
Path Integral Quantization 2 :

Lagrang ou formulation &
the scalar propagator



Im previous lecture we have obtained an

expression for the expectation value of a string

of TME-ORDERED operators of a PATH Integral
.

=> we "defied" a strange type of integral
over [8P][DIT] > ALL FELDS CONF

.

We integrate (and we will differentiate) over
Functions instead of voidles

Quantities like or PATH INTEGRAL are called

FUNCTIONAL INTEGRALS> It depends on the value

of the functions f(x) & H(X) FORALL XMB .

We will always asome that functions are

smooth fe (D(M) over some manifold M.

then a functional is F(f] ; F : (P(M) - K
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CP(M) might be too restrictive ,
but we will

Ignore this aspect ber

=> to be more precise , fe S'(M)

space of TEMPERED
DISTRIBUTIONS

In
any cose

,
as long as we can perform standard

operations on these functions
,

we can use them

to define FUNCTIONAL DIFFERENTIATION and

S FUNCTIONAL INTEGRATION

FUNCTIONAL DifferenTIATION "

-

"Intuitive" definition (x ,Y ERP)

· -(
+dy] - F(f(x))
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such that

·

· if FIf) = Sf(xdE thee

=Lmdffl
= Jakd(x-y) = 1

·If Ex(f] = Jay <(,y) fly)

=Jay((
- Jog acxy) f(y)] = G(X

,
z)
,



From these we see that an equivalent definition is als

OFCf] = (d'xOf
M

which gewesen dF = Of dxi

· Fla] = faif

=Jan
= nf(

-

(y)

· F113 = Jax (ouf)long) yearbee enby parts !)
= -2 f(y)
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FUNCTIONAL Integration
-

Functional integration is what we used to

define our PATH INTEGRAL

St0f] #(4] demdf
where fi = f(xi) on Discretized Space-time

CATTICE ! )

we will be interested in performing expectly
Gaussian-like integrals = we would like

to generalize

Jey-ax to function.
-x (with as 0)
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Let's start with rend generalization to R

=> product ofn such integrals

= Je
where X = (x1

, ..., Xn) in RY

A = nxn diagonal Matrix with an

en Diagonal> ai eigenvalues !S det A= a

then clearly I can use this to write

Jae-de
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We can generalize this in order :

1) to quadratic fems Q(x) = VAX + b .x + c

by completing the square :

Q(x) = Q(E) + - (x -z]T . A . [x -=] = -Ab

In foot DiQ =[LAx]i + 1 (A+x)i + bi = 0

= (Ax]i + bi = 0 (AT= A ! )

X = -A? b minimum &

Q() = -1 bTA"b + c such that

Saxe-Q()(bb-c) (et
often shifting

*

-** x
+



27 Similarly we can generate this to HERRITAN Complex
matices

, noticing that

- a(x3y2)/2Se dady = E

I
RE

z = x+i = fe-az*t

and then if A is Positive def . Hermitian Matrix

Se-z = sta

All these formulas are vigorously correct. With

some faith , we on generate them toFunctionals

g



· (DP) e-cap = [det]
NOTE : ↑
this Il et" would be

normalization
mulpted out ou

Wgo away S infrite # of times

detA -> Th product of eigenvalues

· (101(Dp] e
(PFxAP(x)dx

= (det]

the C2ti) or (2) factors will
go away

↑ SalData destal ... 192=SoSo
Ratio Measures ! 9



Now that we have rules to perform integrals , let
vo see if we can use them

First question is
,

where is it the core that in

PATH INTECRAL

remember

ifailtu) -eifdx iz

e hidden in

CACRANGIAN 2

mm"-is
-

to do that
,
we must be able to integrate out

EXPLICTLY [DH(X] => we can easily do it

If it's a Goussion Integr !

I (DT) e
iSax (n+ (x)f(x) - 2((x))

And Balta)OBCA) DON'T DEPEND onNCA !

Let's ASSUME I quodate from in i

· Fatal don't depend on It
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then
, following purious notation we write quadratic part

~ - I Sandy i A(pix] TXTTy (

with ACp(x)] < &*(x-y

If this is the case
,

we have

/10 e
iSax (n+ (x)f(x) - 2((x))

I

= (det(ani Add])] exp[i(ax (p -x(,]
where we also used the usual normalization

Sf which odds on extra

I fe ot us op !

11



#(x) is
,

as for finite-dimensional care , the stationary

point of the quadratic form

Jax[x] =

py). = o
whichsee
#(x) or a

function ofXr

we recognize polyl Al as one ofhe
HAMILTON EQUATIONS

which imples (x)=R
is the Canonica as

Conjugate momentum !

-

=> the effect of the Gaussian integral over TTW

is that of performing a LEGENDRE TRANSFORM :
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/10 e
iSax (n+ (x)f(x) - 2((x))

= (det (2: A(pix])] explifex &( ,01]
such that we can wate

[rIt[Dalta) Ob(r) ... 3 (2) =

!
(2Ti) · factor cancels out

det[Act)] Cancels ONLY If ACPCA) does not depend

on feld (a) !
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this is typical : Fee SACR TheRY + Int

2 [linlarp) - Emp + List

↳n > 2

H = t π + 24) + [mi-Lint

Alpin] -5 (x-y) and then deft = number

it could happen A[q(x1] not just &) !

then we will use [AQFT]

[detA)(etret) et
this can be

reabsorbed into 2 !

We will not need this In QFT1
,
no we remove

it !

but keep of in mind !
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In LAGRANGE from the path integral generates
the intuitive picture :

697t19i ; +i) < 90H] eC
*
2(9

,
9)

= SoH] eact)
ACTION

=> transitionaupliude can be calculated "sumning"
over all trajectories , WEIGHED by the

phose factor
is

Putting back factors t we got

197 +flgit] < SWH eSL]

CLASSICAL LIMIT : - 0 integral dominated

by &S' = 0 - method of stationary

PHASE 15



Now how do we compute this ? If I is

Fer Lagnagor To ,
we should be ableto do

these integrals since 20 isQuadratic in I
and we end up again with CAUSSIAN Integrals
-

=> we will see how to do this in a moment.

If instead 2 = Go + List typically integral

will be impossible f one solution is PERTURBATION

THEORY or long ar List is "small"

Take finite-dimensional example

jedrig-ge-g-

Lo
fint
-

-
We can compute all into one by one , oroaTick :
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DEFINE the generating functional

Z[J] = Sae-9- +9 + 59 with
-*

Zol]] = STY-=
the FREE GENERATING FUNCTIONAL

then it's immediate to see that

giy(gjy,
-A

which implies

-+j]
z(]] = e zo[]]

= e]"e
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=> this allows us to obtain correlators in

interacting theory of sums of correlators
Il

In free theory withsorrI

GREEN FUNCTIONS OF FREE THEORY

We do the same in QFT
.

Considerasolar

they with 2
:Gotainteraction

where 20 = &(6)(m) - mp2

Define the GENERATING FUNCTIONAL for Free Green functions

zo(j] = IN12 (2003 explifax (Go + Jaxbi)]
then using :

& eifdz = plye
iJd"x](x)f(x)
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it's easy
to see that

(m). · ( Eun) 2015] /g
=0

=

= Wi S(OP] p(x) ... p(xn) eiS(d]

=

]d(m)... p(xn)els(p]

Sp] eis[a]8

=CrlThi ... P(xn)312)

= Goldn
, ..., Yu) n-point (FREE) Green Function

we defied S[d]-ax2oFree Action !

So if we ou get Zo2]] ,

we are done

= we can obtain all Green funchors by differentidier
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Indeed
,

Zo(]] con be evaluated explicitly since it's

a GAUSSIAN INTEGRAL : to make it manifest-

let's write it or:

Zol]] = INK SLOp] expl-t/dixdy PLD(, 3) ply)
- Sax (-iy(x)(f(x) Y

where D(x
,
y) = i &(-y) (omFiOy
-

Using now famula for Gaussian integral on page 7I with A + D(x
, y) B = - iJ(x) we get

= INK def [Ps] expSidy (-ism (Di
,
3)(- :(11))

-

this is nothing butE= 03 . I =1
o



this is no because It=y
! chea

ther we are left with

zo[]] = exph-Jaixdy JCx Az(y)](y)]

with AF(-y) = inverse of D(X ,Y)
un

we anticipated that it only depends on X-y

not on X & y separately !

Af(x-y) is called FEYNMAN PROPAGATOR

Let's compute it explicitly : D'I defined of

Janz is"(x -z) (Bz +mi)D"(2, y) = 5 "(x-y)

(Dx+m2) i AF(x- y) = d"'(x-y)
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Fourier transforming

AF(X-y) = Ar(p)e-ip
- (x-y)

&(-y) = SA evip(s) we eo

i(p"+ m2)Jrp) = 1 => trip)=+is
↑

re-instating the is coming from

so T - x(1-is)?

DF(-y) =)epp2 ma + is
12 regulates singularity of p

= m2 !

~
Em(po)

is Feynman

I Prescription

:tra "Respo
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