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We are now ready to study theCounts and

Poincare groups & ALGEBRAS from a more general point

of view -> the goal will be to clarify all
FINITE & INFINITE DIMENSIONAL REPRESENTATIONS

↓ I
the first we will use to construct FELD THEORIES

that have the right coraient properties under

Lorentz /& Poincare (

↓
the second will allow us to define
"One particle states" on the Hiebent

space of the QUANTIZED Version

of the theory

In previous Lecture we have seen thatSoth
,
3)

is generated by 3 rotations
=

6 parameters
3 boosts A= + w"

T



Wur imfritesimal parameters
=> 674 antisymmetric matrix (6 independent

entries ! (

If we label the Cerfettors Jav = -Jum

then the ExPONENTIAL MAP Implies that we can

write on arbitrary Lorentz transformation or

↳ is for
A = e-wurjMV =) double-counting

due to WMV = -Win

Now we would like to determine the commutation

relations among the YMV in order to determine

the Lie Algebra of the Group & study its representations.

=> the usual way to
determine the Lie Algebra

↳ through on Explicit representation (typically,
boosta rotations acting an 4-d rectors]
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Consider a rector VM
; we

know Lorentz octs

or VM-AVV

now how do we go from ABSTRACT 1 = eWorja
to this specific representation ?

Infinitesimally A =
di + Wh implies

=> V? 1VV - Vi = wovr

then whatore the [JMJ's ech that

(le-Werbury a - (f)vr = wivw ?

THEY WILL REPRESENT SPIN =S Cll them (SMV) = [r"-
-

expanding for wall war
we get I want to

Keep jMu

FOR ABSTRACT

- EWT] VO = wis vo GENERATORS !
-

=> ↳warTsurg =
Iw's
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=> War (Sp = :(gN95]Wu
I using outisymmetry Wer

=grejgvj] War

so we find the Vector representation of the

Lorentz generators

[Jury = [Savy = i (geo-gijr)

From here
,
we can compute explicitly the

commutation relations , which can they be lifted

to be true fr ABSTRACT LIE GROUP
-

SM - JMV Abstract generator

[ja, jerj = :(grejar-gue jVU-gvU yu gorje)
In this form ,

it's not really informative
E



- we know actually that an -rectors these

generators should Somehow correspond to

ROTATIONS + BOOSTS

to see this
,

let's rearrange
the generators of :

Li zij zin ; Hi

where Eise is Levi-Guita in 3-dimentous

Ev3 = 1
, fully Antisymmetric

2
:
& H
:

ore now both 3-d rectors

for
" it's obvious

,
fe L"do Lorentz :

↳"-t giie piepem zem
where I used

die_ Rie

now remember
Rs0(3)

Rinsepbm grem-gilt
under proper rotation (no PARITY ! ( S



Use RT = Rto wate

(ReripyRingiersmanem- (R+y(-Ship
↓B= RT

pin gars - psupbs is

rename r= l
,
s = m

,
n = j Conly in RHS)

Rijjem - gir pie plm

s-I sisk piephem yem

= Rij siem jem = Rijjj

trousfirms as a rector under rotations

Las long or detR = 1 (

of you specialize commutation relations you get

easily :
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[ , 75] = i gism In SV(2) Lie Algebra

[L" , k5] = i 34k
*

E *
"
is a vector

[k" , ki] = -
igi(k

there commutation relations are more "readable"

than the previous ones ; if we choose these

generators , then a Lorentz transf . In the

Vector representation will be

(:[ + im]
N = e

where the signsore
conventional. Explicitly you

can go from the previous War -> Simpl of

gi eiwit ; i w
which correspond to ACTIVE ROTATION :

· Oso : we rotate a point counterclockwise of O

· mso : we
boost a police giving it velocity +

o
7



resesofESets
properties close to the IDENTITY => WALLY

-

Global structure of group Cannot be derived from it!
=

Why Algebra & not group ? => Reps . of Algebra give

reps of UNIVERSAL COVERINGWHAT MATTERS In QM!
-

Example So(s) ~ SU(z) come algebra-

but GLOBALLY different groups !

in 50(3) a 2it rotation must take us back

to where we started from

In SU(2) there are spint > eith = -1

For G = 2T

the spirt representationsore Not representations

of the Group 50(3) because they do not respect

its global properties (422it not infinitesimal)
g



When we study angular momentum in QM

we consider SU(2)
,
not 50(3) => Full

SPINOR ALGEBRA including spirt representations

·Physics pointof new =) If wore fundo
trusfoms of of &CE1)4 , physical

predictions are not impacted because only

1412 matter !

· Maths point of new= a state in QM is

a RAY In the HILBERT SPACE 143we'd14]

Y symmetry group G ,
we can allow for guierd

PROJECTIVE REPRESENTATIONS

V gr,g2E ; Drlgn) Dr(ga) = e21992) Dr(g,92)
IS ALLOWED F
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Now
,
it turns out that the general projective

representations of 50(3) one in 1-1 correspondence
with the PROPER (true) representations for

ITS UNIVERSAL COVERING GROUP SU(2

=> this is tre bonyconnected Lie Group !

In the special case of SU(2) = DOUBLE cover of
sa3)

this means that either we study projective reps

in S013]
,
or (simpler) we study STANDARD

REPS in SOCI) !

Sole) Algebra : [Li
,
Li] = isisk ye

Casimir 22 =
[2
; (14) =

fle+1) 14]

I labels the REDrept. Xe (z(4) =m14]
-

- Im se ; 21+1 states ;
l = 0, 1" " 10



the FUNDAMENTAL Repr . is the SPIN t

l = 1 m =h
,
ty Dimension 2

typically we chooseL"MATRE

v= (b) ; r
=
= (i) ; r= (i)

Eri , rig =edii
All other representations can be obtained

by combining spin I representations through

usual ANGULAR Momentum Sum RULES

m= +1

2 I = 0 1
Y

SINGLET C= 0mn
m = 0 (4 -)/v2 11



Now let's go
back to so21

,
3) and its algebra.

We know that

[
,
257 = i gism in

[L" , k5] = i 3
:24h

[k" , ki] = -
igi(k

Let us them define A Like
two COMPLEX lined &combinations of L, 1 Br=it

it's then
easy

to see that

[A"
,
A5] = i15 An we or left

with whatI [Bi , Bj] =i zu looks like

[A"
,
Bij = o

2 copies of
50(2) !
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often it is the said at the ALGEBRA level

20
+

(1
,
3) ~ So(z)# SU(z)

↑ fr Algebra e not !

this statement is not precise even at the

Algebra level .
The point is that the generates

of suczs can be chosen or HERMITIAN even fr

finite dim representations (S0(2) is compact
!)

In FACT (subtle point) imagine you have
come

unitary representation of Greetz (not finite dim!

ther Lit = (i ; kit ki

On the other hand A
,
B" are such that

Hist_it i I
A
i & B1

.

o NOT

HERMIRAN(i)+= Meet : A So its not really
Su(z)
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(Ai)t = Bi , (1)
+
= Ai called reality CONDITION

-

With this reality condition , the algebra is actually

the one of SL(2
,
4) = (geMaxz() ; detg : 13

the only difference between SL(2
,
4) and 50(2) is

the fact that SU(2) Is COMPACT
,
SL(2

,
() is not !

= if we complexity So(1,3) i. e, we
S

give up the really condition
,
then

5 o<1
,
3) ~ SL(2

,
4) SL(2

,
4)

an each SL12
,4) algebraically can be studied

exactly like suce) => so os PHYSICISTS
,

we

one happy tocay that

so
,
3) ~SulzsQSULz)

and we clarify the Finite Dir
,
IREPS of

Sot11
,
3) through two "spin-like" labels
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NOTE :

If instead the "boost generators" were outthermition

bit = -ki then (A)= Ai ; (Bi)
+= Bi

=> this is the S0(4) algebra CEndidean

rotation group
!)

And we can safely by So(() = Su(z)Sull)

both at group
ofolgesia level !

Back to Jo 11
,
3) we have then discovered :

1) All Finite reps of Lautz can be labelled

by two HALF-INTEGERS Cla
,
li)

2) the dimension ofreps (la , (B) is (9a+)(ep+1)

3) the generator of rotation subgroup is

5= + B = Ha
,
B) has states with "spin"

biblea-eal , ..., late 3
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Simplest cases :

* 10
,
0) representation - [ =0 ,

E = 0

this is the TRIVIAL SCALAR representation

] (2 ,0) ; 10 , 1) they have both dim = 2

↓Left-Handed
RightHouded representations

the objects transforming under them are called

(t) a

Left-handed Wege Spiris

(tm)
a

a a indices indicate two Different SPACES !

=> we will IGNore doed & undotted indices here !
-

take (t
,
0) > =E B = 0

=> 5 : A+:= +i(-5)=i
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(:[ + im]
recalling N = e

↓

i -> 124 : with

↑ = exp)-i_

similarly be to 10
,
1) 10

,

D =

=>I= ;
i =-i

AR = e(i
+)

=> note that both As & Ar are complex

L
,
R spinos trousfem In the sour way

under

rotations
,

& in opposite way under boosts !
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notice now that , since
22gij

= - (i)*

then 22152 = Ar

take their 224
*
= clearly

ri r@n4)
*

= 202524
-

where wereed 5:02 =1/
= Ar 1534)

so ifits Left-handed => Wit
*

Right-headed

the same is true with a forto "i"

Define I = 15
:4 CHARGE CONJUGATION
--

itafos ! there complex conjugating

142)
*

= -i).5242 = 4
15



= is+ multiply by - if
2

↑2 = -18t* =tr so for consistency
complexConj . Gets

(4) = 42 S E

on Im with opposite

sign !
(tr")" = 4

] (,) Vector representation

it has complex dimension n

the angular momentum
[=+B =>

12 -El - + < 2 + 5 => 1 = 10
, 1)

this is because a 4-vector v= (VO, i)

is ach that under 50(3) can be split

into VP = scolo
,
Spiro ;

V = rector
, spir I
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But how do we see the rector VM from

(4, (Erla)
,

with 42
,
3r independent ?

stat from tr = is ; Ec = -18 Be
+

and Define Su= (1
,

(i) ; (11
,
-r")

Now consider the two objects

Enjoy = VM
one can prove they

one controvaient

55544 =
We 4-vectors under Lorentz

↳
in gened , theyor Complex = but 1 REAL !
-

Impose a Lentz invorant reality condition
·
S

vot = vM wr
*
= Wu

=> real 4- vector representation

(need relation among the two ! )
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* (1
,
0) & 10

,
1) correspond each to on

outisymmetric tensor Amr (For example

prV Electromagnetic Field E , B,
6 Vectors ! ]
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