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it's finally time to discuss how to quantize our

field theories
.

We will start with a quick discussion

of the method of Canonical Quantization applied
to the case of FREE SCALAR & SPINOR RIELDS -

After that, we will describe analternative quantization

procedure based on Dirac /Feynman's PATH INTRURAL :
-

1) introduce interactions

2) study the Quantization of AGETHEORIES

CANONICAL QUANTIZATION

the idea is very simple : we leverage principles of

Quantum Mechanics
,

with the identification

woodi -> P) = p(X) field

momentum pict -> (t
,
E)=(x) Conjugates
W momentum
LABELS
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Now
,
in QM we promote pi, que operators

then in Schrdinger picture Tevolution in wove function]

We IMPOSE CoMMUTATION RELATIONS

[qi , pi] = i gig ↑J = 1
,
2
,
3 space components

Im Heisenberg picture Tevolution in operators ]
We impose

commutation relations at EQUAL TIME

the LABELS "i"
, "j"become (,j) and therefore

Gij ~ &(-) didac delta function

Principles of Canonical Quantization /reasonable]i

"guess"

· $17,E) , TTS ,E) become OPERATORS

· We impose [P(t ,) ,T,)] =
it(-5)

AT EQUAL

[P(t, =) , P(t, j)] = [Tt(t,E),TT(,y)] =
o

TIME
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If t,) isa WL SALAR FELD , we have seen
-

we can write for general solution of R . G.

P(x) = /(aeeP]
↓ upgrade to operator

remember theyore
means a(p) OPERATOR

only function of : & (p) -> at (p)

po = Ep
!

↑H,)= [alpate-
the conjugate momentor is TTC, ) = 00 P(,*)

TH, ) = S (iEpapePiEpapei-

=-i Ep (alpep -at
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We can now impose [PH,) ,H,j)] = if(j)

T(t
,5) P(t,) =SliF) (919)e-age

~ (a(p) e-p
. x
+ atp)eipy

=S (i) (aap)e-paper
- ata) alp e199-ipatasets estp)

DHTTH,5)= ))J(alp19c)e7-0*_ atsaca)e
-1)

- asplaty) eip
.x + igy atyptipPig

=> Assume (alph ,asq)] = [atep) , at(y)] = o then

we are left with
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igy + ip .X

(P(t, ) ,(, )] :/(iEg)(at ,ElSe
- [alp),at(a)]e

"P .X + :9.y)
then it'scear that by further imposing :

(asp)
,

at(y)] = 2EpCan g(p-g) we get

(p(t, ) , THg)]=C
(i)Eg +

+ iP(5-jj)

~(-)2 -g((p-q)eP(-y))

=>I
- ip .
(-j))+ 2
-

p-q
=ipip(
=
ig' (F- ) EXACTLYWHED5&



so equal-time commutation relations can be translated

into commutation relations for the operators alp) ,at(p)

[a(p) ,9(9)] = [atcp) , at(q)] = 0I [alp) , a+ (q)] = 2Ep(2π)3(3)(p -9)
↑

to remove 2Ep from this relation
,

it is usual

to redefine the operators or follows

alp = zepap ; attp) = rep apt

PIt) =S Capepaper

[Qp , agt] = (235(3)(p-5) "more standard"

but integration measure is not explicitly Corentz covoiant!
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=D remember fam exercises

=mO

Covariant under Sot(1
,
3) => does not change

&ye of po = Ep !

By discretizing thesystem we can recover the

usual commutation relations of an HARMONIC OCLATOR

put system in volume V=3

Impose periodic boundary conditions on fields

one gets Quantized MOMENTA

pi = (2)n+ ni= 0
,
+
,
72...

Sip ->
7



so ,
im turn,

Sa(p-5) = 1 = dip-i)-n

Can)s8'( = 0) -> v
-

infinite volumea frite "reguloized"
volume V

=> Cap , agt] = (e) g(5-9) -> V Spa

up
to normalization

,

commutation relations for

on Infinite Set of independent Harmonic

OSCILLATORS

We can then verify the remaining
commutation rel

(p(t, E) , p(t ,y))= [T(t ,=) , TT(,j)] = o
j



it's reeful to start from the more geverd case of
commutation relations at Different TIMES

ip(x-y)

[P(x1 , p(y)] =...: (ep e (
-

these are 6-momenta

= A(x - y) Cannot ed p-x -p

changes do Ep !

= A+x-y) -A+(y -x)

where 1+(x) = Se-i

by Sting Xo =Yo CEQUAL TME) it's coll to see

A(x-y) /yoyo = Sp (ip
-jiz=a
it-

=

and similarly [TCt, ) ,T,j)] = 0
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Note that since A(X-y)/pyo = 0
,

this

implies that it remains true + IX-Y10,
SPAC-LIKE separated points by Lorentz covrieuce

= A(x-y) Lorentz Invariant , can be computed
In

only frame , and if ((x-y)/2027 7 frame
with x2yo =0

Let's compute also the HAMILTONIAN

H = fe (TE)p(,) - 2(t,=))
= [Sie (+" + (p)" +mip)
= 00 = [Ep(a +apa
↑

similar manipulations os before 10



using
commutation relations

H =JEpapalun

numben

operator INFINITE Zero-PONT

Y ENERGY =

N = Spatial infinite number of

"homonic oscillators"

To make these considerations precise, we
need to

build the FOCK Space => Hilbert Space on

which operators alps , atp) act !

We start with a Vacuum State (2)

defined , as in Q .
M
.,

such that

a(p)(d)=Ep apli) = E I Sild) : 1-
a(p) 's ANNIHICATION operator
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the existence of this state follows the usual
Construction fr Harmonic Oscillators in Q . M .

Now consider the state atcp)(e) = 1p>

We will prove that
this is a state of mom.

ph and therefore we identify it with our

one-particle states discussed in Lecture 4
-

to see this
,

let us consider the 3-momentum

as Conserved Charge from Norther There

Remember that

IOi=P =d
Pj = Sa (Gopijf)

P = - (d= (0p5p) = - fa=
12



Again, let us substitute expressions be fields in

terms of a(p) , dcp) and wel commutation rel

to find

= (apapaa,-
+ acpatps + atcp)atc-p)]

Note that pacpiac-p) & patp) atC-p)

one both ODD under p--p => integrate to
zero !

Guildly , zero-point contribution here integrate to to

↑ (ac , atp)] - p .

&() OD + -E

Fatal
13



now compute

↑ 'PL =Jen
ap)a(9)
+ 2Eq(2i)3y)(p-)

&(g)(5) =0 since vacuum !

Pip2 = Sig r(p-) atc)1m>

= (p) the state has momentmp !

Similarly we find that

eigenstate of
H(p) = Eplp> momentum operator & Energy

Ep=m2 14



=> (p) describes a one-particle state with momentum

↑ and man m => Ep=m

=>(pulpe) = CEpa (2) 3 j's(ph-pi) normalization

fou at(p)

Frau here we can define MULTIPARTICLE STATES

1. acting with multiple aspil

20 constructing tensor product of Ipi)

In fact , we can gre two equivalent definitions :

Iph ... pr= (appa ..all
-

some might ↑be

equal # times p appears in set Spa, ..., Pr]

here we see Rosonic Nature e Symmetric under

swapping two momenta ! - NIpn .. pr) = nlp- put
number op ! 15



sixibely our can show the equivalent definition

(p ... pu)=Pope

Sa permutations of
Spe, ..., PN3

Scalar field has only 1 degree of freedom V X

=> o particles,posons

Calling H = single-particle Hilbert space

H = HHQ ...H product N-times

symmetrized

=> ther
Fock Space on which I , acps , atep) out

GS where How1r7
Vacuum
-
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What about the zero-point (infinite /energy ?

=> As long or GRAVITY NEGLECTED
,
the only

thing that mattersore ENERGY DIFFERENCES

We famolize this through concept of NORMAL ORDERING

Y operator built out of acp) ,ap) we define

: 0 : = 0 with all creation operators
on left of destruction operators

=>: alplat : = atcp)acp)

DEFINE

H= Si :" + (p)2 +mip :
no zewo-point

= SE a) ap
energy !

Notice [H
,
N] = 0 # particles Conserved

inFree therry ! 17



COMPEXSALAR FIELD

It's easy
to generate these considerations to a

Complex scolor field .

In this case we start four

I = optip-mip Free theory

** - pt
promoted to
operator

then we wate be Forier Expansion

PH =Sc (apepbe

P(x) =J (app +be
And impose (a(p) , &49)] = (b(p) , b

+ (9)] =en)2Epd"(p-g)
and all other commutation relationsone zen
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With this
,

we can define Focu Space starting from

12) Vacuu ; acpie) = b<p>> = 0

their generate all space with atcp) & b
+

(p)
~

create two different
quanta of I

Using normal ordering , wefud as before

H =Sp Eplatpap) +Epbli

pi-Jp pi(apacp) + Ep)b,
=> quarte of a complex scal field have

same mos "m"

19



by treating the field clasically , we have used

Noether therem to demonstrate that they is

a symmetry UH) globe -edp

=> conserved change
I name

Pu = i faz :+p : ordering

Substituting expressions untams of acp) & bips we

can prove that

Quin = ((apacp) -b)
-

AFTER NORMAL ORDERING !

attp) alp) counts quarte of typea

btcp) bip) counts quarte of type b 20



=> one can easily see that

Quacp)(a) = (+ 1)a+(p)(a)

Quin bt(p)(r) = (- 1) b+(p)(2)

=> atp> 12) potide with ,m & change + 1

btcp)(2) potide with p,m & change-1

Conventional who we call I s
,G119 Y[Quin]

We call atcp)1a) the PARTICL

-(p) /2) the Antiparticle

Real . Scalen Field has acp) =blp) = the

particle is its own Antipartic
, neutralunderUI-



What about our discussion of Poincased single

particle states ?

Under Poincare (p) - U(x , a) /p>

↑(x) = operator that creater particles & antiparticles

&(12) =See
↑

vacuum

Under Coutz-translations we have Espino :

U(
,
0) (p) = 152p) < tivia Wigne rep !

-UII
,
a) (p) = e-ip .

alp PRECISENOW

PASSIVE VIEW POINT

UK
,
a) (2) = 12) vacuum is invariant

We use UK
,
a)

=((1)Ulal TRANSLATION

ACTS FIRST 22



atpla -> Un
,
a) ap)rL

= u(
,a) at(p) (1,a) Ua

Im)

= Ul
,
al atp) [1

,
a) la>

impose transforms
! a .
plNp>= e the this !

- ia · p ia
.1p if

= 2 a> U(a) U(1) =VI,al

which implies then for creation (SALAR) operators

UK
,
a) atp)0

*

(1
,
9) = eia

-

pat(ip)

and im
turn

U(a) acp)0"( ,a) = etra-pacap)
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Fully , for the field itself we can then wate

U(
,
a) p(x)0(a) : S/epetpi

- ep
-

xip
.cat(ip)]

=Sepael
I

now do p-1 p and use invariance of measure
plus (1 plX = p . (12) XX to wate

! S(ep-Mal ip+(p)]alp)+ e

= P(1-(x -a))
24



UK
,
a)p()u

=

(
,
a) = q(1

-

(x -a))

x + 1 y +a

Una)b(ny +a) G,
a) = fly)

uH
,
a) fly's vin, a) = p(y)

↓ Ply') = p(y) transformation rule
we started from when

discussing CLASSICAL

Consistent with posive SCALAR FIELD *

view Point => remember that

different references use different conventions &
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FromFIELDS TO Wave FUNCTIONS :

Go back to real fieldpC) be simplicity.

dealy #(12) =St eP.
↑

at(p)la(

In non-relativistic caret "constanto

S it
very

much looks the (x) in QM

expressed in basis (p>

=>Led to interpret fix or operator that

creates a potide at position "X"

<rld()(p) = <elSappapp) at

= gip . X
Single Particle Wen Function

of State (p]
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