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As the next step , we consider the generalization of

our plarious discussion to Free Spin % DIRAC FELDS

Recall the fee Dirac Lagogo

2 Flijndu-m14 ; T= it

so pt plays the role of the Conjugate momentum

following our previous discussion
,

we could be tempted

to promote 4 , 4t to Opections

· impose the following commutation relations

24a(t
,
E)

,
45 H

,
y() =&E-ij) de
I SPINOR INDICES

no "i"

because I = 14t &
T



By expanding 4 , 2t in Farries modes :

4(x) = ) (asp)s(p)e-P b) Epep)
L
creation & annihilation operators

↑=S (bp)xp)eP
+

+asx0]

with the Us
,
is computed in Lecture O.

We can then derive the corresponding commutation

relations for the aslp) , bs(p) etc :

[as(p) , ar(q)] = [bs(p) , b(q)] = 2Ep (2) 8(p-5) Mrs
All remaining ones being zero

the problem with this , Is that this not consistent

with NTIVISTICCAUSALITY
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two manifestations of this fact :

1) Compute the HAMKTONIAN

H= Sd :H : (normal ordering (

H =π 004 -2 = 14
+
84 - Flijdotigidi-m)4

= FL - igdi +m14

By substituting Farrier expansions & using commutation

relations and spin sums for us
,
is we get

H = S (Ep(a-b]#

minus sign is problematic

=> if we attempt come particle interpretation o
t

br sale field , byp) create particle of NEGATIVE Ep !
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2) Equivalently , compute commutator of Two fields
at SPACE-LIkE separations

[+ (4,(1) :SUsp) ePys

· Us(p) Es(p) ep
. (x-u)]

2un = X+m
Vas completeness relation for Spiders

[vi =y-m

=> Se (P+m)e- ip(x2)
+ +-0+m)e

+ p .(
-y))

= (i+m)S(ep(
= ((x+m) [1+(x-y) + A- (x-y)] + 08

these are two manifestations of the SPIN-STATINCs
-

THEOREM => Integer Spins should commute BSONS
=

half-integen Spins should autocommute

=> FERMIONS
↳



the solution is therefore to impose Anticormutation

RELATIONS at equal time

&Halt,e) , 45 Ht, y)] = 5 (E-j) Gab
T

(a
,
by = ab + ba Spino

Indices !

which translates into b 3 relations In alp) , b(p) :

(9r(), 95(9)] = (br(p) ,b5 192] = CEplitP-9) Or

with the other Anticommutators being zero-

With these relations we get

H =((app) + bip(bsp))]
↑

positive energy from
both at& b 55



Similarlyy with theseorticommutation relations we get

34a()
,[p(y)) = (848u+m)cp(D(x-y) - B+(y -x)]

=
o for space-like

separations

We can then generate Hilbert space as for
scahe case

as(p)(c) = byp)(2) = 0 definescur

asp)1h , biples ave poside &

antiparticle of man . I

and Join S = It

Acting multiple times I can generate

mothpolide statesa whole FOCk SPACE
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note that since accp) & bip) all outicommote

states or ANTISYMETRIC => Fami Statisbas

Also asp) asp)1m> = 0 !
-

If same pds ! PAULI Exclusion

Principle

Let us also compute the momentum operator

p = Joe ++ ( -:84 =...

= Sp[(apax +bbl

both bitp) & asp) have Ep & i

we call astprions

bjt(p) ANTIFERMIONS
-
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Finally ,
we can compute the Angular momenture

Noether Change associated to SPATIAL ROTATIONS

Recesses for full Greate group , we
have two

Il
VI

pieces : ORBITAL + SPIN (Lecture 4 ,5)

ja= Sia-Or Yo

*** (x

S Adi = Gia(p ,04)
=> c= wa ; Yo (oxo-X]

Orbital part comes four Gia = o Iscolar field !]

150 = - [TYX- Tox]
Lecture 5 j



f DIRAC we have Ali = A4 = 1-104 +0

↑= e-zwrdera
(1 - 1D) =-WiSuv

=ido)-
Then remember Id = Flid-mit depends ong

on 84 and not on Out ,
so we find

=(id-m4]=a

such that the sa contribution is : (removing Wyr)
removed I

I fr dable Ix(-e <c) = ForCert coming war
,



=> gir = TU"[4Y
· [TYxr-Tux]

ORDITAL PART

And we have fect= o
-

From here
,
the conserved change is

Myr-Saz jir =

= Siz (FU4-(TY-Tx)]
Let's now focus on 50(3) rotations=> Mij

And look of the spir part
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Mi = Joe 500 Lij4

Eij = in (i, Up] ; [i ,Uj] = Vidi-Vidi

Ui = [ ] ViUj = -Vi]
=> CriVi] =- ([]2)

=-zizijn (D)
so finally using Ego =&

+

M = Se (i) Sign44
11



Mi= Eijn Jaz4(4

Mi = -si (d* 4+ (00)4

Define as usual Seis Mi
rector component

use [19 Eigh = 28lk to write

sle Jdple 4

If you had added also the ORBITAL PART :

J? Six 4+ [( + 1- :51)"+ (2)] +
↓

ORBITAL Sain
12



one can use this expression to prove that particles

created by ats(p) & bs(p) have saw

Now let us consider the transformation Law of

one-particle states & Fields under Poincare
.

In scalar care we had fe UC1
,
a) :

U(
,
0) (p) = 1A

"

p

UII
,
a) (p) = e-ip .

alp

now transformation low is riches
,
in particular

UK
,
0)(p , s) = #[Dss' (Waip) (Mp, s

! ↑ ↑
waner

se Lecture 4

normalization
2
,
01 + 5

,
5

ROTAMON

= 1
n -> 1

- 2 PASSIVE

VIEW POINT 13



and similarly we impose then fo Full paincare

U(
,
a) /p ,s) = e-ip

.

&Dssi (Waip) 11 ,5)

their

1ps) = at)lm and

Uha)/ps = Ur ,a) asp W ,
a)>
Ir)

vacuum invient

= UK
,
alastp 0n ,

a)(a)

now

impose
↓ e-ip

. a

[Dssi (Wap)11 ,5)

=
e-ipa [Das' (Wap) ahip) las
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=> UK
,
a) as (a) =

= e-ip .a [Dss()p

similarly we get

Un
,
a) &s(p)021

,
al = complex conjugated matrix
-

= etip
.a

&D . (Wip) &s (A p)

and the very same
laws apply to bsp) & b5(p) !

Finally ,
we need transformation lows fr Up, 5)

v(p , S)

u
,

w are SPINORs and one can prove that

-1

alps) [ups') Do (Wap

ecps) As Up,
5) Ds

,
s (Wa+p)

13



with these
,
we can fully put everything together

and derive transformation low for it

Unal+(a) = 1 4(1"(x-a)(

- UK ,a)y(ax +a) (a) = 1D4(x) *
-

EXACTLY What we had in Lechn h

wating Up(x')0
%
= 4'(x)
~

TOTAL TRANSF Of

Exercise FELD

A o compute the change

associated to the UH) symmetry 2-eice
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= Tu => p= Sax 04
= Sri x 4+4

with usual Normal Ordering we then get

9 :S (a)asp)-bpbs
- -

fermions with antifermions

charge
with change

As a lost topicfo what concerns the Free
-

PracTheory , we consider DISCRETE SIMMETIES

=> how do one-particle states & fields Transform

under PARITY
,
TIME REVERSAL

,
CHARGE CONSULATION

P T C 17



PRITYTRANSFORMATIONS

Under Parity pe-p while I
,
J
,
s do not

change because the angular momentum is a preudorector !

so consider a generic one-particle state1p ,
5 ;
a)

T
extra labels

we need them for It
,
I
If present

& p
, p
*
to distinguish polides a

four artiparticles b

then we must here Elp ,s; a) = yal-p , 5 ; a)

- ↑

to be consistent with PHASE
-

Poincare we should physics is in RAYs in

all it (I) Hilbert space &
UNITARY OPERATOR

(Wigner therram ( Na calledMINSICPARITY
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now P .P = I so we might think this is enough
to conclude Na = 1 = situation is more delicate,

fumionic operators appear always in PAIRS in observables
-

= Ma = 11 to be precise
74 etc

this is because OBSEvADES must COMMUTE at
-

space-like separations [A(x)
, B(y) J= 0

↳
MICROCAUSALITY

If (x-y)" 0

↑, ef Anticommute of A
,
B anti commuted

,

measuring one wouldIthe stan of teother !

A(x) Bly)(4) = - Bly) A(x)14] *

=> dways EVE # of 4&*
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However
,
one can demonstrate thatfe spint

WEYL & DIRAC we can always restrict Ma=+1

[see Weinberging
Note that this is NotTrue fo MAJORANa

gree [lp ,s; a)
= yal-p , s ; a)

we most hore acce< I

!=Pap
Im)

= Pas(p)** IRL

= Na -)12]

=> Past(p) P = Medst(-p)

P bst(p) ?
-

= Ms bs(- j)
20



and since I . I = 1 => I = p. 1

↑ asp) E = ya &5)-p) I
recoll I UNITARY

ppt=
P b5(p)1 = Ms bs t ( -5)

Pt= p
-1
=P

special fr Poity

so by taking hermation conjugate we get as

Pas(p)P = Maas(p) I usinga =
Pbs(p)p = M bs(-5)

(not true for Majorana ! )

Let's now apply this to a FERMON FELD

44=asiuip

+ bs(p)u)e
:0 .x]2



then

PHP= SadUse
+ yab5(-p)v,p)eip

.x]

do now pe-5 ,
where po = Ep does not change

-ip
.X-ipt-i1.= eip. - eip .x

- ip . X

where x = It, -E) ;
and similarly :

S((b
whatebout Usi-p) & Vsl-p1 ?

22



From their explicit representation one can show that

Us(-p) = yousp) ; Ulp) = -00VI)

im foot Us(p) = (E ;v(

C
5,IUsi) =
vo 3,

= 80 Us(p) etc

=> vscj) change sign !

so finally

PHP= 20Se
- 4 b5(p)sp) ep

.x]

If we want this to be proportional to 4 [it

means If is representation of PARITY OpetTor]
23



=>Ma = -4> only way

↑H(x)P = MaYou(t, -E) same CLASSICNL ACTION

up
to phose yo

Note that by consistency particles andond particles

casemust havepot Itinea
a

in Es(p) versus top

If we had done some thing br complex

scalar field there would be no Us
.

Us

=> Ma =+ us Same Intrinsic Padity

For spin O 8
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CHARGE CONJUGATION
-

Talking about CLASSICAL FIELDS
,
we defined

↑ = -ig24
* Change Conjugation of Dirac Field

this operation on quantum States reverses PARTICLES

and AnMPARTICLES .

Let's demonstrate it
.

Define Casp) = Mcbs(p) or top
c = V(c)

[bs(p)C = ycas(p)
I UNITARY

Assumed C . C = 1 => c = c
- 1
=
Ct

then C . Casp) C = y : Asli)

Mc = 11

And some equations apply for ast(p)
bst(j)
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their

C4C = m. [bpusipep

+ 95) (s(p) eip
.x]

I now we notice that (explicitly

(3Us(p) = -zj2 Vs(p)

Us(p) = - ig
: (Us(p))

*

=Mc(i) (b) (vsp))
* ep

--

-> asp) (Us(p)
*

e
= p

-x]

= M (-+jz] S((bilp) espe+PX)*
+ (9s()Us) e-p

.

x)
*

] 26



cy(x)C = yc ( -ij24
*)
-↓ CLASSICAL TRANSFORMATION

Quantum

phose

· corresponds tocooking C = ig2go

·
It's doo easy

to see that <TYMPC = - 1504

current changes sign !

=> CONSERVED CHARGE changes

sign tooE

· One can also show explicitly that

Change Conjugation swaps
HeLICITES (IE)
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TIME REVERSAL
-

We haveseen in ex . 2 that Time Reversal

must be implemented by Antunity Operator

(4(p) - <Up10k = <41
*

S Uc(f) = Ul cek

If we cell the Time-revesa Antnitary opental T

we require that TyltE )T Satisfies Time -Revesd
DIRAC EQUATION

this requires Tasi)T = &-s(-P) = (R2l-F) , -an-p)

Tbs(p)T = b .s(p) = (b2tp) , -bi(-p))

Tchanges momentumspr

28



applying this on Dirac Field we get

T4H, 'T = +08341t,)
-

SATISFIES DINAC EQ
.

with to - t
-

In principle, up to M+ PHASE(

Note fully thatI tem that we can

write in L which fulfils :

1. LOALITY will Always be
2o LORENTE INVARIANCE I invorant under
3. HERMITICITY

4 . Positive ENERGY CT
-

5 . SPIN-STATISTICS

ManifestationofT theorem

Con be proved in ANOMATC QFT Wightman
Axions)

29



What about spin I master fields ?

I=fr FMV = Gha_ DAM

Describes ↳ Clarid Fields A A? A?A> we could

try to quantize each as a Bosonic scolor field

We have seen that using Al
to describe the

theory introduces extra unphysical degrees of freedom

=>> At has a components versus 2 Independent

polizations ofor electromagnetic ware

↓

Manifestation of gouge redundancy of description

One way
to resolve the problem is to FIX the

gorge => radiation gorge to =o,
J .A =0

reduces problem to 2 degrees of freedom
Pice to pay = BREAK Lorentz Invenience !

30



We will discuss how to solve this problem preserving

Lorentz inveience with PATH INTEGRAL
-

Here
,
we will stan instead the CWCIAL connection
-

between Lorentz Invariance and

Gauge invasiona

to write a consistent field theory of a spir I

field> we will see that if we insist in

Lorentz invariance
,

we must have gorge Invoice !

Let's start from Classical Field in Fourier basis

A)=
And now promote field to a bosonic operator

Ap(x) operator =>> &+ (p)
,
GI(p) operators

31



If we do everything consistently , the field should

transform under Lorentz Transformations or

UK
,
0) AXU"(1

,
0) = NvA" (A ? x)

or Using ACTIVE view point we expect

u(1
,
d) Aca) oc , 0) = (A2)" A (N . x)

Unfortunately, un case of a monten spir I

field things are less trivial.

En fact, take expansion in
Fourier modes in radiation

genge =>
A =o

,

this cannot be preserved by

equation above

Let's look at what happens more in detail

32



as for scolar field , the creation and destruction

operators transform as they must from our

definition of one-particle states

+ it (1
,p)

UK
,
0) a(p)81,a = e a(Xp)

↑
it

Repr. of little group GD(W(,p)) = e St

for moneen spin 1
IRREPS ONE ORTHOGONAL

in heliaty basis !

Similarly
t - it (1

,p) t
UK

,
0) a(p)81,a = e a(Xp)

both for 1 = 11 ,

two helicity states

which give

UK
,d) Anu"( ,%) =[ (ePXio(((p)

+ h . c .)
33



now what can we by about the pol . rector ?

Me(p) = ?

remember pol vectors are rather special vectors =>

there are only 2 independent ones

FOR Example If PM= <E , 0, 0, E) then

Em(p) = 10 , 1, 0,0) ; 22(p)
= 10,0, 1,9

Lor anynear combination thereof)

Wreutz transf will in genera transferm
Eu

nontrivially => pM-Ampv ; +Ex + < pM !

S it will reintroduce a Concitudinal Polarization

that we deemed as UNPHYSICAL
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We can see this in general going back to

Litte groop of morsten
momentum

Ex kn= (k
,
0
,

0
,
2) & pr= (p1] ev

and let me there define EMCK) and

Eu(p, n) = (((p)]Y(O)

Now given a generic Lorentz transform X , define

W(1
, p) = <"(dp)n <(p) -> Little Group of her

Since his master
,
we know We ISO12)

translations + rotations

the culprit is the "translation port"
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Explicitly M= (4
,
0
,
0

,
4)

10,
1,0 E0,
-

helicity banis (k) !

then W(1
,p) = Tla ,b) Rz10)

↓ ↑
rotation along

translation that
Z aNS

preserves ku

_

iata-ibty
_
it(9,b)

Tla
,
b) k = k - T = e

= 2

with :
o -a -bo

o o a

- 19
,
3) =15

.0 . 3 -

I Fail = 10, 0, 0 , 0)
o Ob

4 Ts.k = 0

NOTHERMAN of CORENTE I NOT UN

·
- 10

[19
,
b) = a [00 - 1

O~
-

·- +b]
&

e -10 O 0 -1 O

Ta Tz
36



now try tooct with these generators on E

=>(tal = -(1 , 0, 0,1) ki and

simligI -Es E = + =(1, 0, 0, 1)ckmhE
no we fund

(t19 ,
b).)"=fata +bio) =iib)

alternatively , you can easily exponentals these matrices

and find fr FINITE transformation

9+32
T = e
-+(e,) /I c
-

Z I1 O a

01 b

z
- a - b 1 -a

Such that (TCMatib)
(TE Tr(9-ib)
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so we can soy that
-

(W(
,
p.= (c)*13]~i

= (Ta
,

b) Rzlo)]2(k) rotation acts first

I 210(gin-↑
rotates Es
by 18 which

↳

corresponds just to
action on components by eid (signsImportata

From her
, multiplying by L(1p) we can read off

B

Tpen):((p) 52.2]" - (b)<P
m ~

Ez(p) E2(1p)
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so we can bee this to invent for E*1,2(p)

En(p) = e
= :0((- 1)"- (2 ,2(p))" - lib)

now let's go
back to field transformation :

UK
,d) Anu"( ,%) =[ (ePXio(((p)

+ h . c .)

eitoe(p) => eFit Eve(p) so use egabove :
II = (a"12 (Er ,211,35 - Ficti

=( EJ(e)
↓ Orf(x) =

because extra pr + dr
acting on exponentials ! 39



p + 1- 1p the

(1 % p) . X = p - 1 . X so we con wate

=")" C(e).
↓ Orfn(x) and finally

UK
,
d Amo"(

,
0) = (a)"A"(ax) + Ifa(x)
-

Extra Jem Lik GAOCE TRANSF!
-
-

s we see that a Lorentz transformation

actually generates on extra term [Ouf !

this means that a term like AAp would

not even really be Lorentz invaient in

quatum thery !

=> we must build aSauge Invariant 2

toquarantee that it is do Grentz INVARIANT !
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=> UK
,
0) Fur Win

,
0) = <A- (1) Fer
the field-strength tensor
IsInstead TRULY LORENTE
-

INVARIANT
-

Similarly , we can caple All drectly to some

h-vector In onlyIf &J=

=> AnJr -> AJu + (09)Ju

= AMJn + &(f . Jn) + f &"Tr
Il

bandag O

tem
Conservation

! equation
=>So in Quantum therry

Am . (p*Ort-P) or At 5804 GOOD !
-

Scali RED Spiner QED 4


