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First question : is the theory renormalizabe ?

。 exA 4 → @] = 0 dimensionless !

interaction must have Ai = o

· propagors-sto

m=vic(gurelh-s) ) ~ 汞
()

In Lecture 20 we wrote fr gened propagator

AFf (p ) →p
→∞ 그

PHOTON

P(r
}^-sf

→
St = 0

_

S = 는 F

With this SuperFICIAL Degree of Div

ω(γ) = D 一条 ( 号-i+s£) - 各ViDi

Ai = D - ai 一寺 nif (号
- 7 + st )

ㅓ



to in D = G we fud [Qi = o No Derivates !]

Ai - e 一寺 nif ( l+ st ) onlgIventex n.

AG44γ= 4 -2 ( + 主)-
∞

2 femious
1 photon with sf = 0

! withsf한

4 - 3 - 1 = 0 Diy = O

note that it is nucid thatCp)re
In monve theories [manive "photon"] one would

fud Huvep) =前。
1.go + 器 )で

T

Mon of Boson

so this has st = 1 AF4Am = h-3-2 = -1 !
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theories with massive bosons are typically
NON-REVORMALIZABE => Standard Model has

two massive bosons Z
,

WF
,

but their

masses are generated by SPONTANEOUS SYMMETRY

BREAKING which guarantees renamelizability !
=> 't Hooft-Veltman 172

Nobel Prize in '99

=> Back to RED
,

we expect itshould

be renormalizable ' NOTICE : It LOMAM)
=>[ AM) = CFMVFr ] = 4 [S] = 0 !

so let's use renormalized perturbation theory

。 (+) = 原 ψ(+) A。 "(+ ) :ES AM (+ )

mo = Zm m to : Zee

what about 5? For now 50 : Eg3
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2= - FMfur -g(Ark + F(id -m +eA)4

光( 然uF- ()
~

53

+選 れ id4 _
( Z0zm - 1 ) m44
_

¤
δm includes "m"

+ (Zele 4 A4 Typically !

δ e

= 丈 せ L 0 .+
.

" 에 ZI =ZeEitzi
ー contentems ม 1

We said that I should Contain ALC

Terms consistent with symmetries : should

& add extra tams ?

ArAl LGAv) AnAv A"A An Av

⇒ consistent with Corentz But they

VIOLATE GauGe invariance ! no No ! 4



If everything works out
,

this would mean that

G-photon interaction 3 N should be UV-fileㄇ
√ 로

without needing on extra counter tem C AMAYAnAu
etc …

Im which schere do we detamine Zi ?

= ITS used fr high-energy Mut
= be "low energy" more oftenHELL

Let's then renormalize in on-shell scheme
ー

Which Guer functions can be Divergent ?

START FROM :

Used Di = 0

D = 4

ω (g) = 4 - * 마+ ( r +sf) { Ef external lines
of type f
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WCJJ [SUP . DEGREE OF DIV J

m⑪Im a- 2 lhto] = 2 DIV
.

< Pow .)

ー⑨ ー 4 -2t に -3 = 1 QN

CPOw

~⑭ n - 2(e +() -
1(n+0) =

0 eN

chom
.
)

남⑪갈 u - a[ ito } = 0
g )

FINITE

:Om 4 - 2 [nt.] - 2 [ 1 +*] = - 1
ー

eto

higher points Elite

this is RAY DIV ACCOWED =- grophs could

be LESS DIVERGENT (it's the cose in RED ! )
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QUESTION :What about 1-point functions ?

→⑭ = 0 ~

~ (iv) = 0 ~ CRIAmim) = o

violates
Im geundl I2L Poincise Invoient

[rId(Im) = (rid(oIr) translation

Invasion ce

E tre X foeld !

now Colfloblm) most be a constant

and must be zer (U(),

voruum !

siameterotherwise 4-edy would daye of

< rlAM(X)/m) = (MIAto) (r) = 0

Are not gage inveient
,

its VEU wald dow
!
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so we stat withIwo-pointFunction

-D-
to determine E2 & Zm

p

↑ wore function
↑
men

renam.

BARE TWO-POINT FUNCTION :

Solp) = Ja eiPY (rITh(Gologia)

K .L
。
-> z + "no poles

gives p2sm로

↑
physical
on-shell

511 keV "physical" electron
mass

mals

os in scalar cose
,

we can "reeum" API

contributions = compute it and match to KL
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m- =- + -⑫- + -D-D- +....

∞

-if(p,m)

matexin spinor space SELF-ENERaY
ー

=前 +前 - iElpm ) )前 さ …

=mimp m㎡

↑

ON-SHELL REN

SCHEM

pole of pemi
residue = 1

=>It's common to wate

2(p ,
m) = m[

,
(p,
m)1) + &(p,m)4

or = [n(p,
m)m + [2(p ,

m) <-m)
a



2
,
Ev or 21

,
22 Ore SALAR "FORM FACTORS"

=> Es, 22 convenient forenarmalization !

⑪--Tm-Epm)
-im)- [nlp,m) m

wote [ilp = [i(p,m)lpemi

221p,m) = =2alpIm 2 + -Im &21Cp,Allen/-m

immelpena)- mSa/p=mz
∅



then if we require

> Ʃ1 IpEmz = o
to avoid extra pole

l
reides

=2 /p=mz + 2m2 @/peme = 0
For

。 前 (。

End Ea computed un Ren PerT Theory

=> contain countertems & allow us to fr them

let's do this of one loop

1-
iE( pm)- ←θ - ip - iin}

COUNTERTERM

어



we have :

p 7e2) (PR voU
= e 'f装 γ“扉 m

% 品

+erlu[ 中 _ 4 u tiozb第
garge !

ADD BACK LATER

= result is not gorge invoient
、

From here
,

notice that if we define :

Ʃ= Ʃsm tEv p
Ʃs= 2

、
-22

=(m + 2z(p -m) theu {략
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= de contributes to Ev only !

Im contributes to Is only !

Tr[ E ]
=

5。 Esm ++r (p) Ʃ 。

π

+ r [p1 E ] =
P >

E
。F + EsmTl
π

Tr [EJ = am 2 s
We need

to compute
Tr(p[] = < p

*
Zv ㅣ some

traces :

= [n =t Trlp ]

2s =tTr(]
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so we need voious traces [q = p+x]

⑦ Tr[u(q+m) Un] = m Tr [UUr]

= MD TREI] = GmD

② Tr (104(+m) Xm] = Tr[PUMAUn]

urs ur9Um = 2-D)/ in D-dimensons !

SUY, UV) = ·eger => &Mr = =D!

=> Tr( ¢8"yUr] = ( -D) TrCyq] = h(2-D)p . q

etc if we want also 5-dependence

and potting everything together , often

Me dust settees [ADDING BACK COUNTERTERMS]
G



-
iƩ
v = -望永区 -D) ()Bub. Td Js ti δz

-Es = -e-1 +3) Bob-inolmedinse
Tod=δpm=δ

Bub = Sathpl=m2) ;
wehnow

TADPOLE

Tad = CCE )( 立 はt … ) with

C@ ClE ) = )( PCA+E)( 最器 )
“

µ=装 µ

what about bubble ? Computing it in

-> SAME normalization
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Bob = 前CCε) ( を tなゃ (最、 -aJa(- 器 )り

findly , introducing 2 fine structure const

and putting everything together

Ʃ= )法一℃一 μ( -器)] - “

2s =急) (躍なに+s ) +B+s)器µに品 |+器
on-shell limit gives

m Ʃ。 =)法 [ 当- 2| - →z

lve [s()( + 4 +45)+



resbub

2 = Zu + Es ; 22 = Zu

lime [ = ()( + 2(2+3)] -
2 +m

p23m
㎡

ON-SHELL CONDITIONS were

☆ |
p
於m

㎡
= o

to avoid extra pole

1=2 /p=mz + 2m2 @/pms = 0

First condition is easy

δα - =)たいt ち ) ]
second PROBLEMATIC

DIVERGENT

㎡品 1
㎡=

) (- 3+25 _Logf %-器) 1sts)]
ㅋ



we encounter on IR-divergence => If one
recomputes & directly of pem2 before

㎡

expanding in "E"
,

one would fud on extra
p

ON-SHELL electron were function renimsIRDIV

We can by pen the problem if we renormalize

instead in IS => there we only want

the countertems to remove divergences !

POLES [UV ! ]

POES

Ʃ。 =( ) ]- . ㅣ
=

pot) (3] รี: --

= countethms ore 3 dependent
18



note that

02 = 122-1) ;
im = !ZeZm-1) m

E2=leδ z = -剥喜

Zm = ( + 崎) にに 剥 “
↑

Em gouge independent
⇐

DEPENDENCE on 3

Cancels out
↳ actually true to

Ol orders !

the election warefunction renomazation constant

becomes IR-dvergent=> manifestation of
MASSLESS PHOTONS -> issue with standard (SZ !

In practice ,

when computing S-matex elements

In RED We AMPOTATE and just muchply
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by (ER)
*

fo each electron
,

in the ren , scheme

we are using [R] = this UV polesabsorbsabsorbs

but we are left in gard with IR poles

=) they only goaway once we compute

physica observables of cross-sections

[see AQFT course next semester J

Remember For GREEN FUNCTION renormaltation IS

cinn beos Po =E

but once I AMPOTATE I remove externa propagators

" D .
G' - D ; )만O Amputated

… =⑫)
"

T.i学
b

ㄻ



but how do propagators renamelize ?

Do (p) = EAr
Cp

)![ ' t
'spointfuruction]

so be consistency

Go
"

= . (A; ) To " =⑫
)

"TiAr ?(n)

=医 )
”

当( )
"

. Ai TR
'" )

comparing 2nd & 6th expression

o
'
=歳) Tr

"
⇒ 「n
"

=()
"

↑
o

"

opport AsFor SB1

to renorm AMP
. G wo Muchy by E !

러



Let's continue
,
what about E3

,
Es ?

= they can be extracted from mm

m=
in

" tm enOnOnna

넘

t …

= ( -guveliu-s) ]+ 々( -gneeh-9)) 。

“ [ iMerlp )] 前々 ( -grotr_3)答 ) …

ー

API

computed In ven · perturbation theory

Loreutz Covariance requires

#p u(p) = (p2grv -Pmpr)TT(p2) + PmPuTTz(p2)
2



one can prove that in a gend gongs theory

C even based on SUIN) non-obelian group I

Tz(pE) = 0 to ALL ORDERS ⇒ Proved it with

a WARD IDENTITY =) 1P1 Tpr(p) must be
TRAN SVEeSE !

If that's the case
,

we can resum series and write

“⑲= 厳 ( 6gw + 答)前5 答]
↑

this implies no conection

{ to gongethmδs :0 no ren needed !
_

ittip) = mOn +e
+ higher loops

Countentm = -its (grup2 - pMpV)
From Logangon ! 23



In this case
,

on-shell scheme defined by

TT(p2-0 = 0 ench that when peso

u⑲m → ε [-80otu-3) ‰ ] ←

Fus
^1

pole af peo four photon man my = o !

Of course
,

I can oo compute do (and Es) in is

as before

Fermion loop
n-P

nOn = cep (-))σ|↑器 : “叫
과

- ids [gmvp2 -pmpu] = iTtor(p)

2ム



utgal becomes iπTMV =

-er fa-1 m2 Tr(Ur (4+h) 0
-

(y -y +m))

Tr() =ygnv (m2 - r+ k .p) + 4(2urkV - KMpV-rpm]

now let's wee again a PROJECTION TRICK :

야

TTMV = (p'gmo - pmpv)it(p) + pmpV iTulp)

then

govTThV= (D -1) p2π(p) + p2πtz(p)

PePutar = (p4z(p) = Tz(p)=P

guvTThr-PrpuTTaV = D - 1) p2 πT(p)
π
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*

Tz(p) = PP TaVCp)
vst to ore

HzCp) = 0 @ l loop

πT(p) =pctp(9mv - P-PV) πM(p)

HIP) に 飛ef 器cupr-n)( p '(-'-_ up)

+
2(pp]

enbstilte 4

up = im)in / square
bracket

品
。 (P ㎡(- Dr - 呈 +气一 ) + 当(DieDi +r 2D

、D2

+(p
2 D,

- 2piPz)]
㉖



“一 。f ” [%
(

最 +高 )+ 隊をき
^

Tnieing 1혜머

k-k+p i4 first !

=一。” ( -最品← ]

ㅣ {= fm .u→- htp

=f
,“P=千器

= 一 )。 手》[ - 器 ← 器 ]now=>

2Z



kI_㎥

tp
2

_
2h- p
_f磁=装㎡

器答に器
= ↓

SAELESS-O Symmetry R+ -rI

which proves thatTTz(p)
= 0 ofshop !

have operations on TTCp2) gre

でT(p )=飛唱い 一7
pt ]"

↑ ↑

! remetatietf Tadpole Bubble

= - i() (缘一条一号 (e 器 )Acp]
Ost of Babee
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Adding back the countertem we get :

iTripに 急 () を 計計(1 月Alpy]- i δz

=- ) renormalization
Zz

=U
- 急( ) 参 を

while is burt piso [ON-SHELL SCHErE]

ACp ' ) =
S

.dr la ( e _ 路+(^ - +) →一器to(

で TCP:;0 ) = i り({]- i δz

EXACT to 05%!

⇒ δ0
"=

… 습( ) 높호 os well !

29
∠



we miss one lost renosmalization constant ze

=> drage Venormalization [beta function]
We determine it from next divergent Green funct :

巡 : Amputated & renormalized

P,

wn
I
I题 e~

e
=

ar Pr
\

기

↓vrt
naeoree its

-
Field renormalization (

[ }= 1e icpulfur +
↑m),

+ defu) u(p))
ㅜ
renormalised pat theory o countentum !

㉚



remember : this is equident to computing BARE

Green function , amputating ,
and renamelizing

multiplicadvely : VEsZ2 ito(p1)(8+ pe,]u(P2)

=> reepiering to
,

mo in thms of er, mr ,
etc

for we say something more about Es, Ze ?

WARD IDENMITY !

Remember
,

we defined

。 (+) = 原 ψ(+) A
。

"
(+) = E 3AM( )

mo = Zm m to : Zee

Ei = ZeEzEsz

them what does the WARD ID imply ?
거



WARD IDENTITY fr 3-point function reads

~M( , pa=-

consider what happens whenR to [SOFT PHOTON]

GIu ,p ,9 ) →
G'
(o

,
p

, p )

5r"(p+h) -> JE(p) + bu0pth(n-o* "

So WARD ID becomes

。
[

a "Garn楽
',

^lo ,pip ) =
knO5

答

]

=⇒Gann
(s,^
(o ,

P
,p )

=5lu
= 0

2



so we learn that

1. thanks to WARD ID 3-point function
in soft hiid is fully determined by Derivative

of 2-paint function !

I woul like to interpret this as real

AMPUTATED gree fruction => need to add

electric charge u = iepe not just ipn !

Gaon
"

,
"

co ,
p
,ip )

=,
℃
器

ln
= o

here there To Compensate !
was a real

photon ! some number of e Left
and Right !

now let's renormalize =>
33



ZzZ'ZeGaup'
µlo
,Pip ) =
Finite

but없 .

=05 ' =2
.85

M OhM

only prefectir eysugh!

=> En Gauns"
=

most
this means ZsZe = Finite = 1

so Ze =

+

幔
;Zに

so charge renamelization
is not independent !

at 1 loop ,
in Ms

Ze5 [-() 参 +話を
3a



From here we can get the RED B function

MedGirl = ·1

⇒ 없, =
이20 = Zeps a.

video - · following some steps as In ph

bot Zs
→ Ze }

2
= Eahs

Some we use Goez!

ze }三 ns =^+)号当 = zus

βαに (客 α℃µ) quadratic in C !
would be cubia in e !
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all identical to ph ir

21 µr 1 に)
' µ( 最袋 )

競
210) = 17 fre structure constant

QED has a LANDAU POLE = ill defied in

UV 용
6


