
Reormelization 3 :

the renormalization "group"



We have seen how renamelization works in

↓ scalar theories
.

One important observation we

can make is that REVORMALIZED RESULTS depend

on new "MASS-SAES"A cut off

or re
in diM DeG

these new scales have also some peculiar effect

Go backto for example ; in IT

Gansea )-- itns ( esnn5( - 3 µ()-As-A(ti-tluy' )]
where

A(s ) = {
.

t
µ ( a- 品 n、}品、^

*oµ - 品]

AC+) -
µ (-‰) Alu ) = G(品)

.



So theamplitude becomes

:M ~-it(1+(()+ h-) +m-))]
where tris = fu) depends on u1
this means that next order at(m) - h)-)
[when mito]

witeh
9

= hs
,

t
,

u }

= what about
u ? depending on the value

I choose
,
I might get a very large log !

soy u= m2 = h)-1
such that tho1

We say PertURDATION THEORY BREAKS Down !

Next-to-Leading Order is or big as leading order !
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on the other hand
,

if we door u'rs
theu d1 -前表品 ( 〜 1⇒
=> perturbation theory they makes sense

,
but

we should makewre that Ins =1)
is still l if Mars)

So we nee to compute theScleDependence of

↓ Land possibly of other poemeths ! ]

to do that
,

we go back
to bare to

to most bele-independent

.
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But remember from Lecture 19 we dified

to = Zutr
T use i to land on R=ITS

there play, +CM) = Middle and2 ↑

M-Indepall = M Everywhere

=μ㎡{ ε )"z
+)1% -当p µ

1
。

9

器 ]
_

st (u )

= -
cICµ ) 一率

f '
µ

m µrdn
FINITE ASDEFNEB(A) Beta function ; ε→ 0 4



so we get a differential equation fe tip)

Mattal = PC => #1 = ·tr
this is what we call a RENORMALIZATION GROUP

EQUATION

f(pz)

Formal solution is h()
If we know B-function ,

we ca compute how

A changes from fr - M

Take our Z = 1+ +O

β(t ) = -ε-llµ ) 一
5
k
µ
)
µ rd →

5



βC1J= 、Et-[ 結よ 」 話収
_
ㄴ

→
iterate

, keeping
01+2) again !ㅣ because this starts ot off)

pan
and our current Z is only valib to O (1) !

= -
ε1 - _( n_ 疑 ) 十話(

- εt + … )

= - ε-1 ←-122 t O (
13 )

The pl) = =+(u) = pot
ㄴ

this first coefficient

usually called Bo
=
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So now we can go
back to

ren-group equation

背 = 琵
⇒本器に 」

they
Both

= [Frns Trzs] or

µ
)=

表 ) -0ob( )

running

=> Hmal=potu(e) Epeins
constant

greu value of Mr -> get Value of M2 !

[in is scheme ! I
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Afu) is not the only paramete that "Ruws"

= we have seem that also Mrs() !

Let's compute running of mas

mo = Zumis) - remember we wrote

m=

m
㎡+δm ㎡= Zma)?

relation between
gree

the two

then similarly in
ths

redmo = ·

⇒μ㎡‰(感歳篆n
m(r) ms

rmot )

for pits () depend on m? no in its because

k +> 0, no mass ! 8



so we have Mms = m(x)

d) =

d 器 γu

( 卡γ
m4)

m()

Using p(t)
we make all

dependent ont only !

→µ(… ] =
f

”哭
toun)

which gives running of mos its

δ㎡=㎡ 高 tOlt ^
)ie44 theu

Es
=

A f x 회suchthat

Z5mus= Misezmas是 ?
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Esmus)" =Mis←Mins ito (tz )

γ m(t) =_[
r

+赤前
#= pot

= -(r -定 ) -ttouy) [品新

= ++:+ ① (H
2)

µl器 ]= 、
“

喜

哉吉(]
+unl

1∅



= (pol

m(p) = mimal(1 +f .e() ... ]
ī

eoch extra power of ㅢ

comes withh
= If log() I then this expension

makes no sense > on the otben hand,

9 ㉔ RESUMS ALLTHESE LOGS THROUG

dependence on renormalized coupling (r)

[器= ]
” “

어



Now what does the scale dependence +()
tell us about the theory ?

= Depending on howf evolves
,

we have

offerent possibilities -> determined by

the slanof po

take the case we just computed

spal = Polsun) µ (器) o =歳2
20

note that in this resultaf LEADING LOGs are

accounted for 20 the (2) doest have

to be small !

We could fx Mr
= m

M2 = is with Sama !
no problem !

a



we see that theIncreases withMy and

dranges at Mr = Ap such that

1- Both o An = M
.explai

App is called Landau POL
_

Acp is

EXPONENTIALLY

LARGE If (Ma
is "small" of닮

M
Low energies

for this conclusion to hold
,
t(p) needs to

be small bo + (M ,
me) => so what

really happens close to NLP is unclear and

beyond perturbation thery

=> If true , theory ILL-DEFINED despite REVORMALEADE!
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notice that in this cose BH) grows
with t

since - gous

withM ,
thisガ means that

B gavs with u

- at to

βCle ) = 0

RUNNING STOPS

1t =0 called

"tiria IR Fixedf
,"

歩

r
lom,

Point "

ㅛ

ー Trivia because B =0

u denearing 1 = 0
,

the theory
becomesE

π



·
What if so had opporte sign ? Bo so

Iµに。_imle.)感熟
I because SMALEer when he

increases

= TRIVIAL UV FIXED POINT B = 0

;
+ = 0

at large u !
this is phenomenon of

Asymptotic Freedom ! As in QCD

strong Interactions

* Con there be NON-TRIVIAL FIXED POINTS ?

we need BH) = 0 of + o

I5



There are two possibilities

1) UV Stable fixed Point (N . e .
when +d)

idea is that if I start from some range +- (t ,
12)

then when
M+ D

,

+ +1 with p(a) = 0

Irrespective of exact value of t in that interval

B30
, pao

Λ
ㅣ ut
l 닝

m= x

上:“ ㅣ wheH +o o

t -> 1*
,

because B

! change sign
ot 1

B function pulls +
*

es M
+ x

notedso that in deaving above
,
1=0 is on

IR trivia fixed-point a Mtop() to Ift

Also > behavior Bove "could" happen in " if
Loop corrections large enough => currently excluded 16



2] IR-stable non-trivid Fixel Point

。
↓ attracted to

FIXED POINT when

Mo Crepelled

when med]
pe
decreases

t = o is Frd ur fxed pairt
,

or Med

37 What if BH) 30 but Bw
B
Occase

⇒them 出]=+∞=µ [器]

then t = p is a UV fred point !

d¥



What if I have a theory with multiple li ?

# revormalizable : [ti) = Di = o=
We can generalize discussion and will get

M - &us tiCM) = =PiCI) = BY titr

coupled system of differential equations

then a FIXED PONT in space of I isa*

withB
.H)= o i

Fixed point cou be attractive or repulsive

In IR or UV
, depending on eigenvalues of

Linexited system I

だ= ( 品( THe- _t≠ )…
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Attractive im directions of NEGATIVE eigenvalves

& [o] = Aim
; Repulsive fn PositE eigean

EXAMPLE

Renormalization
Flouべ CUV fxed points]

fr increasing u

One could even have Cycle Behavior !

Now
,
what hopensof we add Dimensionful

couplings Non-revormalizable Theories

L = (%-)_中一…
t c .

t
。 9



· introduce dimensionlen couplings in D= 4

な= 築 ; to=- taCµ ' ;to =µ ' top) ete

there we get fr coupledystem of ven group eq .

Matti = piCE (
= 一o +Birtje + …

ㄴ

this determines

h
dependee

for small

= this comes from rescing we have made

-Ai

by [m] I to make them dimensionless !

it tells us thatf sull ti ; Firqui
⑳



now ASSUME

1. all In small enough that we can ver

pertorbation thery
2

.
Theoryvold to

mr
& very enge

↑E experimental energy .

thea 一受 ← …

⇒to.( µ
)
= ti( a)[ q]-

Aie

corrections

so formrenormalizable therries Di so

and Fi(p)1 for MNEN laccenible

evergies(

Low-Energy Phenomena desubed by renormaltable

theries ! operator with auch carplng Di In 전



= [0i] 4 (Dico) called Irrelevant

operators (interactions (

· For renormalizare theories Ai = o

[Oi] = 0 Marcinal e it rums with

second order ~Ol
2)

,
runs Scowly

· For (0i] 10 ; Diso
then

Film) becomes LARGE ot small MrECLA

Oi Called RELEVANT
,

the man term mip
2

milM) = ↑" FeCM) = &"FeCu) ~ OCMY

If mac12 it is expected there should

be either some SYMMETRY or FINE TUNING

= Problem with Higgs man ,
too small ?

22



Up to this point we considered evolution of caplings
and mosses

Bilt- µ
s Yuiti ㅣ

we have also a 24

fr each field define

8m(% に筑mi γ4) , =
.

아"

Umi called mass ANOMALOUS Dimensions

Ubj called field Anomalous DIMENSIONS

why these strange names ? to understand this,

let's consider now a generic n-point Green

function -inCpi ,mi , tj) in ven pert . theory

this will have some mas dimension
, say Da

3



So what happens if I rescole al pi - 2 pi ?

N()

& (2Pi
,
Mi, ti) E [2]Paynpi, m , ty

λ
Dimensional andlysis ?

= we FORGOT that In) depends also
on !

→ [2]
" q

@o

" (pi ,,i -li) 笑 )

and if Mr Pi ,

there we will produce

large legarithms hn[t] ~en(]f

2 is taken too large [G pi typical scoles]

=
con we write a renormalization group eg.

for the whole Y) to bing ?

자



As fr to,
mo

,
we use the feet that

~ In)
(Bare Green function] must be fe-Indep !o

Take simple case of IELD P
,
1

, Im,

ther :

ud[(pi,mip) ,
-1(m),m)] = 0

Yn bore written in termsㅣ
rer

of renamelized one !

B(4) Sm(f)m

no++ More&
+ 是冠] π(pi,m),t 1

%),n) = 0

5



to we can write

↳m"2 + BTS + Unit) mon + EUPHH" = ·
Called CALLAN-syManzle-GELL-mAnn-low

EQUATION

Now
imagine
I choosequ) , Esp) much that

they solve exactly R .
G .E . BIT) =2

Om (5 = 器飛

with some boundary value of
M

=Ma ; Hra) te

m(n1) =M1

Consider now F(M) := (pi, F(m), i (r),u)

so (H) evaluated dong trajectory [(r), in (m) 26



then by construction , clearly :

Mid FIMI = " +&&+&m
and we have then reabsorbed B & Um :

(2+ 是 γ 0( +(µ) ) } F ( µ ) = 0

↳ we already SOLVED RGEs fora & m !

whose solution is

FC
µ)

: Fluz )ep{ %、器 γe (ecr}

q
(

pi, m
µ,
t( m,µ )=Ʃ " "
l

.☆ 是一号品 。∵器rt }
2件



now go back to original equation :

G
('Yapi,m

」
1 ,
µ ) =②

Ja @”

lpri
,,tw) 崎 )

and ver solution of R .
G

. E in left-hand side

"isprime
,

ta
,
ma) e

*famUplti)

=②]
“@ 'lp~」、+

)」 告 )

and choose = 2M1 ;
then rename ur=r

land bing exp to R .
G . Side (

"Yap: , mind, tin', a) = =12/
* #ES#UPHILI

↓In p mar ,

Ha,

no ratio ! 28



Using re; dull = credit = -car
α

n号 g
”

器γ 4( tµl)= % γ e (t (r µ>)
Mi

we can finally write

& inCapi,miph ,
tir) ; e) SAME SALE (no large logs

_dnsptmnpmr,l,,= α e

how we have the come scole M Left & RIGHT

=> price
to pay ,

scaling becomes Anoracos

~DanUp
Anomalous dimension changes "noive dm-sadling" !
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take a 2 point function o EXAMPE
_
_

⑨"p, mini, thes, Mal Da = - 2

[lke scalar propagator ! ]

by calling p = g
& Scaling 9 + 29 ;

2=
we can read out from previous formula

Gl' cp ,men ),t(aliul= 5 ‰
[

{

, "2re(*n)]
× G
'

Cp, , t (aµ li µ )

then consider two cases

# I small
, Up = Gore .

B = Bot'+...

㉚



thee

↑l皆器器制
= p (a( 器)] = ()8

‰

such that

GYp
,min,
-
t
、 o '; µ )=告: (

)-
a
"

p響,l "r^;^)

La end no peo(

금거] .
(o ( +,

쁨 ))pundep
r

you change scaling of propagator as p-s 31



now imagine that the ren , group flow has a

non-trivia fixed point fr 2 + 0 ; + +1*

where SC
* ) = 0

,
so theory stops running

exp[[(UpHirmil) ~exp[aUpH*)
= [2]

γt(t→)

which also gives

G
'

Cp
,

m'
i
µ

)
,t"o \ ;

µ )。]~re(t*、
(ieo (y 岩))

↑
the FIELD Dimension

changes near fred part !

this also implies that a Fixed Point in the OV

may change behavior of propagators - It may make

a non-venorm theory => renormalizable ; this usually

requires a NON-PERTURBATIVE ANALYSIS ⑪ 32


