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As for as we know
,
matter is made by spin-t

elementory components => elections
, quarks , protons...

Let us therefore see how we can build a field

therry for Spint (classical) fields

We have seem that fundamental building blocks from
the point of view of Poincare are Weyl spirors

start with (1,
0) LEFT-HANDED ↑
-

First
,

we need a Kinetic term which is Coreutz
-

Invariant => must involve On and so we

need a h-vector to get a SCALAR *
+ -

We have seen that 41514s
behoves indeed.

or 6-vector under Couentz (ee recluse 3)

similarly exporter is doo -vector

and remember um= (1
,

8)I Fr= (1
,

-5) I
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=>> can we build something else ?

IS NOT CORENTE INVARIANT

we would needsiste or inity

We can there fre build Emplest Cotescolor os

2n = i p24 [J.
↓

where the i is needed to get Jd'x2meR

(itn4)* -i (44]
*

=-i [04]
+
Gol+ +

=-id]+ itM Out
Total dervative

where I used (EM)t = an hemiticity
Z



If we consider this as the complete L their

Equations of motion become

:-
=> N&rt = 0 Weyl Equation

FIRSTORDER !
-

Let's now multiply this by 50 &r then

using Em Gudu=rmFm] Und

= tr,MY &dr and

21 for M = v = 0

Eng = & (1,
-giy = -

25i fe Mi , v= o

90 ,
13 = + 25 fe Mo, v = a

↓Eri , 45'y = -2561 fr M= i
,
v = j

3



ther St ,My Grdu = 08-G = i

which then gives

~ in [Et]=4 = 0

GAIN monlen Klein-Gordon !

Consider then a place-ware solution , say

E (p) = u((p)e
- up .x

= peo
Ep = 15)

but we also have 1st order equation ,
which is

orguucep _ i pre ep
. x

= o

=>MprU = 0 (Ep +5. (u) = 0

betoss =11-5) ! a



I
-Fuwith
remember

angube momentum is guen by J-I

=> F .Ju = -us with -
which means that its has projection of

spin along direction of momentum = -t

↑ has HELICITY = -E ,

which is

what we expect for little group monter spirt !

For now this is a statementabout the Weyl

feld which belongs to (,

0) I keep of Lorentz

=> After Quatization it'll become about Parties !-
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We can compute the energy-momentum tesor :

an

I because ou

FoM L = 0

=o

= intj4

such that 800=14,842 HAMILTONIAN
-

Also ,
amo this is a ComPEX FELD

,
we can do

easides UC1) transformation - entic

& int inte is invariant
O

We fund conserved current free
(From Noether theorem (
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Tod that the conserved change is

9 = Sa Hi th
this can apin be

inthpasted of electric change !

beLater ! (

Notice also that we can start from EQUIVALENT L

2 = itet-4]
-

total deivative

--
=I SMEEquations of motion

Conserved current looks different , but dogs one

The same ! Exercise
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↑

Now of course this theory isT parity inveieut

sinceP sends 42 -> &R

S let's first construct the equivalent theory

fr a Right-handed WeyL spiror

2 = i ap+ 2+R

·

her simil For a
but now writing out components we get

42 =
ure-ip .X

then0 ; E

- :sp. Ur =0 = (Ep-F Jur = o

5 . Tur = + tur helly+



PRACFIELDS

We would like to construct now a theory with

both 42 & Pr => PARITY INVARANCE *
--

now I can consider do intered In th !

they have dim [Pte] = 3
,

no they are natural

man terms

La = in + i tr

9,6 cm

I
- anba mon of 4 !
rearrange

poity even & odd combinations

+ RECi4 + 4m
+4) + 10 (t-ttt)
~-

pseudo-scolor
exclude for P-EVEN 9



=> we focus on parity EVEN Theory (Dirac thery (

Rhetic port is PARITY Even because

P : 4 - 4r P : tr+ ↑r

P : Gr + 100
,

-(i) => P := Intr

Fix do = 0 ; am ,
as we see now

,
man tem

As usual
,

we can work out Elen-Lagrange Eqs

rid4 = myR 3 very 42 ,4
*

Midtr = mu
tre

,
No

independently !

As before, take first Eg and mushply(io"(v)
LHS

=- win duduty = -15 ,
jrg dr On to

=

= Di ; RHS = minOutr= M24
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no we get -De = M242

=> (D+M2741 = 0 massive Klein-Gordon Eq !
↓

anddso (B +m2) ↑R= 0 Im" is indeed right

on paramete for i tr

We can now recollect everythinga
terms of one

single DIRAC SPINOR

et (4) in (80)(0 , 1) of discussed

this is a special representation fr Dirac's Spinors

called CHIRAL REPRESENTATION ,
we will see

more representationslater on
.

In this representation we can DEFNE Pinac's umatic

(UM = OW jo(



CLIFFORD
such that Sym

,
juy = 2 gar Late ALGEBRA

t -

Drac Spimor space

=> um 4x4 matrices
,

smallest possible Dimension !
(more Later)

With this notation the two "Weys" massive eps become

(igym - m)4x = 0

or (i d -m) ts = 0 where I = jea
-

DIRAC EQUATION *

We can also derive this equation directly from a L

2 = Tolid-m14x = FCid-m)4
Drop "D" for simplicity

And we defined Dirac adjant = 4tgo
12



=> Vo = (5) is necnory
to home right

Kinetic & mon thms in terms

of 42 & Yo !

ye matrices are a representation of Ce(1,3)

interestingly ,

consider [= Cur ,
Ur]

you can prove that

[v,
[p] = ilguy[ur-Gre[vr-Guo[re +gurEve)

CEXERCISE)

-> Clifford Algebra "contains" a representation of
Creutz algebra

remember we wrote fr a Lorentz transformation
Lo Lecture3)

A = e-war Jar
13



then we can generate a REPRESENTATION of County on

DIRAC-SPINOB SPACE

As = S =
e-ZwarEls on sport

Space
and one can see explicitly that

54 =
e-der() = [0])
(ii)

; Ar =
elio +i)

where Mc = e

gi eiwit ; i w

=> Of course ,
this is a ReDUCIBE representation

once Dirac = (t
,
000 , 2) !
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Now back to Dirac Equation & Dirac Spinors

We define a 5th y matrix 85

Us = ejoejays_ (tex &)
In dire

representation

withcu=0 important EXERCISE!
-

-

With this we see P = 1 =(
Pr = 1 = (in)

Project out Left& Right components of spinors
=> P . P = PL ; PrPr = Pr

;
PPr =PrP = o

projector operators *

P4= (t) Prt = (im)
is



Now
,

could we have guessed the form of LD

using
usual requirements ? E Cents invoience

Poity invoice etc

Start noticing thatIt is axa matrix

· a general 4x4 matrix has 16 (complex) entries

·We can build 16 independent 4x4 matrices

U
Wu,

sav-_
M

G independent ones

=> Any 4x4 M = Unea combination of these 16 !

this allows us to clarify all possible terms in

a Lagongou involving DIRAC Spinors
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2 = a54 + b504+ 84 +d03y4

+e4

· We have been F : ite+ Peter PARITY EVEN SCALAR

· how check : 7854=-2>
PARI ORD

exclude for pseudo Scalar under full
P-invariant

!
S Lorentz group Concluding IC

theory

· then we find : FO:a↑
His must

transfer as a 6 restor ye "vector

notice that under 14 42
which implies fit jo ; ji--ye trector !
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· on the other hand : 788n =H - **R
= j ANAL-VECTOR

CURRENT

is a preudo vector

becauseit i undea= exclude it for PARITY
INVARIANT THERY

· fully &V is a 6-tensor

=> From this we see that we end up
with usual

FREE DAC Equation b= du = 0
; & Cr = ide

- a= - m

EXTRA PIECE

&[M requires something to contract two

indices : "Our which is Antisymmetric

-> We can use FMV = eur = e Fur
non-minimal MAGNETIC

DIPOLE

=>> e* Fur eapling & INTERACTION
①
-

[e]= again "suppressed"-> Later !
15-



↳ let us focus on our Free DRAC LaGrange

Ca = glijiu-m)4

We have seen that pr garde CAFFORD ALGEBNA

and we found one specific representation

(un(08) US a
In which I : (a)

this is not the only one : consider 4:04
I unitary matix
* INDEPENDENT

then 4 : 02 = utt, i = (4 = 4up
H

20 = 4
*UoLigOu-m] v+p
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2= VUTU[igOu -m] utq
pot

= (4]' [id Upot - m]y

= F Ligyu-m]4

with jo' in new representationourat

Indeed this transformation does not change CHFFORD ALL,

sorging = ur'gu'tjriga' = Ulyng +yum] ut

= 2grv Out = 2gm1
~

EOUNITARY!

so indeed jo' still represent some algebra . Direc

Equation is inveient
; Is also invariant !
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Let us consider a specific choice for U=ii)
I

↑ (e) = (q) "Stanrepresentation

In this case 00=(?) vi =1.
v3= (%)

In this representation , 4 ,
to are more HIDDEN,

to it's less convenient in HIGH ENERGY LIMIT

=> they areconstates of helicity fr
m= o*

For Low EveRay ,
into and helicity is not

STANDARD REPR.
on eigenstate ,

in this case
-

is more useful

What about solutions of the freeDirac Equation?

21



We have ser that L & & satisfy Klen-Gordon Eq

=> (id-m)4 = 0 multiply by i'd

+& &vyyy + midy = 0

-my

D4 +my = 0

(D +myy= 0

To again general solution can be decomposed in Farrier modes

4(x= /A(U) g(p) ei
-

+ r, (p) (p)e
= p.x]

Us(p) ,
Us(p) <-DiM) SPINORS S = 1

,
2 spins !

Us(p) ,
5

,(p) & Aps ,
bas are different because

I could obsab 9
,
b + 1

,

v

↑ COMPEX FIELD!
but convenient for Quantization

22



↳
.
G

. equation Dispersion relation pembgives

DIRAC EQUATIONS gives more information on U ,
0 !

(X-m) Us(p)
(id)-m)+ = 0 [ (+m)ts(p)
Let's look for or Explicit representation fo u,

0

In CHRAL BASIS

eps = (e) and assume mo

then we go
to rest from pr= (m,

5)

1) m (c: 1] u(p) = 0

v = (i)
2) m[jo + 1] Us(p) = 0

=> 2 us = us 2] rus
23



are not independent
zo Dirac Equation says [MY,UR SPNI has

degrees of freedom!

Let's focus on uR

and normalize

Define BASIS E
31 = (6)

Us = Ur = ~S
= Or 5 : (i)

InRest Frame !

now we can get solution fr genera pr by Boost

=> (m,) -> (E
,

0
,

0
,
Pz) boost dong z

Exercise
-

(pt (3) +VEPs)] Es

Us(p) = ( ((pt(E1+ ( ))]3s

u = / _i) E = (%I (%)
on



Consider they high-energy limit P- (E ,
0

,
0
,
E) ·

(i) Es Er = (b)
Us(p) -> ( e (8 : ) Es ( = (i)

un(p) -v(q)uxp +v()
~ mu

only RIGHT HANDED only LEFT HANDED

note that 31 = (5) san up ; S = (i) san down

Similarly for Vslp

[Epz)+P()] Ms M= (d)
Usp) = (

- [Epe(B)+)] es ( n = (9)

↑ or Es !
Different Sign or Us(p) ! 23



and we can define Its = USU ; Es = esty

=> Dirac Adjoint Spinors

the normalization we chose implies

E(p)U(p) = 2mGrs ;r(p)s(p) = - 2mGrs

et(p)us(p) = 2 Ep frs ; Ort(p) (p) = 2Eptrs

+ Dirac ORTHOGONALITY ur(p)(s(p) = 0[ (p) Us(p) = 0

note that we can also rewrite spinors or

Usip)
=r as

us(p) = (T , ( ( (
- N Ms

=Matrix implies POSITIVE ROOT OF EACH EIGENVALUE
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this fem is Validalso fr pr not along z-direction

=> remember (p . r)(p.=) = pMpE = P2 = m2

NSMit will be useful to be able to sum

over all polarizations of particles involved

notice :

&Us=(

↑&Im p(
because [33st = 10) identity !

I
= U . p + m = $ + m twe in every

repies. for 24 27



Simibily we get 1
wr, v numbers

wi of 4x4

& (p)(p) = X -m &

Matrices !

As a last comment
,
the DIRAC LAGRANGIAN

hason extra set of Global Symmetries
Let us go back

to CHIRAL Basis

2 = it enBut it&

- m(4 + 442)

imagine now to generalit (11) transform. of complex
scala field as follows

+ edits 4 + CORR OLFOR

i genof
U(1)xU(1) transformationso

25



this is clearly asymmetry of In if m = o

note now two special cases

· = Or =2 (I) -eva() Dr S

4 + e+24

the La is invariant under this transformation

ever if into !

· Or= -Q = B ( + LeiB) =e
EXERCISE :

because US = (10) prove that theyore

H symmetries using La

Symmetry only if m=
In terms of 4

29



In feet mit + m(p
+204) = m/ePUsp7

+

go ePUst

= mpteBU5p , e:PU34
La

= muT e
+ 2iBUS +timvaiat!

the Noether currents associated to the two

symmetries are

I = FUN2 for UK) rector eidet

I = Fyg to (H) and eBUse

#
this is called a CHRAL Transformation & we

boy
that Monters Dirac theory is CAL SYMMETRIC

m breaks
Note also If = zim 584
-

China symmetry
EXERCISE8 30



Making OG) v a LOCAL SYMMETRY

When discussing the Scalar (complex) field ,
we

have seen that to promote GLOBAL U(1) to

a LOCAL symmetry we need to introduce a

new spir1 vector field An [connection]

which defines a Covariant Derivative

&P + Dub =

(GA
electromagnetic
field !

If you go back to our derivation
, you will

see that nothing depends on COMENTE PROPERTIES

of the feld o> we can repeat the

very some argument for it
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If we want invariance under LOAL UL1)

4 - e
:2(x)4)

We need to CHANGE- Du = Ou +191m

2x - =(ignDu - m]4

= Flight-m]4-9An584
-

minimal coupling of
Ar too through

GREENT REMAINS CONSERVEDa fa Foot I Lechewantfree
GLOBAL un

--it
electic charge ofte Quantizatio
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If we ood to this I the tenetic tam fr

An we get LReD (QUANTUM) ELECTRODYNAMICS
↑

we have not quantized it yet!

LED= (i) -mJ4- Fur For

So we see again that by making global

Symmetries LOCAL fo Scalar & Spinor Fields Chatter !)

We naturally generateSpin I fields

In the next bechive we will see what

we can say classically about these theories ...
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