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We are finally in the position of quatting
Interacting Theories .

We will deal with two problems

1. What happens when we addon INTERACTION term

2. How do we make contact with OBSERVABLES

that can be measured in Experiments

Our goo will be to compute matrix elements

& <rl4(1) ... (n) 18] E Green Functions

to do that
,

we will introduce a new formalism :

WewillPATRum mechan

and then generalize it to QFT
.

This will

provide us a powerful technique to

· Understand how to quantize interacting theories

·
Quoubze gorge theories like QED = U(1)

· Gewedze everything to NONABELIAN theories

1



the path integral representation of QM was

introduced by Feynman (1942) based on periors

work by Dirac
.

We will use this formulation

toCompute Green Functions and there we will see

how to relate them to
the QFT version of Scattering AMPCINDes

-

the IDEA is that we "feget" about commutation

relations
,
and instead put at the Center the

notion of a PROPAGATOR : 197
,
tf ; 91,ti

which provides the Time Evolution of the

wave function 439 ,
t) following Hoygen's principle

In 1 Dimension :

S↑197 ,
f)=giti)↑ ,

til dai

Y
TRANSITION T

probability amplitude probability probability aupl
for If atf fr ge of ti
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System defined byOn Pr operators
↓ ↓ N

Coordinates momenta (dimensions)
&

[Qu
,
Pm] = it Jam and zero otherwise

197 eigenstates of An & Qu1q)
= qn19]

1p] egensteles of Pr Ph(p) = pulp)

=> All in scardinger picture

<q1q) = TJlqn -In) ; 1 = Sdan 197(9)

<pip>=n di-Pu); 1 = St) (PP

<q(p) = e
+ p -q/ 19;t] = eith,

11

In HEISENBERG PICTURE QuCt) ; PuCt)

Qu(t) = cit/ Que-in
; lgit)-i
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States in Heisenberg picture Fulfill the some

Orthonamablitty & completeness relations of in

Schrodinger Picher

Now we consider Everything in Heisenberg

PICTURE Since

19t 147 = 49t/fit Crit 14]s
expectation values don'tcage in two pictures !

NOTE : 19 ,
t)

,
might look like evolved stateot

It's NOT ! Weore in Heisenberg pictures ,

states

don't evolve with time

=> it's Elenvector of Qu(t) with
ElGenVALE an

Its time "dependence" is
eit 19)

opposite of Schrodinger evolution !
h



then consider the Wave function.

4(9 ,
+f) = (97+714) = JEdgin <gete(9iti)<qit/4)

H H H

or if we are in1 dimension :

4(97 ,
tf) = Jdgi <9fitf/qjti) <gitulith it

= Sdgi <aft(giti)4(9,
te) (* )

-

"K" propagator contains all dynamics
and substitutes Schrodinger Eq !

We want now on expression for K => wa

will express
it as a PATH INTEGRAL

?
Som over

all possibleI PATHS
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to compote this ,
notice first that

-

iH (+-til/n
797tf1qiti) = 1971 e 1917

S
H H S ↑

States in strigina
.

H = H(Qn
,
Pm) chosen such that all An

alwaysorof Im !

With this
,

consider infritesimal At + at

- iHdt/n
<q' , t+dt (g ,

t) = <ge 197

↑ 11
Il

imsent (p) <pl = 1

some all p to RIGHT !

=Stqe-iHPuP<p(q) (t = 1)
u

- iH(qn
,
Pn)dt

l d+ 1

becomes a IBIittat
number

LINEAR Only!



= Ste-iHan,P
e

=Se-it ,puld

this is true for infinitesimalIt

Now go
back to full propagator ,

and spect

At = ty-ti into N+1 intervals dt = ty+-ty

=
their

<9+q1quti) = JTdqan ...Iden <getfl9ntu) ... .

·(91tz/9i;ti)
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and using infinitesimal famila dare

=Sta

· exp[i[19-9n(Prin -H(
, Pan)dt)

90 = 9i; Po
= Pi

9N+1 = 97 ; PN+1 = Pf

now we take limit N +x
,

at to
,
then

variables become continuous functions of tome

9kn -> qn(t) Pen + PnCt
what boot

gen-9u-1, n
-> q(t)dt ustegiols i

+7

-Set I daun
,
den ?

ti
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Std-
FORMAL DEFINITION

Integral over all

- SD(quit)]D(pnCt] Functions Pn
,
In

=> PATH INTEGRAL

9(ti) =Gi with fred untich
9 (tf) = 97 onl final points

<97 ; talgi ; tril
= SOCquIti) OLpuItt]
q(ti)=91
q(+ f) = 97

tipe-H
,pet)

9

Y the we integrate
over all In > all

trajectories !



this is the HAMILTONAN FOR of the PATH
INTEGRAL formulation of Quantum Mechanics

We can generalize to FIELDS with usual RECIPE :

SCALAR FIELD (1 rea field for simplicity(

19it) - (it);x1 ;+ = p()16;+)

H = Sa ((p( ,

H(x) HAMILTONIAN density

now we can compute quantum transition amplitude

from pick) of ti to (1) at If

(Pata(Piti) = (D(p(]D(i]
↑(ti, ) = fi(*)
p (tf,) =Pf()

· exp[it Ja (TH-u(p,)]
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where in this famula ,
as in QM case

,

we are

summing only over CLASSICAL FELD CONFIGURATIONS

=> every,
1 in path integ is a function ;

noton operator -

Now going
back to QM case

,
we can use

PATH INTEGRAL also to represent MATRIX Elements

between 197tf1 ... Igitis of CTME ORDERD)

↑
PMDUCTSOF OPERATORS

technical requirement
to be discussed

-

Consider operator OCP(H)
,
Quit)) = O(t)
-

Assume opposite convention to
2

. . e .
all Pn LFT of Qu&
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And consider the following matrix element
TIME ORDERING

<97tf/O(tal OB(ts) . . . . 19itilItastA) ...Sti

now divide (tf ,
ti] interval intounol N+1 "dt

"

and insert completeners relations .
We can easily

do this if testates ...
Sti Che orderna)

<97tf(T[Paltal OB(tB) . . .
. 319i til

=> TCP(x14(y)] = Plo-yo) P(fig) + Olyo-rol P1y)P(X)

then we must consider matrix element of single
operator over infinitesimal timedt

79' ; t+dt) OALPuStA) ,
QuItal( 19 ,

7) =

- STqeHPPQLT
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= Sta -H ,Pu)dt +-a o
Oa(pn

,
an)

~

no more

operator !

Repeating this for all operators ,
and by

inserting each operator at the "proper" place

[f to sta < tree = Cautitre/Paltal 19uth)1etc

gres the natural generalization to matrix elements :

(97tf)TSOASta) OB(ts) . . . Y 19iti) =

↓ It (H)pu(H) - H(qui ,Pust))]
JB(quH1] @CpuH] e

· On(PuCta)
,
quItal) OB(PuCtr) ,

quitB)) . .. -
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which im turn we can further generalize toELDS

When dealing with fields
,

we would the to counder

matrix elements among Vacuum States (21 . . . . (f)

= what we called a Green Function

Inserting a complete set of states Iffitz(

and 1 fisti) and sending tit In we cover

ALL TIMES

[r)T/Dalta) Op(ts) ... 31m) =

=> lin (i) Td crt
tf- +x

·tT/OltzlOp(ts) ... 3 (titi) <Pitile)

use generalization to fields of previous femula
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= Im(DP WH Crtt til-
tf+ +&

A

i Sax Jet [IT()P(x - (((x)
,
(x)]

I & e ti

O Da(tz) Op(tr) ... -

note we have included inDecic]( (OP][W])
abo the integral over doidij => we are

integrating over ALL FIELDS Configurations

E

withoutany constraintsanymoree.

As a next step ,
we takeit -- explicitly

tf - + x

We Assume that of such times
, p(X) behoves

· a Free Field@ecuscatteing thery inQM



We will say more about this when we studyScattering.

for now
, you

can think aboutat as in

then <P =8/2) = wave function of vacuum

state in coordinate represent.

this limit is delicate
.

One can show that

We need to take limit or T+plc-id)

tilting the

# exis dong which
We go to D

(r(p ; +o)(pi -dr) =

= IK exp[[(ax 1 ...]]

same effect : IN expe Sax fix o
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this is theodding to Hamiltonian

E PRESCRIPTION

x + x- 1) on
the
a

: (104)"+ (b) +(m2 is) $2]

I can try to argue "handwaringly" about this:

consider Cr/it) in scardinger picture

#

1Pit, = Eit19> I mathx
element

spit = /b) eritt
does not change

- evelve them back to same t = to

and put ty = it ti = -; - X then

(alt) = (21 eiHT (b)

[M] = <PilEiHT Im>
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now let me decompose initial and final state

in tams of eigenstates of HAMILTONIAN

(i) = [(n/bi) In) such that

-
iEnT

<aldeit) = [ <In) <nite)
e

I cannot just send T -D ;
Instead gre

it

a small import T- & (1-is) with Es 0

EnT iEn(x-iz . x)

e -> C

_
iEnX - EXEn

-e e ->0

#

gas230

the longer En ,
the Faster toso this limit

projects out only contribution from VAzum

& as longes 1413 1913 have overtop with 127]
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10) = 1:2) and we can with

lime <rIpT)- > <rIm) . No
- ↑

T- p(1-is) 1

phoses and

-recop<rlpe)

live <Pi ; -TIM) -> [r(r) - Ni
~

T=
(1-id) 1

so in this way we get

[rlT(Dalta) Oplts) ... 31m) = Live
T + y(n- is)

↓ SD(p(1] D(IS] · OnCtal OBItr) ...

iJ [T() P(x) - u(b(x)
,
π(x)]

· e
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we can easily for the constant N by imposing

that our path integral representation is consistent

with <RIR) = 1 (vowum normaled to 1)

Indeed
, repeating the same argument without

any operators OAlta) etc wo get

Seir) = Lim NP][b] etu)I
Tesla-iE)

= 1

=> N=le
As already articipated :

Lier ? - lim
- in

T+ d(1-ia) T= xe
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weore taking the buit rotating a bit the

Time axis
In(t)

#I
One can relatively early show that this is

equident
to having added on appropriate imaginary

part to the Original Hamiltonian . Loosely :

_

iHT
_
iHTe-

E
-iH(n-is)T

e -> e = e

iCH-iJT 2H + E > o

some effect = e
es If energy positive

↳ IMPORTANT :His regulates do STC+P-21]dt !
this Is WHAT MATTERS ! -

T
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this effect inI can be obformed by adding

H + H -2 with some 220

↑ scolor field

this term is a convenient implementation of

our T- Tlaria) rule
,

or it can be seen

as a simple addition of E to the

appearingIn the HAMILTONIAN
.

For free field

m2->m2-iz

a= (104)"+ (b) +m2$"]

indeed mi-> m2is corresponds M-1

remember : THIS IS JUST A PRESCRIPTION TOMAKE

Sense of To o LIMIT
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So our full formula reads in compact notation

[r)T/Dalta) Op(ts) ... 31m) =

iSa'x[πp -]SCP](WiT] (OnItalOpHal ...) e

Top]Con]er(ax (ii-i

where IC = X-izp2

Now we mightHink #TP-1 - I LAGRANGIAN

this is delicate
,
because this is strictly true

only if i=y in our famila

Instead It is a Free integration variable !

So in gened that IS T the LAGRANGIA N
- 23


