
Path Integral Quantization 3 :

Goe Functions for free d

interacting Scalar theories



In lost Lecture we have computed the generating
Functional of a fee scolor theory

2 = -(r)(b) - Emp2 and found

zo[]] = exph-Jaixdy JCx Az(y)](y)]
with

DF(-y) =) e-ipti
We havea seen that Zo[J] allows us

to compute all Green Functions through

↳(...,x) = (5) -- (in) 20156/z
=0

.



Let us then key to apply this formula and

see what we get .

We start with

.
One-Pant Green Function

Golz)=2017]
=

= 2[- < fig BF(z-) J(y)

- Je 3mAr(x -z)]z0(3)y
=0↑

one JC) left

Go(z) = 0 which remains true fo all

odd-point Green functions

Go(Xs
, ..., Xant1) = o there is always one I left!



this is expected , if you think about our

one-dimensional example

Sente = 0 once by q- > -9

Integrais ODD

So let's focus on Even Green FUNDONS

· C-point (12) vocum of fee theory here !

(21+ (pixp(x 319) = (2)()

· expl-t(dye diya J(y) Af(yay2)8(y23/y= 0

= [ - Bxa
, ye Jyn - &Ju- Dyna]

· exp) - Jen Due By23 /3 0 3



where I introduced the compact notation

Any = Ar(X-y)
,
Jx = JC) and

"repeated
Ayy Jy = Sax Ar(x-y)] (y) Indies ore

integrated
"

Now let's offerentiate again

(a) T(P(x1)(x)y(m) =

(tAr(x-x) + ]f(x -x) + 0(5)]z0237/z =0
= DF(xn - Xz) ↑

there terms came from
&

on e-tJ
.A . ]

GJ(K)

and deep when we put

I= 0 !
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so we find the first interesting result

</+h(k)p(xe) 31t) = AFI-X2)

=> the two-point function in the fee theory
Coincides with theEYNMAN PROPACATORY

Let's continue

· 4-point Green Function Pixil = Pi

<althoStable>=1 Dylan

=u
,
42 ya - EJy , Dy ,+]e-JBJ

using A(X-y)
= Aly-x) & renewing

yz = Y1 = Y

= - Jy Dy, xn]e - 341 Dan 342 /y=
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= -Av +ZyDyxTzD]D

=E [Axsu Ty Dyx + DvxJzD
+ JyBy

,
x Axe,x + by Byx]zDax JeDe]eD

= [Axa Axx + Dvex Bxx + Axixu Axxs + 0(5)]e"I
= Azu Diz + Azu Dis + Ain A23

= & Pilat = Pota + Pets ta
L

pairwise
contractions
-

+ 4%%bu
L 6



every pairwise contractor gives
rise to a Feynman

Propagator => GRAPHICAL DEPICTION

%

I F-in
xzX4

these one our first (tirid) examples of Feynman

Diagrams in Coordinate
space !

=> In comenicalQuantization this goes under name

of WICK THEOREM ! We get it for free !
-

WHY IS FEYNMAN PROPACATOR CALLED A PROPACATOR?

(A digression (

AF(X-y) = <al+ (pixPly)31a]

= (1) O(o-yo) P(xP(y) + Olyo-to)kysex le>
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now remember that

&M = Space a
=-

using alplia
= 0 <ulatps =

we see that

Df(x-y) = P(xo-yo) <Ml()(9)12] @

+ Olyo-ro) <elp
+(y) p(x)12

① Amplitude to create particle of y , t= yo , and

destroy if of X
,
t = X >Y ·

⑪ the opposite : create & X
,
+= Xo

destroy& Y,
+ = yo > To

g



evaluating explicitly the two terms we get indeed

Ar(x-y) =f(Oxo-yepgclapalese
+ Olyo-to) e-"194-P

*

Colacq atipslas]
then ore (a(p)

,
atg)] = (2)2Ep 8 (p-)

and <r(r) = 1

AF(X-y) = S (oo-g)e-pOloepy

Jap eipy-pl- m" +is
yes ! We can see this by integrating indpo
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S epootiartic
~Im(po) Ep=m

-Fotia1 DelpoI
Ep-is

separate the two poles or

-is pria]
po2-Ep +is

So we have two integrals

#] Sipo elipl-rotis
depending ou

(oye) To or 10

# (todp eiply)pic
we can close BELOW

or Aborf
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twoGot
e-iPiM

Clockwise

+do eiplyaprematis
↓
->apptis

-X j

=-i eiP potEp

If to-youo instead I must clare Above (counteclock
wise(
+IT

tod eipmic-%-X



so finally

Ark-y) =) PE

#[0(x-y .) e-Epo-yaeI send pt-p
e-ip(-5)+ iP(X -y)

= J /Poy)ep( Ryo-to) e
P(y-z)
po

As we wanted to demonstrate !

Now to make more sense of this idea of
"Propagation"

,
let's see what happens in two

coses :

12



1) to-yo =0 ; le/ >o Space-like transition

Deexpect AF = 0 ?
the integral becauses

AF(x-y) = Cety-E, a
Coll E-g = P . F=Pr 200

Ar=and(eprado, a

-

-eit
a

in second

piece
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=-
If ro
we can close contour

around uppen
branch=>U ke

a

etje
t= + in = u = -it velm

,
o) dt = -idu

= -zifur (Hersa root trol)
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Ar(X-y)=e

os red one can show that

-
mr

Af(x-y) we EXPONENTIALLY

T
-

but noter !
-

A particle can propagate outside the light-core
with probability that is EXPONEVITALLY SUPPRESSED

=> Quantum thery M .~1

Apum = Dx-r

Uncertainty principle
allows this $

2) time the At = to-yo > 0 ; 1*-y = 0

AF(X-y) = S(oo-ge-p
13



Ar(x-y) = [Ot)
↑ oscillate Atex

If At + D, main contribution from stationary Phase

OpEp =- = 0 then

Ep = m+. .
-Ept-imbt-i

DF(y) = (m

-e-imt Oscillates and

decoys or power

low when At-1
-

Fink for every At X



TheCOMPEX SALAR FELD

Very little charge for complex fields

2 = (Op
* )(84) -mi*

Since we effectively have two FELDS
,
we must

oo generalize the generating functional

ifd"x [20+Jp +j***)
Zo(j

,
3) = INK (104(rp) e

By using p =(i) will Pi

we can reduce the calculation to the one for the
rea Scalar field and prove

Zolz
,
3
%] = exp[-Sady J N(x-y) JEys]

↑

no t factor ; AF(X-y) SAME As RAL FELD16



We can generate the fer Gree functionsdfferentialing
with respect to of andf os before

>altp(xspigible) = o I come tila
<elT(

+
(x Plyly(e) = 0

↑
(For operators use ot instead of P*)

CreIT(P(x) Pysbla) = A+(x-y)

-

P( piz) =

g
+-

Y

arrow here indicates

Direction of direction from -> It
orrw is UH1) CHARGE FLOW

conventional !
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INTERACTING SALAR THEORIES

Let's consider now for simplicity a real Scalar full

L =
20 + List

↑

20 = +(0mp) (bt) - Emp2 ; Cant = 20 pph ....

In principle , we proceed in the some way

·Define 21]]:Let,
· Crlthpix) .. PixnIbiM] = G(x, ..., Xn) pos

now

INTERACTING

= (w) =233/y= I FIELD !
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the problem is that
,

of variance with fee theory,

we do not know how to compute [[]]

exactly > 17 LATIE attempts this by

Disretizing SPACE TIME & Simulating

the result on LARGE COMPUTERS

Euclidean to it
,
No REALTE !

2) Assume interactions are "WEAK"

and attempt PERTRDATIVE EXPANSION

We follow 2] and expand the interaction action

exp[iSexGrt]= /(d 2)
"

↑
this is now a polynomial

in px) !

Exactlytike green functions
ofFee thery ! 19



so we get

E(J] = 101 (Cop e
+ Six (20+4)

&

-

zo[]] zo[j =0] = 1

· if Let .. Lint(

=In
- -

we had to exchange sum Functional denvatives act

& integral on Zof]] polling
down appropriate powers of

Formally ,
we can resum exponential and write

z(]] =
IPexp[i(dxZr+(n)] zo (5]

↑ ↑
PROPAGATORS

hispatgrEs !
-
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By using the fact that List is small
,
we can

expand and truncate the expansion of the order we

Want = WHAT DOES EACH ORDER Look Like ?

<elthams ... (x) 312] => at order n will give

=> S(Dd] eSex (20 +20) +[ifdeam]"P ... par

Each occurrence of List is a polynomial in I

so we expect some structure of before :

= Jazn ... den [
sum of all pairwise contractions of I
fields in Liniltu) ... Livi (n) &(1) ...(H)

Ethic
products encounted before !

Let's look aton explicit example

21



Example : 2 = [inddd-tmip2-

Graphically , Zint =-i
!
-

Afty)=
scolor propagator

We can now follow same exercise we did in Foe case

and compute the result in terms of DIAGRAMs
-

Assume &(1 SMALL COUPLING

try to compute < ITSP(Pix(315)

In full theory EXPANDING To O(g) INCLUDED

E two occurrences of Cin+!

· Olgo) : thas is only i = AF(1-Xz)

no occurrences of Lint !

22



· O) : 1 occurrence of List means we

have product of 5 fee fields

~ P(k) P(xa) f(z)
We have seem that all odd-point free

go functions are zero because we

always have oneI left !

so nothing contributes

= graphically , no way to attach ge

single : to two-part fucher

-

· O(g?) : is findly to => because I have 8 (vi)

=> P(x)q(x)(z1)b(zu)
23



need to consider all Parwise Contractions !
# IV

M M
(1) p(r)f(x2) &(21)P(z)((z) P(zz)P42)P(+2)
L -
I #

I

↳ X2
what does it give ?

=

O

(503 .3])-1AF) (dzdzDFA
- #,

↑ integrations
numerical factor because : Let !

t : expansion of exponentia gue t at 01g
2)

3 . 3 : Symmetry factor = I get some diefour
In many different ways

1 for (E) contraction 3 thenI & IV FIXED !
3. 3 for (11) contraction

24



-
(2) p(1) P(x2) &(21)P(z)((z) P(zz)P42)P(+2)

#---
I #

X+ X2 symmetry foctor
-

↓ . 3 . 2 . 17 LAST PARRIXED

- ↑ ↑
second z: Gre

,
I possibillies

-Z~
Zz

fo zz
First Zu Fixed

,

I possibilities for z2

= +(3 . 2) (-Af)(dzAz

(3) pinpuz)P(z)((z)P(7c)PH)P(+2)
- L

De (3 . 3

.] Immea
Swap EntE2 ! 25



= 13 . 3 .2) (-) Sazed"ze Aflizi) DF(Xz-za)
Af(o)?

= G(x)G(x2)
↑
one-point Green functor, in foet

:

-

&(x)$(z)$(z)P(z) = symmetry factor&
L

4() = (2) 3 (d"zAf(xa-z)AF(0)

=

and 41 . 3 = t ; e G(x1)G(X)m

epoint:
% ·52he on !

26



--
(4) p(1) P(x) &(21)P(z)((z) P(zc)(2)(+2)
- L

↓1-z1

& T

gza-
: 3 . 2 . 3

2 t *
zn-z2

X2+ z1

swop
En+>22

-

symmetry foeto

= (2 . 3 . C . 3)(-)"Jazidze DF(x-zi) Dr(x2-zi)
AF(zi-t2) DF10]

---
(5) q(z)P(z)((z)P(7c)PH)P(+2)

2
+z2

-T z1-> zz

zn7322 *1 -> za

Swap 27



which then gres

= 2 . 3 . 3 . 2 (-Jdz ,
dz2 Af(X

, -zi) Af(xz-t2)

Af(zn-z2)
2

We call (1)
,
(2) DISCONNECTED VACUUM GRAPHS

(not connected to Xa
,
xr)

13) is product of lower points

(h)
,
(5) CONNECTED DIAGRAMS

Notice now that (1)
,
(2) (vacoum) do not contribute

because we still need toaccount for enominator !

z(]]=expSifax
(2+ jp))

JP] expliSax (2) Y

2 = 20+Cn+ 28



Denominator in J independent, but still must

be expanded in LinT !

no fields &SCOPT expli(d"x /20 + 2:ri)3 =

only recordings .

= SCP] exphifax 203 [1 + Giv++ [inF +... ]

= 1 +a0+ + o(gi)
- -

Olga

I 0(92)

also fe vacuum
,
no ofg) because Liv+c

3

no contractions of odd numbers of fields !

some symmetry factors of with1 X

-

~ a etc ther

0- 29



EJSz

+E + 00 +& +y- +...

1 + 00 + Ex +...

expanding to Olg") you see that denominator

times= reproduces disconnected vacuum degs.

with opposite sign !

= - +00+ toya
XX2 un

DISCONNETED

Gr(x)G!(x2) port

=> G(X1
,
/2) two-point Green functiont

to order 0(g2) in terms of
DIAGRAMS 30



=> Every diagram is a graphical tool to

depict a mathematical expression made of:

· products of propagators

· integration over loteal Vertex points

· vertex "coupenge" (-ig/3 !)
· symmetry factors- Account For the FACT

THAT DIAGRAMS ARE IDENTIAL

If WE ONLY SWAP INTERNAL

CINTEGRATED) POINTS !

We can generalize this by defining

Emmanroles in cordinatespace

Consider 2= Lo + List

Lint = gir ... in Pre-bir polynomial
Interaction

31



We can obtain the perturbative exponsor for
an -point Green Function

<r) + [P(x1) ... In (n)]1>

as follows :

-

1. . Determine Propagators = Pi(x)P(y) = AF(-y)

If different types of fields Pi , there loved ↑
be different.Propagators ! I

From Inventine Kinetic term

=> Free LaGrangian

need Knetic minug

impimps to mix
them

typically , it can be diagonalled

by Field ROTATION !

Determine Vertices = igis ... iv

32



2 . Dow a point fr each Xi and a line

starting from it

xaX
ex : Calilddd) (a)

·
X

-

xs

3 . For Olgm) draw m internal

veetex points with each 1 lines depending

on type of interaction

ex p and Olg%

xqx
X
· -

xsX

33



4 . Connect lines in all posible was

5. Exclude disconnected vacuum subdiapoms
-

6 . Add the appropriatesymmetry factor

by counting all possible ways of making
a contraction

7
. Integrate over Sdzi for all internal points
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