
Path Integual Quantizationon IV :
Feynman Rules in Momentum space
& Connected Green Functions



We concluded previous lecture discussing Feynman
rules in coordinate space. We have seen that

for every zi intend
,
there isor integral dazi

= building blocks are vertices & propagators DF(X-y)

PROPAGATORS are especiallysimple in momentum spoe

AF(r- y )={ 激 )
ne)ん

D= (p ) !

= it will be much simpler to compute genera

Green Functions in momentum space &
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these En will also be the ones that we will

use to investigate directly Scattering processes !

We will derive Feynman Rules in Momentum space

to compute directly En (py, ..., Pn)

Note that here pinot fxed to Epi !

It's still on integration variable

the overallI function makes momentum conservation

manifest > let'seee how it pops out in on

example :

two-point function in gathery :
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take now Farrier transfer
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Pn = k3 +kn => f(4) (Pu+ P2)
)Kna Pr- e3 independent of Ki ! 3



= [ 程] [@
) µδµ)(prepz)tismeic

.)eis it-mitis

overall "Epi) or gree in definition !

ALWAYS THERE : It's a consequence of the fort

that G(X1 , ..., Xn) Is TRANSLATION INVERLAnt

Gn(Ynoy , x2-y , ..., yn -y) = Gn(Xn, ..., xz)

↳ true for every connected component independently !

(m)T( ¢(x1) ... p (xn(b(2> => ¢ (x+y)= 0(0,y) ¢ 340%8, Y)
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Indeed
,

each I' function that we integrated
out can be interpreted or momentum conservation at

one of the vertices

ik3 g) fix : kn = P1
”

…的哭
k2 = P2

→
_

XI a aπ
-> conservation at each vertex !

o
-py = - ku

↑
momentum conservation built in by choice of momenta

GIlpr ,Pa ) =Gilp ) =了前以磁

Ss
LOOP INTEGRAL

,
DOES IT

CONVERGE?

& renamed prope =p & 13 = K !
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Note that we are left with one momentum integral

= started witha momenta = #lines

O
rn 1 g'" per Vertex lim+& ext (

2

=> 6 -h + 24
# connected components

take f0- = 4 - h + 2 =

lnes vertices connected

components

= 2 integrations left !

one for each "closed loop"

L : P . Vtn L called Loops

↑ ↑ X connected (K is Loop

lines vertices MOMENTUr)
components

By generalizing this example ,
we can gre

momentum Space FEYNMAN RULES
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1. Draw all diepaus as in cordinate case

2
.
For every

line(externa or internal) arocate

a Jr(p) with its momentum

3. For every vertex assign a
"to conserve

momentum

4. Muehply by symmetry factors

-3
"Insu +pi)o"Chorkz +pu

θ

J8 4(17-18 +pp) J' (KO-k3 +Pu)
ㅇ

nus \n
sum of all o

kotho N -8- tp,tprtP3tPa = o
-

Pu = -prpups - py

3 of Ki+ in thms of 1 left Cloop momentum)
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in practice , already impose conservation of ext

momenta and of every verter while build depa

J
"

"
-

s,nep
ht"

e"pitpeus = BorCpe , p , Ps )

p, &Xpx = -p, -p= -ps

every propositor then gives Jr(k) =
=
k2_mz+iE

and 1 single integral left 1 Lop
二

Box =Ns[-g]hm

S品前2u、前㎡ m、燕Rur

Ns = symmetry factor = (31)"1 (prove .t !)
Low 1 if you include (3 !"(
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$(5, )f(ra)$(x 3)(tu)plyld( y )ey) 3

x)
34 p(ye) Plyn) ¢132)] 3

明1 pryc P (y) Psyc
에↓ plyn) p(su) p(yu) 3

1x2

= 3 . 3 . 3 .3 . 2 - 2 . 2 . 2 =③ !)

this cancels the ()4 from vertices !

then : relabel y .... yu = 4 .3 .2 . 1 = 4 !

this cancels the factor (1) from expansion

of exponential that defines [C]]

=> Usually , one defiessymmetry factor

or t = 1 (typical definition )
includes everything except 93
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Let us now go back to disposs generated by

E1]] : for 'therry , 6-point we have

_
t …

ー

+ 1* +¤

= we
have seen that disconnected vacuum

diagious canal out , but
these remain

-

many other Disconnected Graphs d -

QUESTION : con we generate somehow only
_

Connected ones ?

Defne G(X ... Xn) connected recursively os

Gu (x) = Gn
'
(r)

G2(X1
,
xn) = G2(x1 , xn) + Ge(x) G2(x2)

Gz(X , x2xz) = Gz(x, xxz) + Gz(x , x)G(xz) + pem

+ Gilm)Gilxe)Gi <x3] etc

저



iW[7]

Interestingly , defining E[I] = e

then iW[]] is Generating Functional of
connected green functions !

GGCre
,
.,tn ) =y

” 吉 on、Ciweコ ] /
y = 0

·
Obvious fo Gi(x) =E fuz

+ += E[5 ] 1
) = .

= ZCJ] i δ]

(EC0] = 7 ) = ]G , (*)= GuCr)

· fu n = e Ga=(e
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= - Gi((r、 )G
,
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,
r) √

· fo has you can verify right structure

=> you
can try to prove it by induction
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TresusT * product

Now we come to a little subtle point that we

swept under the rug : when we derved LaGranGin

PATH INTEGRAL
,

weollumed Ox(tx) does not

depend on TTCX) => In general NO DELVATIVES

CrlTh &PPP}1m) not yet defined
in terms of 2-path
integuol !

these cases are relevant of List depends on Out

the problem is that& does not

commute with T product !

↑(AIA B(Y)) = 0(xo -ye) ACMBly) + O(yo-Xo) Bly)A(x)

&&x-yo) ~ Elo-yo a "contact term" !
µ



& T (A(x) B(y)) = &(xo-yo) A(x) Bly)

-> G(Xo-yo)@A(X) BLy)

- d(xo-y0) Bly)A(x) }
+ Olyo-Xo) Bly) 0

*A(x))
= T(0f A(x) Bly)]
+ G(x0-yo) [A(x)

,
B(y)]

"
Contact Tear" a commutator

of two operators !

SweNE

<I
*

(o .... (12) = 0 CRIT(p( ... /les
↑

↑
pull out deivative

T
*
product and then out on standard

T-product
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From ou example before then

[r) T
*

(O: A(x Bly)) (2] =

= δ( 2I T [ A( ←) B (y) ) 12>

= CRIT (do
*
A(x) Bly)) (rz] + G(xo-yo) (Ac

,Diys]

Applying this on products of fields of their

deivadves
,
we get :

L2)+ { µφ ()Ou Ψly )JIR >=DEEINIMON

l
= ℃o "LrlT { Ac+i ψ ly) } (2 )時 ot )

=& <+1 G(xo-go] depy) -> Olgo-to) P(y)p(x) /ML

= p?<rli-36) Gro(p(y,ay)] +T (@u ¢(x) ¢1y))(i)
= o using comm rel . at equal times 6



= <al [ f T (ondJ
]l 2>

T (Ousx)drd(4))TE U(xo-yo) (inP , P)
วู"OlXo -10) = - Glo-yo)

= Cr2l T(OppsRdu Ply)) (m>

← & ((xo- yo) (rl (OPI , p1y)] <
π

this equal-time commutator

is to only for O = 00

#(x) = 00P(X) then!(nICT(x) ,p(y)JyoLe) = -
id' (E - j)

Lelt louf Oud ) le> t t. 'fn '
ola
(

Tontoct
team "
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So ultimately we can write

[e1T[dppdrd] 1r> =

= {nlt
* { O

µd ord} (r>
-ifmodo

i contact - tem

this is what is computed

by PATH INTEGRAL

INK So] expliSed"] und aud etc

So wherever we with T we mean T!

this makes a difference only withDerivatives
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