
From the S-matrix to

Decoy rates &

Cross-sections



we have seen how to relate S-matix elements

to GREEN FUNCTIONS
; we with

Efi - ffit )" δ
"
(''ei-qPil散

for Ke+.. + km + pe +... + pr
iT trouste

~
o

MATRLX

↑ Pf
(connected

grophs ! (

In QUANTUM MECHANICs we know how to compute

decoy rates orconnections from M =) Let us first

make a distinction between A non-relativistic case

Ml relativistic case

what changes between M & M is normalization

of one-particle states (in/out states) in fred volume

V
l



-> remember
,
wedways work in fixed V and

eventuallyrend V + X

Im Non-recativistic QM We wate

+pi) =
- gip. E normalized such that
N

S14ESK = 1 In frite volume

and Se 14) = E disuate

because

N P :型

[pilP2]= O Quantized in box

f <= √ !
non-relativistic normalization

Cwith periodic boundary

conditions (
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now of we go
to QFT

,
we normelted relativistic

one-particle states differently

(P152]p = 2Ep, (ii) g(pi-pc) /Whatwewet

uling some && Sip = $("2 Dimethin-

⇒ () "
δ
(
p

-q ) = L 3fpiq= V ipiq

Such that in fred V
,
relativistic norm is

<pinIPer = 2#pnV Open,Pa

=> IPPR = ·LEEpV" (%>MR

IPa. …PuZR =[IE
p

.vJ"sipa. puTvir
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this do gres a relation between M & M

Mfi - & EP:V) ' 其(2Enj) Ufi

with this we can convent QM non-relativistic

femulas into relahristc aft ones !

Let's do this explicitly for 2 important cases

1) DECAY RATES

Pn, m1
Consider a decoy

③-
X ,

me

process : p m -> Pn
,mn'

r
most

Assume all fuel state particles assumed to be

DISTINGUISHABLE (different mosses ! )
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Quantum mechoucs : square IMK2 ad sum over fual states

since fo there is never interference with of
,

i

By naively squaring then we get

I ( 2t4δ C "
p

- 台 pil iMfil ' ⇒
δ"
'cp -i)

]

?
↑
Q. M. matrix

For as this is simply (in Fulte Volume & for finite 'T!
element

z() 9 δ
“cp . 告i). )'(o )= "'(>-_i ) v+
_

V .T in Finite volume

i) &(I-[Pi) VT (Mfil
? which we

need to sum

over Pi !
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in fate V
,
ji are "discrete", but we take here

the some approach of In STATISTICAL PHYSICS

Ʃ {
Pi Ger .s

d
'

p.

this is nothing but STAT. PHYS Integration measure

Sast) = V5s
becouse M

does not

depend on
↑ x !

volume of phose-space all

so finally the probability for It pet ... + Pr

where each pi E [Pi , Pi + dpi]
oud 결 ct <E

dw =)
" δ
"
cp- 告Pi ]VTIMiPs
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we are
interested in DECAY RATE : probability per time !

dT== ) " 0
"と- i )1MfoRws

which is now independent of 'T

nicely , going to relativistic IMP VIMMR
T
removes them

↳eutz ImV.

〜

dR =⑪Js δ
"

(a- 台Po)iU?p‰zEpi

「
energy of
initial particle everges

of final
state pi

I is exactly our relativistic matrix element

four LSZ reduction - Green Functions !
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Defining the n-body PHASE SPACE

d4n = 54
δ
“
(p
-. Spi) 沿 道zEpoiont

⇒ dP =
p

I4fildn

· Note that if mc[m: then"CI-[Pi
Forbids the process

,

as expected !

· In rest fore of Iep- Im

if we boost to another frame Ep = Um

=器
"Velocity of "

&↑ is reduced to 용 니 boosted frame

=> life-time of Icat γ
LIFE-AM스

Inneases ! 8



2) CROSS-SECTIONS

In this case we are interested in 2-n scaltung.

Realistically ,
we consider two beams of particles

⇒ E>
ma
,
Na

,
Un Me

,
na

,
Uz

ni = Hp }
not loventz

Invoient

Mi = mas,
Vi = velocity

Go to rest frame of M2 e Vz = o
,
ni

ช=ช
/

Assume obo Unifor disTriDutiOn nid ni

then call N is number of scating events →
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dN = 0 von nidVdt (#)

#events
-

c vi.n? = flux
dVdt

n2o = deusty of toget

this femila DefinesCross Section

[W] = Area because ชะ-

ทะ - is dV_ ↳3

# pardes = [0] .E Es&
:

how does (* ) generalize to ARBITRARY FRAME ?

dN
,
o
,

dV . At ore all horeutz invoiont

I work now with Ch = 1 ! ]
no



Consider a general frame where
ha, h2
_

ขา, Uz

then nine-

becomesnim: vi in rest fame of 2

one can prove that
it's the unique generalization !

note that-v P -nxvsp:IFmemikine
Er
,
Er로

where Ri = (Eri, Bil Ei relocty of Ri

which says
that E . En.-E =

1s Lorentz

invariant !

notice that if in i then

-> (ซา-ชัย) = lie-Wa

it's common to introduce I--Mimi such that

M



dN= Mmdvd

=
-E (n-V) (nz dV) dt
VEIE 2
w

↑N1

Cunifrm SdV . nu = N2

density)

so from here we can obtain the events

per unit particle of tope 1 , unit pance type 2

im a total time IT => event PROBABILITY

Plerent) = O*T =
S-matix demet o

Summmed over

fuel states

= ): δ
"
(Po- ' f ) U+SIMfip)s

π
Pi = Pr+P2 ; Pf : all outgoing ! non-relativistic

R



=> going to
relativistic normalization

removes ell Factors of 4V
,

En
,
Er]

do = sδ
u '
(Pi-Pf )社 1 elfiに感選3IEpi

we recognize again dou with + Pi = sum of
all incoming particles

do=Mid

GI = Gプ- mimi
called

FLUX FACTOR
_

Remember : we alwaysassumed "n" fual state particles

One Distinguishable If InDisting .

we must dvide by ! 3



A very common situation is n = 2

· - > Pr+ P2 (decey to two bodies)

·
kettez -> pe+ p2 (production oftwo portides

Compute dol ForEAY P with may m

do = ci)"(P-p- -p2)
() 3IEpo 2JPLEpr

=δと) OCP 、o))θ CPro )

ope- mic) alpermit #http, dtac
=) ~O( P0 )OCFo -Pro)幾

6(Pr -mp ) &(IP-pt)"-mal)
must be

Greutz

imvoiant)

µ



compute it in I rest frame = (m
,
:) then

4% =
迎数激) sOlpodOlm-pro )Oopiemi) δ( m' tmi'- m. -ompo)

-dep dpo dlpodm-po)tUlpo-m

Grapes- Perme."

es long as ozmméma < m => mtmi-m? z

mi-m? < m2

the 8 function has support =f this should always be

the cose because we want m > (mitma)d to have enough

energy
to produce the two particles at rest !

幾 。品 8
( 器)-

e -̂ni)
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now erdor sIpip

and Eph=er depe= Adipip

dEp ,
=끝
p,

dipil

so findly we fud :

d% =m品dEp,8r -l
(Fpreµ ) l Er>o !

= 川間で
」 δ cEperpu
2M

-√
16152m u2-mir =㎡廻I( ㎡ -µn')

Mic =Mi= M2 ; Miz = Mn-M2
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simple ,useful limits

· me = Me ther Mezo ; Mir= am1

dte= mmicmi =deNh
S2itm2

p

well defied only if m > 2ms !

· me = o then
Miz = Mil = Me

da=mi]=最 [ 7 一器 ]

we see that (ND =41) the phose-Space always

goes to zew when m2 = mis = maximum

mos that can be produced (what about D=2 ? )
ㅁ



What changes for CROSS-SECTION 2+ 2 ?

katke - Pe+P2 from now on use

peope + Ps + Pu (keep he Loops ! (

pi= mi
? introduce MANDELSTAM VARIAB-

S = (Pe+P2)2

t= (pe -p3)2 ㅣ stteuz mi
u = Pl - P3 J

2

Not much changes for doe except I = pr +P

= I can
still go to Center of Man of pitp

then dpc= Nsmgi)iS- Manl

Since in CoM Pitp2 = (Vs,) !
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🔗

now notice that in COM from

Pr = (E, )

P P2 = CE2, -PJ

->t

pe P2

.다
.
없게 했다宏 }

AndStandard calculation gives

-13 such that

EieE2 = γS

dュ = 飛器 /E+ E : S=E

E
.
E2 = 슬 (δ-부-

틀)

Finally, still in CoM I=-mini
_

ュ-ipp-mimr=mü)(s-Min)
=> Vs. IP I As For UPY!

19

https://app.goodnotes.com/documents/?anchor=cGFnZS1FNjZCNjc4Qy00REQ4LTQ2MDAtODgxOS00N0REMTE2Q0FBRUU%3D#QjJBODVGRUQtMzcyQy00NzYxLTk2MkQtQkM3QUI0RTVFNTM3
https://app.goodnotes.com/documents/?anchor=cGFnZS1FNjZCNjc4Qy00REQ4LTQ2MDAtODgxOS00N0REMTE2Q0FBRUU%3D#QjJBODVGRUQtMzcyQy00NzYxLTk2MkQtQkM3QUI0RTVFNTM3


so finally we can wate

dr = · Merr #" de

andif Me = my then Ip = 181
mz = MG ElSTIC SATTERInG

doe = sIMpikdoz

^

Finally ,
it turns out that all these formulas

remam true with SPIN or other depees of

freedom (im) = IP-S1an, ..., Pmsmamk etc

san

* Textra
We ignore an be now I could be cowor !
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But what is important , is that if we want

to Inore si in experiments , we must

sur over fuol Si and Artece over initial ones !

…

IMfil =り意舞Ufiに
〜

average factor over

INITIAL SPINS

Swildly , we can avage of over other

degree of freedom , if we went to !

러


