
Renormalization 1 :

Divergences and countertems



In previous lectures we have established a technique to

compute perturbative corrections to Green FUNCTIONS

& we have shown how to relate them to Observates

In scatting theory => Decay Rates and Cross sectionss.

We also encountered a problem Perturbative

CALCULATIONS PRODUCE DIVERGENT RESULTS

= We have seen how to Regularize these divergences
with a method called DIM . REG . =>

still problem

remains : WHAT TO DO WITH THESE PoEs ?

E RENORMALIZATION will allow us
, among

the other things , to consistently remove these

divergences and make sense of out theory =>

NOTE : renormalization is NOT ONLY needed

In
DIVERGENT THEORIES !
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renome

Let us Stay with our"theory m= mo,
t

= -lo

中 = 中。

よ = i 中。 0%- 替裁帖

and consider one-loop corrections to two-point

geen Function :

ㅣ d'x [a1t14(+14 (% ] 1r> eipo = 一無

used translation

Invariance x=fy

一 。 +勗 「 の←ペ

← +....
_

OC 1)링

note part of graphs 013) is "repetition" of O()
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[1PI]
= we call 1-PARTICLE IRREDUCIBLE those graphs

that CANNOT Be Separated in two pieces by cutting
ONE SINGLE LINE (PARTICLE)

= this is 1 particle reducible !
_

with this
,
we can write

- = -- D-+-- +...
~

sum of oll
1PI graphs
to alla orders !

Now let's write

[⑩一台 =
-
^π cp?~] tio
〜

AMPUTATED (but Off
SHELL ! )
_
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then by formally resumming the series we clearly get

-⑩=二
-_πcpimntt…。 。

-
it =睢1 =← 点
_

toc ) ← 卍
_

이()

R= 二 -itd
µ

"g ☆。 品
nt。2

↑ ventex
symm.

such that O(t) is exactly the tadpole that

we computedme Lecture 15

-k2m- (u
㎡+m}

dwice rot
λ

T( D= U-2s ,md =∞ ic ( ε) [を - 2 - ocr ))

ClE) = (Plieε)]最( )
ε

。

G



so we get (UR - i . i = +1, one from prop
,
one four wick]

× )i π= ( 슬 ]1 - it . ) [Jf - 회 t +ola ) ( la)
↑ ↑

↑

Symmetry by CHANCE this is

factor ventetfactor pe independent !

Im gened it's not !

=mil- +01)() such thati

⑨ 一‰裁 ( it^)&Ia" t δ

one-loop corrections redefine the

mas and "normalization" of the

two paint function !
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now remember K . L . representation

(P' ):+m. if‰㎡

this should be a physical mass => something we

can measure => the position of PolE has physical meaning

One-loop corrections have moved the POE => the

new "residue" is at pempng, such that

m啊, 哈 - π(pm嘛,m 州 = 0

this equation "DEFINEs" the renormalized mon m

in the on-shell scheme los) Mphys = Mos쁘
From now
on !

m ㎡=㎡ ( ^← (高 +^ ) ) dε)
れ

「

on-ehell 6



so we can match the two formula by defining
a renormalized may = boe man + ov pole

=> Bore mas not observable
,

it must itself be

DIVERGENT to compensate for this and gre
aFinite m !

What about Z ? We can compute it :

㎡
-πpm)tto。…

=

mmmo)+T(m, mot +i
~

2

m

Compute residue

hipsw .Cpam' y
(
e-stcp'nel
- e ]

y



=喪 ‰=
In our core

,
it is independent of ps so Z= 1

to be precise ,
z = 1 + 0(t2)

↑

It will get contributions four
Im gewend , im

ON-SHELL RevorMalization

SCHEME we want residue = 1

We do this by rescaling fields by Ep
with Zin
CALL Mos = m physical MASS, then also

Zos = Zon- sell field strength
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= So
,
we have seen that of o(1) we con

_
_

12

define a new M and rescaling fields by Z

(E = 1 +0(2) in special core of p' theory !)
is it ENOUGH ? ->

Let's consider a different process involving more fields

next : 2- 2 scattering : Pn +p2 -> ps + Pu

5 = [P , +pa)2 ; t = <P+ -pg12 ; u=<pz-ps)2

]:o.
:

- *' .-⑦:
f

tiens -z”

〜 _

에 이어니

145 =X = function of u = (2 - Ps))

2←)3 =In = function of t = Ca-ps1
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note that we havet included *i etc

Since we are interested in S-matex

⇒ #mputated , on-shell green function I

due to (i)"in two propagators !

Gaopt = -ito d(-ito ) ( Bobls) tBublt ) eBublul]
↑

↑ ↑
"BARE COUPLING"

symm . Bubbleintegralfoctor
evaluated in

Lecture 15 !

Bubcs) =⑤-
) f装”—emiC ) Ch- cpep.icP-md

。

p

Depends only on [P
+P2)" !

SE
〜

= 0
⑮
器( )(を -。 ]

ω

WICK irrelevant

ROT ! ExPLICIT here => see-15
어



Now notice important thing :

Im DiM REC dimensions of to change !

[L] = D ;
[ou ] = s

;m] = 1

[ ud。0 ~
中0 } = D → [ b0]= 是 -λ

[10%"
]= D ⇒ [ -10]: U -D = t 2E

20 (u
*to] = 0 Dimensaulen !
_

ー

We then introduce aDimensionless CorpLing To

For = to -> To = M
*
to Im LAGRANGIAN
ー

this justifies "physically" the
2 added to

integration measure ! In fact, imagne you had

no M =>
AA



Gano = -if 0( 9-2 (是-A ( 6) -Alt.州。
no m !

In Dim reg
I introduce to = M2cTo , To DIMENSIONLESS

_

which produces the M2E which goes witha
in brackets

,
to = M To =

u
*

(n
*to]

Ganp
=
- ito[ 9 ato 最( 疑a筑- AlsJ- ACt1楽

So adding use to measure , corresponds to

having changed 2- tx

L→ L0 = i (04004。
-
㎡t。}一中 ”

& writing loop corrections in terms of
12



So we see that :

·Mo -> M
, renormaling the man

,
cannot remove

this pole = effect of o(f3)

· Some is true fe Zos = 1 + 0C")

BUT :

Physically , we cannot measureabsolute quaublies

= s
,

t
,
u defined w .r .t . a scale [energy scale ! ]

In FACT Y(s ,t ,u) -G(5E ,u) = Finite

because t port is independent of S
,
t
,
u !

only the difference has a PHYSICAL MEANING = We

We can turn thisaroundactually don't know to
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Weenusep to MEASURE the interaction

strength at a gree "scale"= value of "sit , u"

Say S= >m! (thesheld) t=o, u
= 0

Convenient because
,
from Lecture 5

O - = icicと( fiar-al! a - a(器 ]
0
→ = で Ccε)÷= [点 -µ管16TE

So in this limit

Gaup
('

lam:
,,0) =-ilolrsto ( -s-(器 )Alamon

「

(]
"

= - itru2 = we want tr to

DEFINE be DIMENSIONESS !
_ re



we feget about Z because we have see it

does not contribute at this order => then

taµ
"

= 1.↑ - 10( 是 - → a_Alamn|s .]
renormalize the

which allows us to express to tr : Coupling !

= IMPORTANTRCfo
,
mo) depends on "reu scheme"

We couldhave defined it at a different energy

to = lkucc [rt 。(
巻- 3 a 品 - Alamy) sa]

- ote T i

here
, to-tru's
I also changed moti

Since this is the some
at this

Order at thisI order

cauals u'3 ! 5



so take now resultfor Earp and express it

in tams of m
,
(b) and to

〜 ↑
make no difference this makes
at this order amplitude FIN ITE

“
£

箱]= - itaµ<
[ e + 信-3 a器 - A(amn)水

+ (- 長- 3G 品 。ACs 1_A(+) _ Alu) ) sa )
= - i1Rµ
“ (e 一。 [ - A 1s) - Alt) -Ala) Alanysc )

Poles cancelled ; Eto ;
Sa + 1

; M
2
+ 1

scheme !

「= i -1r e 4舞 。(AsleA(+ )+tlu松
renormalized result must be Independent of regularization

SCHERE Used = (Dim
reg , or

cut off or others) 16



But it still depends on renormalization scheme

through A(Gm2) im its Functional Form.

What if we used different definition ? Soy

-
i-I µ

s
. EEI

"

GahIst =
ua-g .

orbitrary value
then

, following some steps :

E(' Aampt
"} - - itr( rx τ [AlsleActleAlul-3A(-97)] |

Looks different but the isolso different !

coupling
DEPENDS OnIr = 収 + っ [ ACumiJ - 3A-q=1} ) ㅣ energyy...

such that NUMERICALLY I get the some result

for Earp of this order in the if I

consistently account be relation between tr & tr 17



In conclusion
,
we have made 2-d4-point G

FINITE by renormalizingavailable parameters

=> mo
,

to (droseing t+$]

We did this In ON-SHELL SCHEME
ー

CONJECTURE [to be proved in Next Lecture] :

we can make all Gl frite as follows :

1. compute in terms of to
,
mo
, po

2. Eliminate to, mo- > tr, Mr (ifon-dell" +,m(
and mrebply by [VE]-" ; z = z(moln

,
t)
,

fo(m
,
-1)]

G
'

(nc、tn ) =〈02 lt ゆcrn) …中割 } 1口>=

= E( )
"

Go"' (rs
,
.

,
An) (beaase o=E 中 )

ResultingG should be free of OV dregences
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3. when I Amputate using LSE I get (17)

iT = illfi =√I
)

"Gotup
)

(Pu. Pu )

& in mom . space

socan leave out ifwee on-shell ren Camp !

ALTERNATIVE : RENORMALIZED PERTURBATION THEORY
ー

in Ldo :

6 - ErPR to + Zi tRu
*

mott min+ame = Emma

and using Er - 1 = 0(t)
& δm? = o(t)

ZiP - A = O(4)

we can write

2= (OmP)(odo) - mosto23- tod
→ rµ に一当(㎡com) -”
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= [ ‰ ‰04r-mr ] 一 } Lr
RENORMALIZED
↳GRANGIAN

2
(Zn-1)o宣( CEo_i ]mi'+ tro
品

。

} Lc.T.
- ZPER -と(嵐 ド

COUNTER-TER LAGRANGIAN !

We then compute all green functions directly
In terms of Fr + Ic

.

t

. = Bare Quantities never

show up ! IC .T. treated of "new interactions"
ー

δ
R

.
ER- I Counter terms

= (Er-1) me + Erdma must be determined

using 3 renormoltationl ร%= EYE - 1 conditions !

20



WHAT ARE THE FEYNMAN RULES OF THIS THEORY?

→ = ‰ m2= ren mos

X = -itr Ventex tr ren !

for Lat
④=

- iledpzt δm )

惑= - i δf
^

Lk µ
IE drrfort
-bnn

저



=> Different conditions = different schemes

On-SHELL scheme corresponds toCo= m2 ! ]

---mi-te
=> Pol of m" , residue = 1 AT ALL ORDERS

this implies two conditions :

TCpEm? my = 0; ·/pime = ·

THIRD One fou G-point

若
O.I .

n.=

- itlu
's ts些

s =Gm2

t=u= 0

π



The calculation tofx countetums is as the one we

already performed out looks a bit different :

- iTepimml - 廻1 ← ⑤ー t …

_

fr OS scheme Drop"R" , Ulng Feynman rules for c .
t

_

we get

-Q - = -i/edtp+ (m) and full calculation gres

vo=mio)e

- itlp
?
imに、2 ㎡ ( - を

- z ) ia) - lOtp' tom )

with pers we the get

Semit Om teeth multi- 1) ( (a) = ·

㉓



SOLUTION

8z=o; imetermi - - - - lu-Sa
remember now relation betweenimdM

Mosmrtimr & Om = ·(En- 1) Mr + ER Omir

z= 1+ 0(2) them

! Om = dm + 0 (+ 2)
1o they ore the coue

o아 o (1 ) !

Im fact on page 7 we found :

㎡=㎡ (h =歳 (立 +^ ) ) aε)

= m。

㎡
。塚‰

” (を + 1 _ a (袋 ) ) Sc

δm =㎡ (+ 1a (袋 ) ) sE otmove !
2a



suilly ,
we compute AMP. 4-point Green function

l = X +U+ + X
countentem . idt tu'd

by using results obtained before and imposing

that|
um
,
=

- itµ'
s

t=l=o

we fr Ot of OCH)

gves δis = δ+ = ,( 是- 3 法 (器 )_ t ( amn]sc

·
What happens if we change scheme ?

· what happens of higher orders ?

㉓


