Q = /Top now notice that usingIn
V

Si = [00 + [0:Jad

=DaTadpal
=o if iv + D

= de =o we find a Conserved CHARGE

for every symmetry of the action

this is the statementofOTHER THERE M

For every symmetry -> conserved quantity !
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Let's apply Noether to the special cases

1
. TSATIONS "=E"(x*ex+r)

total
venation ! YEAPi

= P(x + 2) - f(x) = 0

Call fields invariant ! )

they in our notation = Ba a = becomes

here a Minkowski

Gia = o Index

Physics how should of course be invoient , this
Is pat of POINCare' Invariance

then conserved current is

ja= Sia-Or Yo

= j = -ou ENERGY-MOMENTUM

tensor 17



Conserved Changes Pr =Joidx = -In

It turns out to be the n-momentum

of theret of fieldsf(x)

8i-arti

= &
08= -2

&j=
Just of in clonical mechanics Pi=
=> Conjugate Momentum Tidicx)
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↳ 88: -2
summed

=> H Hamiltonian DENSITY

and by intepaling H = Sat I total

energy

E Po so zeroth component

of conserved
charge es Energy !

then P = So, d = JOji d

must be 3-momentum by Lorentz covariance

=> only possible choice
, gren Po = E !

Of course this means that pM drays conserved

If I land then $) don't depend explicitly on x
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From its definition ,

the Energy-momentum tensor

does not seem obviouslysymmetric

&=dudi-

IMPORTANT : Its definition is not unique and

we can always make itsymmetric

gar + After =
Tur

with fiM --futr onhymmetric in

first two indices

=> InTrV= Gray Driftro
still conserved

Also PM= J(QMO + Oftor)d3x = does
to

a

20



because Stora ( fio
V V

Ihauss) = Sfiordri
where+ no fields !

=> fx fur mch that it Mr = Tvr

Canonical ENERGY Momentum Tensor

=> PM does not change !

A good reason to have a Symmetric TMV is Gene

Relativity ,
where Einstein Equations read

Rur-guR = -O Tur
↓ ↑ ↑

energy-mom feurRicki tensor metic

do cymmetric)
= Symm !
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2
. CORENTR TRANSFORMATIONS

Remember fo XM an infinitesimal Creutz trouf reads

= Xm= - (SX

with [ScJ = i(gro-Egyr)

Y = X + + we (dXu - Gx]

to going
back to our notation

*** (x

Adi = Gia(p ,04)

=>a= we ; Yot(t-X]

Gia instead dependsone of Felds !
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remember
,
this is total variation and we had

SCALAR : Ap = f(x) - p(x) zo

WEYL 1 : Alt = Not =Eth

VECTOR : Av = Av= - wyrgirya ur
↑

some orfe XM !
etc etc

Take core of SALARFIELD for simplicity
,
then

covered curent is (using TMV fo OMV

ja=Sia-Or Yo

24 = -TY(Xu - Jux]
↑

& = double index in this case
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% = -[TYXr-Tox]

from here it's obvious that

Inter = -- Tigo-ty
- TY9gr] (using OrTh=0)

= +E(Try -Tyr] = 0 thanks
To

a

Indeed
,
the zeroth componentJo is

proportional to

2 = - [Tivo - Tix
,] orgula mom.

density of $

ANGUAR MOM
Mar = ((TorXM-TopXr)dx generator of

Geutz !
Mur = 0 forNorther ! (notice order

M> v S 24


