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In the previous lecture we have seen how

imposing invariance of SCALAR or SPINOr theory

under a LOCAL GAUGE TRANSFORMATIONS

requires the introduction of a VECTOR FIELD AM

=) we havealready hinted to the fort that

this is exactly the ElectromagnetiField:1

this provides one more justification to study
Field Theories for fields of higher (integer) Spin

We steen once more that all our considerations here

areSAL = We have not discussed Field

Quantization yet , which will Later allow us to

build a Hilbert space and make a connection

with one-postide states !
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GOREthe E
.M. feld is described by a

four-vector An
;
let'sree that this is exactly

the one defined in previous Lectures

E.M . field - gorge invariance Au-Ar-buf

Observables mustbee Invariant e.
electric & magnetic Fields

Four Electrodynamics wa know how to build them

from vector potential AM :

FMV= GMA"- GAM Field Strength tensor

CANGE INVARANT
#

Foi =_E ; F =-Bl

We can then build Lorentz-Gage invorient L

Z



2 FMV Fur Simplest term ! notunique !
↑
how do we for it ?

· First
,
derive Eq . of motion

-Dr=

Te=Ar-d)(
Free MAXWELL

↳into EQUATIONS

Exercise ↓ Cin Vacuum ! (
-
-

C does not influence them I

Let's compute the Hamiltonian => energy density

we start from the Energy-momentum tensor
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anhA-gyT

= 4 FM &Ap - C gMV Firfyr
↑

DOES NOT SEEM GAUGE INVARIANT

Ar-Ar + def gives

gavegMV + 4 c FM &"Of

= o & (scff] +4
⑪

↑ Equation of
motion !

gorge invariance breaking
term is total DERIVATIVE

=> This means that conserved cages are gorge inv !

pV = fou => Under gorge trousf.
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= PV + uc(d= &,(0787)
= PV+ nc(ddi (Forof) whing too o

-

= o at infinity !

So conserved changes are gauge invariant !

We can make &MV explicitly gorge invariant using

the fact that , as discussed in Lecture 5
=

gar + &
, fr =

Trv

Describes the same consered charges offre
=> choose fIMECFN A ↑

"refilled !

TMV= Our- 42Gy (FMPAU(

= 4 Fre[@Ay-OpAV] - cgMVFOFr
I used O ,

#MT = 0 FoM !
3



= Tr = <C #M FY - < gar frFyr

Constant I still not fixed
,

but in this fr

ThV
is explicitly Gauge Invariant (d symmetric !)

Now let's compute the energy it

To =< CFP Fog - > FlUfy

= -GE-2(BE)

= - [E+B]

=> To have usual E
.

M, energy density

H = f+5) + c = - 2
I =-Fr Exes Lagrangian !
-

G



With this normalization
,
the spatial momentum then

becomes

pi She toi ( (Ex)
: Poynting

vector !

Is FMV Fur the only Lorentz + Gorge invaient

Term we can build ?

1] consider EMU= gavpU For
still gorge

& Greutz invient

but it changes Sign under PARITY

due to surew

With this
, you should first notice that

GEMV= Ever Ou [OpAr-GrAg]
En rename 49

+ swap in E

= EvewAr =-

Antisymm Symm 7



E as log as Al normal well defied, function,S

&Fr = o SECOND PAIR of MAXWELL EQ .

in vacuum
⑨

2) WithFur we could build = aFru
(what about Fur Fru ? ]

One can prove that

Free Total Derivative
-

k" = Ever Av OpAr

Which means that

2= - FMV Fur + a FurFor describes the

some equations of motion - we usually neglect it !

pay attentiontoOLGIALEffects g



Should we consider more complicated terms ?

For example (Op Fur) (8 Fur) and similar ..

This is on example of a higher-dimenso

operators- > they have higher MASS DIMENSION :

Remember Action is dimensionless S = faux L

=> [2] = 4 because (d"x] = - 4

im natural units !

this implies [FrV] = 2

10 /FrVFur] = 4 (coupling dimensionten es

Compla or pY(

but (CopFru)(8Fru)] = 6 => "Suppressed" by
man scole-A
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From Electrodynamics we know E
.

M
. field has

2 deanes of freedom => SPIN I massless particle

[ see classification of 1 S PARTY EVEN
Poincare Irreps ! h = 1 1

At has i degrees of freedom
,

this is at

the basis of all difficulties with QUANTIZATION

Of GAUGE FELDS that we will study LATER

As larg as we limit ourselves to clarcol fields,
we know from electrodynamics that this is

Solved by FIXING The GAUGE .
A possibility to

see the physical degrees of freedom is to use

the RELATIONLAUGE
, defined of

Au = 0 ;
J. = 0 - not crentz invariant

notice that this implies Lorentz gouge GrA=
but it is stronger !
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in Lorentz gorge , Equations of motion become

Optur = Data-DA
IV Lorentz gauge

Recall klein-Gordon Eg (B + m2)p = 0

I for fields with m=o-awege quarte
Only &ter quantization we will be able to connect

these with PHOTONS
·

For now
,
we can look

Le solutions expandedin Farrier Modes
,
or before

Au=(Epape↑
likeFor I

info on POLARIZATIONS
- 11



the Equaliar of motion then requires

DAp = 0 => p = 0 master polides

moreover
,

Lorentz Gorge gives &At=

=> Enp) . p = 0 which reduces polizations

from 4 -> 3

Finally Radiation gorge gues S
2(p) = 0

p.+ = o

=> two TRANSVERSE POLARIZATIONS
,
of we know

four classical Electrodynamics &

Still talking about CLASSICAL RIELDS we can

ask ourselves what change if we want to

disube a MASSIVE Spin 1 feld i

most horepolizations !
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MASSIVE VECTOR FIELD (FREE THEORY C

It should be rather natural to guess that
the

right Lagrangian IS

I = -+AA
Im fort, Fuler-Lagrange Equations change to become

-Dr=
↳

m2A" + &FMV = o Proca-Maxwell
Free Equation

We still have on Eart DEGREE Of FREEDOM

3 poloizations - At has 4 degrees of freedom !
-

= -

= Am is irreducible repr . of Locutz (rector !)

but it isReducible cort Little Group of
mon've particle 13



little is 8013) => 28+ 1 statesremember group
for particle with spiri !

How does a lountz vector V= (VO,)

transform under 2013) ?

=D Vo -> VO does not change
this component has

"Spin O" or taslems

under tivol wirrep of 5013) !

- R .Trep of spir 1 !

In group theory language we say that

VM c 001 or 103

↑ ↑
label by lobel by
j DIMENSION of

!Sa3) Irrop
K



Interestingly ,

at variance with massless case
,
we

do notNed toImpose any extra condition by
hand => the extra condition is already implicat
in the equations of motion

2 v [m> Au + &F = 0]

-=> m2GrAV

+OMFMVnetic
so or long ormto this implestto
this looks the Lorenz Gorge , but its not e

gorge
choice

,
there is no Gauge Freepor
-

In the monive case
O

Al-An + &of Spoils Mass +El AMAm !
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Im conclusion
,

classical theory of free Massive

Spin I field is described by

& FNV

E m
+ m

= A = 0

&A= o

which together imply (B + m2) Av = o

klein Gordon Equation fe each AV !

Weiting goin

A
we have now massive dispersion relation pem

Epomi

Later on we will see how under Quantization

many susteties emerge taking meo Limit *
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In building a gorge invariant theory for the

scalar & spimor field
,
we have seen that it

requires a minimal interaction with a monter

Spin 1 field (m = o to preserveArgent ! )

2. PubD-m2pp- F Fur
SCALAR

ELECTRODYNAMICS

SPINOR
2 = P(iD -m)4- F Fur

EGUODYNAMICS

Up to here
,
everything was entirely CLASSICAL,

but we have already leant a lot about fields,

Symmetries and how to build Interaction tes
-

Starting from the next lecture , we will begin
our study of QUANTIZED Field Theories-
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