
Loop Integuls :

Divergences &f dimensional

regularization



In previous lechuse we ignored a pretty serious

cele => the INTEGRALs we encountered one

offer IL DEFINED :

听eic TADPOLE

wt Off

서
when res>~Same-Ide

POWER-LIVEUV because Le Grae UV divergence
엔

high frequencies ~ smal { goes es A

distances

& there exist alsoInfrared Divergences - late ! ]

more precise

{) 。‰
品

Eu' tiz
Eu=さ㎡

↑

regularizes poles on interation
contour
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Conside red

.ninnme
&品 Eertiz

duo = 0

-Tan+X+
ARC

+
ARC- ciro

sending acs toa

tir

tho=Idko integral along magney Ason

kn = - iko = kn + (-0
,

+x] duo = + idk4!
# Try called WICK Rotation
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then Jah is im-

=
- でf。㎡

↑

eudideau momenta now

=Kitki+K+ki

with this
,
we can go

to polor conductes in 014)

ューで幾 い
。

」

。「aK率㎡

ニーで選 い 六で +㎡n (園) ]
ㅣ T

QUADRATIC
~In there

DIVFERGENCE
is dos a logathmic

_
dvergence !
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Similarly Budd

h-p

contained integral (Bubble Integral

f.mei剝Eitia
when Km

, p
we can approximate

{了良在 、 背器一声 ^
Bubble contains

only alogaritanc

DIVERCENE !

Soon we will see what to do with these

divergences = First We Need a way to extract Ther

SAFELY a



Cutoff .

A physically appealing -> theory might be

only defined up to some energieskn A

=> problem : breaks Lorentz inveience

calculations become a mess at high orders

does not regulate RARED

The most powerful regularization technique we possess

↑ Called DIMENSIONAL Regularization (Dim Reg(

Idea : use #dimensions of integration or regulator
make it a continuous parameter

=> Andytic continuation dr + &Pr; DeK

Might seem uazy but it's not

D

Consider TADPOLE offer WICK NOT ,

but now inR

TIP
,
my =S nums (remove -i for

simplicty]
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we can go to spherical MP coordinates

TCp' ) =
選

。' ak n
*

前㎡

2Cn) に";
note fe D > G, integral

converges !

We want to compute it as function of "D"

easy => Analytically continue this expresion to K

Qt2

飛) !
ー →

PCa1 = S
.

'

ate
-t ara Goumia funclian

Andgtic continuation

of FACTORIAL

r(n+y) = X T(x) from IN -> K

"FACTORIAL" PROPERTY-
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So I Define tadpole fr DE K

TCD, '
)≡2 )湿 》. ‰

"

前以

ㅣ
ー

sale K = mE they dk = M

= 家)路」‰ 崎

=> 逆“
㎡) “験

Beta Function

BC,y) = rty=
.'hu u

-

'
eu)y
.

물 +y = α
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One can prove
that

B(X
,
y)=y

combinationof
functions

then we get

t(D
,
m ) =》

) 些PP(1号)
_

에

T(D
,
m ) =器

、 P( 些 ))
登

menomosphic fruction !

↑ (x) has Poes -X = 10
,
-1

,

-2, .... Y

P (
笠)hes poll of D= 2

,

D=U ,
P

=6 ,
.

…

P号] = 品所望 ) = 信崎 ) =

↑
EXPLICIT D= 2

BOT D = 3 》P(
-) i

= 一配品
FINITE < o !
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P望) = 品品 P院 )
↑ regular & D= 4

ㅣ pole of D = h

pols ob D= 2

TCD
,
m

' } ”↑
崎)<my崎

D = 4 - 22 220 for definitenes

!

=_ 品PG+ε ) 堂 を)5
“

= () <tal]/ *) 최회
( (2) + 1 expoedin a

when E+o

g



T( D= G-2 s
,
㎡) = C (ε ) [器。| (を - は - olε ))

↑ i Fint port
orpole-

IMPORTANT =) een expend <(2)

it produces a big mess

TCD=6-ts ,m )

=(]( を -2 tr thilm ' l_- Gluit)
+ osε) )

Je = Euler Mascheroni constant = 0
,
577216...

fubhit) ; en(m2) = logoithm of "more voidts"

Very Disturdina

ㆀ



having continued dir-dove we can keep

"right dimensions" or im D= G by multiplying

Sa'r- > Crafire [uI man = 1

"New arbitrary
scole Il

then Gugu) and

TCD= h-2E
,
m ) =JErlne ε」(

「

“(-㎡) 社 を

= (了 ( 定 は +非 +µ(|-Glut」
↑

+O(d)) Dimensionless

We will ALWAYS onsume

sain- -> mn
d Sdin !
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still important point1 : eventually we will

have to Remove Poes" > compute Finke

quantities ; Im those cases
,
if we always collect

out((2)
,

we can putE=o
and

just substitute ((0) = 1
ー

How do we generdits this to ArDITARY FeYNMAN

INTEGRALS ?

Axiomatic Dimensional Regularization

Define or integration Sar which fulfills

. { d
^

k@ fck) + bgle)] = afd" rfcn ) + bfd" ngu)

fr a,
bek Linearity

a



· Janf(tr) = t'"(df(n) k = +r

rescaling yck

· Ja'r f(k+ p) =(dn f(m)
translation invariance

Im geund Jarf(m) = San (detAl"flA-Ab)
general lineos transformation

Does not have to be separately postulated

Follows from analytic Continuation of Lebesque measure

· Sarn (f(rl] = 0

integration by ports identities = no boundary

tenms !
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these "axioms" have voious interesting consequences

Most IMPORTANT : ALL SCALELESS Integrals are zero

imague f(k) depends only on K
,

no extra "scle"

then :

SarfikIm Jair fatul

=
+

"

Sa'r f(k)

now
, though , f(k) must be homogeneous

f(tr) =+df(k) 2 + - h im generdl

2 eZ while n- >D !

them Jdnf(tu) = +
2 Sdirflu)

t2Sdn fluc = t Sairf(u) # +, na ¢
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=> only possible of Sdrflul = o

EXAMPLE : the morden TADPOE

S→ 千= 0 。

notice that fe DEN this integral would

NEVER CONVERGE

. 響
→

f !TanaD-
s

DJ1 Diverges of k = *

D31 Diverges of K
= 0 (Infrared

so ...
It's just zeo ! Consistency of ondync

continuation saves us !
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what about more complicated integrals ?

TADPOE "Cary" because allangular integrations are

=> im geced, various ticks to get vid of angular

integration and map Sab - Standard integral
over finite-dmensonal
symplex

MOST FAMOUS = FEYNMAN-SCHWINGER PARAMETRIZATION

Tick : = %9rdyByプ
* = projective 1-simplex

= { (x,y ) ε
1R:

0
; (

x,
y
)~ ( tx ,- ty) ;

l>o }

= projective line
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By2 homogeneous degree - 2 X
,Y- +x

, ty

dody homogeneous of degree + 2 x
,% + +x

,
by

mdu

= sale invariant (x
,
y)e(xya

An integral of this type is called a

PROJECTIVE INTEGRAL
ー

crimplex]
=> we can parametize projective ene of we prefer

= DePROJECTIVIZE INTEGRAL
ー

·For example choosing + = + (x
,3) + (5 . 1)

낱

10µ舞p= 品2= 前 9
=

dredx

지



。店ま器に 品

が

. or I can also choose += fty =>y, #try
5

,
ǐ

X'ty に = ま

aysyp =! dr前以p
π

Form in which it was

originally proposed by

FEYNMAN
ー
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this can be generalized to

{ Auru( ^ =An

A = { Fa,ツ En ) ε 1R^2 o ';st
,ツ
ttn) ~ (“,」 t」

1 tR+ Y

typically written moreexplicitlyos

fatidin.
Anto」

µ

= 前An

ㅇ

S = anycbset of the Xi !

前As =

品 {! sA.rtAs( i_+z)} 3

q



bot od∞

A,=Sa+,」 。
落

前 AurzeAla-ri-rzlB
etc

.

efc
.

Xi called FEYNMAN PARAMETERS

Why useful ? Example

:
"

a作>(-m
)第

—)

B

“ 感earpy.川,
:



we can get rid of angles with Feynman Prometers

K
'

Crey) ← 2k .py = RtP前]Pirty ) 一に

choose xxy = 1 prranetitation + k+ k- pit
y

'
)

!af ⑯jp- igrpley- I ly
- i -x

= p
㎡ y /-y) = p

?
+ (u_ +)

mpjaxThepexiexs - m2+i Feyrra
prescription

wicknot =iµ
c )
ε

[。er[,(r 1+m
}

㎡

far(pecrr tm )(装”2
renamed KE = R A
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J慈率 で器に

= 畿) 。”
×= 号 = 2一号

=パ P子 P(望)
_

凹 = 1

= 口P
(望 ) =品「院 )

↑
pole D = 4

O -
=盛段 f

。
"atCpecrytrma js

=
@器定! 」 z+器ず ”

-



θ- =-cie ) elfdr
-

a

!a -hは器城 )
ㅠ
oIf PE

:
30

tol ε ) ] but pe= -pacol

Cla) = eplet ε) (砦)
ε

ㅣ use t(1-x- + ir))
= 社=±
solutions of pasam21 .

= G ( 1 に . 器+(-+ l ) titOCpz _um) θ(+--)θ(e-+)

= 畿 ( 店 - fr
µ

(1 i に筑州)
- it OlpFamicge +ocas]

π

imaginary port if pum
threshold for internal particles !
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fx = Nm n fle

す-=i -? raCに 臨r )

-で+}
imaginaryport above threshold

㉙


