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In lost lechire we have seen that dealing with

FELDS as fundamental objects , is a posable

way
to write a theory that treats &t

In the very some way => relativistic covoiance

Is possible !

So our good now is to write a
Relativistic

Covaiat [Quantum) Field Theory .

We start

with "Quantum" in brackets
,
since we will

first see how to get such theories at the

Classical level
,

and then discuss their quartization.

the first step to get there ,

is to study

the Group of Transformations of SR ,

the Poincare

group ,
and understand botheyfon

FIELDS
-
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In Particular
,

we will start with the Lorentz

group ,
they consider the addition of translations

=> Poiner Group .

Our goo will be that

of writing a Poincare-invariant AGRANGIAN

to describe fields of different type.

We will then ask ourselves what does this

tell us about PARTICLES.

To understand symmetries In physics we need

Group Theory of especially teGroups ,

Let's
-

start with a quick recap

A Group is a set G
,

in which a multiplication

operation is defied ,
such that

1. a
,
b

,
ce (b) . c = a .(b . c)

2. JetG ; NatE e .a = a . e = a

3. fac ;7 ; a
.aaa = e
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A group is called ABELIAN if multiplication is

commutative- a
,
beG a .b = b . a

Otherwise it is NON ABELIAN

A LIE Group is a group G whose elements

depend in a smooth way (continuous
a differentiable (

on a set of real parameters 89 ,
a = 1, ... N

=> A Lie Group is abo a Differentiable

MANIFOLD

g = gl0% and e = g(0) by convention

A linea REPRESENTATION R of a group is

a way
to assign to each ge G a linear operator

Dr(g) on some rector space V such that
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1
.

Drie) = 1

2 . Dr (gn) Dr(ge) = Dr(g19a) X gr ,gzeS

3 . Dr(g) = (Dr(y)]'d YgzS

If V hos dimension I
, g is represented by

a nxnmatix [Dr(g)]ij

= the representation has then dimension in"

If ei is Basis of V the

ei = [Dr(g)]ji ej

In fact & + eV 4 : +its then

(rig)]+ = 4: (Dr(g)]ei = +:((g), i ej

= z(rigi]j4: ] ej
im

components of any vector

tousfem or expected !"



A representation R is FAITHFUL if Drign) = Dr (g2) - go= g2

A representation R11 said to be reducible if

7 a subspace of V
,

U C V
,

much that

- geU ,geG ; Drig)q U = U is an

INVARIANT SUBSPACE

I this is not the Case
,
the representation is called

IRREDUCIBE = no invariant subspaces !
-

A reducible representation can be written
,
with

asuitable choice of barn
,

as the direct sum

of irreducible representations

matrix su

block freBresgidig = LavalC
-

I each block

IKEEP
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we say do that
two representations R

,
R one

equivalent if FGEG - S investible such that

[Doilg)] = Se [DrIg)]S

=> switching between two equident representations

is like changing borin ei in V!

Now
,
since Lie Groups are smooth

,
and we anomed

that gl0% G ; glo) =e,

then for

Any representation Rf@1 we can write

Dr(g] = Dr(02) = 1 + igaT+ 0((094

the GENERATORSwith Tr = -iDalto of the group

Th SPAN the LIE ALGEBNt tangent space
to Lie group manifed at the

identityTANGENT

Space



note that the "i" is Conventional in Physics

One can they show that
, for from the identity,

this equation can be "resummed" and we can write

igata
EXPONENTIAL MAP

Dr(g(0)) = e
-

the "physics :
"

Is because in Q .
Mo

,

when we

study symmetries ,
we want the groups to

act on STATESIn a UNITARY way => Conserve

probabilities (DR = Dr(

With these Conventions Dr(g) UNITARY

=> To or HERMITAN

[tre)+=Tra

I G non ABELIAN
,
what can we say dout

(T2+b]= ?
-

=> take two different elements of the group
igata

Dr(gn) = e Dr(gz) = elBaTa
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of course we have

ig2T
Drig1) DrIgn) = Delgega) = ef

59592
, Ba

What can we say about 85(2 , B) ?

19th istrilate Toe e

because in gener Tra do not commute !

We can write though

log(eirtl = log)etiist(
=>If a are are al initesimal

,
the

igtin = log[(1 + 129Ti - 109Th%
"

+... (

(1 + ipTr - +(petr)"+... )]
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= log[1 + 1(e+39)Tre caba

I -TRT
+... ]

now we one log(+x) = X-+ o(x))

I
= i(dep)Tr-TrT(ap++ )

+Intr + 0,

~u

++ 293 + 2ba)TrTr

- ir+ 3) The-yeptaba
swapped a tb

In second term
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so finally we get

i[re-2a-be] Ther = -(TrTr]

or ↳renamedomy
2
=Bb [tr2 ,

Tr] = i/-2(5: 2 - 39] the index

this relation should hold for all values of 29
a

=> -218-2-B) = cabaab such that

↑ LINEAR in de ga

Ctr
,
Tb] = i Cabe To

caba or called Structure

CONSTANTS

they chorcteize the Lin Group up to ISOMORPHISMS

clearly, jabe must be antisymmetric in a tb

but in general Not In ALL Indices !
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Of course
, fr on ABELIAN Group the structure

constants are trivially tero since all elements of

the
group

commute
,

which implies that also the

generators commute

[ta+b] = 0 => Cabo for on

ABELIAN

Grap

In a gree group ,
there can be Special

ELEMENTS
,

or operators ,
constructed from the

↑ that Compute WITH ALL GENERATORS

=> these one called Casimir Operators

[
,

Ta] = F Tha

Second Schurr's Lemma guarantees that such

operators must be proportional ToThe Identity
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C = c . e
this is true for Abstract
;
group elements !

Once we specify to a
Representation

Ir = Cr .1 Cr characteixes the representation.

MPLE :

if you recall 5013) -SUC) (Angular momentor)

there we have (Li , <j] = zijn In

↳ = Ex+ Ly + L is the CASIMIR

S? Li] = 0 = 22. 19
,
m>=1)1,

m

with t= 1 Casimir is (19+1)

Irreducible repr labelled by l ; Cele+1)
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We have said that a
Lie Group is a manifold.

If this Manifold's Compact
,
then the Lie Group

IS COMPACT
-

Example : SU(z) [: ] - G(c ,
k)

with Ut= U
-

det U = 1

A mateix in SUS2) v = /Entiri]
Fr 0(2) =ene

one more parameter ! Ut= (Eiz Esti]
detU=z = 1 => equation of sphere Sy

COMPACT MANIFOLD !

upt _
z+z2 + Es+zu

?
O

↳
o zi+z2 + Es+zi J = i)
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Note that
,
if the group is COMPACT

,

we con chose

the generator -& to from an ORTHONORAL Basis.

using the TRACE as
"scolor product"

Tr(te +] = c gab

where C-CR In specific representation => Fixing C ,

Fixes do CR in every representation &

For example
Tr (TT] zgab (Fundamentall

I in SUNS

=

TrCTT) =
Ngab (Adjoint ( I

with this choice
,

one can show that the structure

Constants Caba one TOTALLY ANTISYMMETRIC

In this core
,

we typically call them fabs

Once the normalization is fixed ,
the structure

Constants one Independent ofThe Representation

=> they completely characterize theLie Algebra !
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the Lorentz Grap Is NOT COMPACT
,

or we

-

will see explicitly in a moment.

Note that notonly compact groups can have

totally outisymmetric structure constants
the condition on the scalar product can be

generalized to semi-simple groups as the

Locate group But
Not to Poincare !

IMPORTANT : there is a theorem about compact

groups that says
that if the group is non

COMPACT
,

then there are No finite Dimensional

UNITARY Representations
, except for the

trivia one where Tria = 0

=> In Quantum Mechanics we want Unitary

representations & Hermitian generators to

represent physical observables !
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=> Generator's Eigenvalues are Observablese Ang .

Mom!

If we deal with a non-compact group like

huntz (or Poincose) , we will be faced

to work with Infinite-DIMENSIONAL

representations which act on the

HILBERT SPACE Of ONE-PARTICLE STATES
--

IMPORTANTUNITARY REPS ONLY WHEN ACTING

On STATE VECTORS In HILBERT SPACE

=> the physical states (one-particle states ! (

the Fields that we will use are "bookkeeping"

devices
, so in working with them we can

land We WILL ! ) une nonunitary Finite - Dim.

Representations of Lorentz & Permane !

But let us now fully look at Grantz Grap :
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THE LORENTZ GROUP
-

launder a G-rector X" ;
the Loretz group 0(1,3)

is defined such that V & 0, 3)

Xa - 1% XV ; XX-XMX
= X4Xu

since XMXM = x**gar + A Xxogn

=>> AE0(1
,
3) implies

NNr9rv = 90 (* )

g = ATg X in mateix notation

=> det (g) = det (1Tg1) = (det1] detg
det X = 1
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Transformations that reverse 1 Xi

reverse ALLE (PARITY)

reverse t CTIME REVERSAL)

anexamples of 1 with detX = -1

thesubset 1011
,
3) with det1 =+1 is called

PROPER LORENTE GROUP Sold
,
3)

NESP 1,
3)

- = 011
,
3) zeu be written or A .Q ;

p _ reverseen
coordinates

Moreover ,
the or component of C# ) gives

11 grv = 1

= 1 = (%" -1
which implies (No)" 1

↳ either 121 or 181-1
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transformations with No I I are called

ORTHOCHRONUS ;
those with 181 - 1 Non-

ORTHOCHRONOS

-

they rese flow of
time !

these two componentsar DISCONNECTED
,
there

12 no continuous transf . that can switch 10

or the determinant => We obtain NON-ORTHO

by combining Ortho + time
reversal !

= We can then focus on 50(1 ,3) with 1021

Proper Orthochronos Lorente Group
-

"Sote
,
3)"
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INFINITESIMAL LORENTE TRANSFORMATIONS

Consider now an infitesimal transformation in So(1
,3)

we write

av =
+wir and putting this into

gar = gar11

=> gy = 8 (o + w] (08 + wi]

= g(r + wop +we

Wow = -Way
it must be enticymmeters !

Antisymmetric uxa matrix War has 6 components

1) Fix t = xo
,
So1

,3) + 50(3)

rotation group has 3 parameters

2) Fix each Xi
,

X ; Vij = 1
,
2
,
3

=> transformations that leave -X*
2
invoient

28



there one 3 of them in (t
,
x)

,

(t
,y) ,
It

,
z)

sub planes => called Boosts

For example in (
,
x) => Ex2 invariant

S
t + y(t +vx) -F
X + y(x+ vt)

-1(V21

velocity in

Indeed fr v -> o

units of c

* ~X+ vt + 0(w)

=> 3 ROTATIONS + 3 Boosts

We can permetize boosts or hyperbolic rotations

[
t = Cashy)t + (simhy)x

= t X2 is

X = Crimhy)t + (h) X conserved because

cor-sinhin= 1
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then or boost in t
,
x place is

Aly) = I
why simby ⑧ &

I
-x(y +x

sinhy anting o o
hence set

& O 1 S

O O G 1 Aly) < Maxu(t)

IS UNBOUNDED

=> Sot1
,
3) cannot de compact !

So Sot(1
,
3) is a Lie Group , continuously practised

through 3 angles and3 boosts
,

but it is

not compact => thereore No Finite-dim UnItaly

REPRESENTATIONS
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