
the S-matix 2 :

LSZ reduction



We are fully ready to deal with one of the most

important topics in QFT : how do we go

from GREEN Functions to observables that allow

us to describe ENGEVENTS

the crucial step is the LSZ reduction formula which

underanumptions onasymptotic behaviour of fields,

tells us how to relate Green Functions to

the S-MATrIX

We limit ourselves still to aSinGe Star FELD

and consider

(1 . - · In jtf /k ... km
;
ti

where we always onume f + + withAsempion

ti--x conditions in

Lecture 16 !
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now remember that for a free field to we wrote

d= S

2Ep
e

-

" acp) t elp
"

acp) ]

which we can invent to fund

alk) = i fdix ethx = %o in fac

= ifazerkr /f装p (-
“
Ene-

P

“osp ) + iEpe “ep)
-(iEne -Pp) tiEneiP

“

a)
: if路 (- iEnasp ) 「( p - u) + EpOCp +u)
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= {s@
cp)δ
(p-n ) = ace) !

similarly atcres--ifdxe-ikp
now we Assume that when t> If the

incoming and outgoing particles are infinitely far
away > Interaction can be neglected [NOT ALWAYS

TRUE
,

SEE QJ

Ving hällen-Lehmann repr . for CrIT <pp31r]

we can argue that im Weat Sense (as exp .

values !)

¢()T(z12bm(x)

ㅣ
where tim
& foot are

6I T Zmfort (x) fre fields

with SAME

constant Z
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Now the farmulas for alrs d atch)

a(k) = : Sdi ex to

atcres = -i Sdx e-1k
.x p.

Are dearly time independentf but the Integrand

does depend on time

=
I can compute it of any t

,

I should

get the some result => in particular, I

can compute it of t= 10 and wite

true because

al-- ifa '
r

e - int o4m tim Fre

= - it'ehim (dx e-ihxo
interacting field !
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whereMinlu) act on space of INITIAL States

of t = - rx = to

In the same way we have creation operators on

FINAL STATES

atns =
-iZlim (d eiu p

↑

interacting field

=> Sax evik do was tre independent

-> to - to then integral Depends On TME !

In general ,
the relation between at about

is non-trivia due to the Different LIMIT !

now let's go back to S-matix
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🔗

Jp.... pn ; tf/Ks, . .
.

,

km ; ti) =

= spe - .pritflackIka,
.,

km ; tis

ㅣ
t+ -X

ㅣ
i . e . we removed "particle" KI and introduced

im its place Top (interacting field ! )

now notice that expression above is not Lorentz

covoieut
;

one can show that :

= +z1(geibx (B+m2).

· <pe, ...,njtf(f(x) /K2, .. ;
km ; til
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Let's see how this works :

First we want to go from faix -Sax
we use

eto
(

一品)/ a 'rfer 、t ) _ 混忙
asx

Apply this for

f(x,
t) = -i z-"2e-ik.x 50 ¢

them

( o 感
。)[ iz " " fa ' re- inr ℃ 4 J

= atnlk)- Goutce )
=µ

Z"

"fd" rOoLe
-

: 4 J
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now

Jax 0
. (e-inx 50p) = Jd'x Levkx arp-poseiry
_

Dek Gop canals due to-sign !

how of r dienike - Re gibt

=- - ( ) + m2) file.
#

=15:=m" ) evi.

then use Jas pinx = So()enx
int by ports !

I can integrate by poss in d3X because initial

and full states aumed to be LOALZED in SPACE

(wore packets ! ) => note theyore NOT COALIZED in

TIME8 8



so finally we hove

aim(k) -
Port (k) =

iz
*

(00(e-
4x

+04)

=iz-"2 (d *x

x e-
in . x

(B+m2) ¢ (x)

such that

< P1 ...pnjtf) Minlu)-Gört(n. ) /K2,. . .

,
km
i ti)

= iz4fq"xe-iknXe(1+M2) <pr-pujtq1P(*) (kz . kmiti)

changed "
- "Ve"

Almost what we want
,
except for about(n)

Assume Pa, ...,Ph Di
=

we ca

drop
LPe- Puitf latcu) = 0 ㅣ 가 !

about only out on LFT !
9



theFact that no ki = Pi means that

we are computing only T in S = 1 +iT

=> EXCLUDING DISCONNECTED FEYNMAN DIAGRAMS

b-- p1 = k1
we one

not Considering
2--P2 = kz

them !

now what if we wast to repeat the procedure

for a Final state with momentum Pa ?

We would start with

< p.... pujtf14(*) /ke, . . . ,
km ; ti) =

= <p2, ..; Pn ; tf / Mort(pn) ¢
(*) 1k2, .

.

.,
km ; ti]

this creates fuol state onT
o



but Mort(p1) = itlive Jayeiky

Me CP2) = :El homely Sony evilege of &

=> built out ofplyp of yo = In so

T (aim(pul4(* ] = (*) am(P)

1ThMort(p1) ¢(*) = Qoot <pes PCXs)
tm

ing

with this we can write

<p2, ..;, Pn ; tf 1 Mort(pn) ¢
(*) 1k2, .

.

.,
km ; ti) =

=<pe,...,Pr ;+f) Th &(1) - QpY) (k2, . . .,
km ; ti)

ㄗ

use Gim(p1) (k2, .. .

, Emiti) = 0

Agoin all pi kgj !
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but we know thati Mous con be

subshluted by ~ (D+mi) p(x)

so we can do the same fo Rout(pul-Qim(P1)
modulo a HERMITIAN CONJUGATION

Moutpr)-Mimipul ->
:2
"

Sony enPrye (Dy+ma) Ply!
but I should remember that Iou omming

a timeondering to properlymeet M (p) !

Lpe . …pritflka,.
,kmitis =iZ

'2 )
?

(d'en e-"Knve (Dxtm2) Jd'y, e
+cPry:

(Dyctm2)

·(pe ... Pn ; +f 1Theplyelvz ... kmjti >
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Findly we can sterate this to ALL PARTICLES

<pe... pn ; ty) k1, ..

,
km ; ti) = (iz2)

n +m

「燕 d
”
r:2 d

'

gje
( 'Piyi- ”ai-xi )

· (Bx +mi ... (Dyntm2)P ...ya)y1e]

^

ㅣ Green Function !

we have extracted Dxi & Agi out of T

=> Assume T*!

= we will argue in a moment thatㅣ
here it makes no difference !

=
<p.... pul(iT) (kz,.. km)

because pi = kg !
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now we can use the fort that

(Dxj+m2) G(X2, . . . Ym
,
Ye...,yn)

=

= - 器花前幾℃ Cken) e
(各Byi -

“

i- xi )

G
'

tes.,rm ; Psi .,in )
_

Favier Transform of

Goeu Function

Such that we can write (LSZ Formula

感最器 ) 燕 (

最) <P…pulitlkn - km>

=> fáxierkixi Sa egji jeple
_

Farier Transfer of Goer Function ! 11



What does it mean dividing by te ?

Bring them to other side :

<pp-puliT1k... km) =

)(Eki-EpolNwesw
af f q !

= 症( )
"t"

草Ck.'m

)( pj ' -myIACkrikw,Priu)

T
~

Tampute C↑ OFF. SHELL

when going
on-shell

,

T must

develop poles - we pick theresidues !

We knore everything in G which has no

poles of bit m"; Off me !

This operation is called AMPUTATION
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Im feet ,
remember that we pored under our assumptions

2-point function is

: @ ( u)= otnon -singulrtams

π

this is what we used to

by Im Pinsout !

Now imagine we are dealing with m -> n

m) " - Pe

"D Tn =

“

;造∵ 以

@-am--ou
muy

Pu

Connected
exact two-point

Green Function function
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Im FORMULAS
ー

Gourcka..Pul
=

:
G

"lez )
G'

(po )

· GAMP (ra
, ...,
Pn)

=> each extend & develops a poleofkina
so we use

+ (rim2) Tlui) --> ㅌ
iE on-shell

d Ko =Eki

+hopole

So fully we can perform Amputation and

ante y



<pc-puliT1k ... km> = (2) " &12Ri - Epil

· (rE)n
+mAMP

(K1, ..., km ; Pr,..,Pn))
pe
ki:m리

so the T-matix element of a scattering

matrix is related to on-shell
, amputated

Goer functions in momentum space !

We typically write

(p1 ...pu /iT /kn
...km) = (hj() (Ski-dPj)

·iTr. rm
, p.

.-pn
= iMfi)

o cits i'l couuds avdlintite(retth
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We can then gue Feynman rues to

compute directly S-matrix elements

1 .
Dear all connected graphs

22 Amputate extend legs (neglect 2-point corrections)

3. Impose momentum Conservation at each vertx

4. Include ventexfoctors => LinT = -EP
gives (-if) for each vertex !

5 .
For each intend lineTrp)=tia

6. Integrate over all unconstrained loop moments

with Su
7

.
Include symetry factor from19



NOTICE that this is true fo A scolor feld

otherwise : different Zi V field

· fe it . Al one needs an extra

factor for every
extend line

=> the POLARIZATION es,o

{&, "
etc => seelater

⑳


