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Until now we have been very genera
and abstract.

We will now start applying what we leant to the

lose of the SCALAR FIELD = of we have seen

generalizing this to HIGHER SPINS will require

to use fields that transfer appropriately under

Lorentz Transformations

Stat considering a single,LSCALARFIELD P(X)

We went e Lorentz invient action with non-trivial

dynamics> to have dynamics, I must

depend on Ord ! Simplest example is then

C= to ord + P(b)
-

Greutz index
any function ofI

saturated automatically ivoieut
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there are various arguments to "restrict" P(q)

=> imagine we can Taylor expand it close to p = o

P(p) = po + Pep + pcp +....
Y ↑ ↑

constant
linea quadratic tem

shift

Let's stop at these first three terms

1) po is a constant elift inJ [in H]

=>> it definitely does not change the equations

of motion

#-bil
we can forget about it
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2) liner term does charge EoM but in a trivial

way ,
in first imagine to redefine the field

↳ g + 6 ther

2 - topin + Peyto constant

+ P242++242440
Cashout

ppl↑choose 60 = -All
22

removesOnen tem !

=> we will seenear terms can also be

interpreted as interactions with extend sources !
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S it make sense to start considering just a

quadratic tar (on higher orders more later (

C= t pp-Im22
~

"m" interpreted as man of!

Computing FoM we get

= -mid ; =
=>imon

It's easy to see that plane waves solve this ey.

g(p) = etip
.x =Y = tipu

etip
.x

By = - p- e
+ ip . x
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no we get (D+M2) <(p) = (- p2 + m2) <(p) = 0

=> impose, the dispersion relation pem2S p= p=m = Ep

this demonstrates why we identified m with the "more"

=> we impose then myo
;
met

Since pix) must be REAL
,
the most general solution

ea then be written as a superposition of :

P(x) = / (aee Po =Ep

↳ente imr . int
measure I j

Ep=m Farier coefficients

L sometimes called quarter reality condition

Cp = Ep The x
= f(x)

We will use a dife one when Quantang ! S



E solutions oscillate with eFiEpt
↑
positio & negative

frequency modes

Let's compute the Hamiltonian devity>Energy

Im general we had :

H=: -2 ;
Ti=bil

inthiscorour [T= = 0

=> H = Loop]"-tipp +1 mip
↑

here overall sign of I is
insportant

= (104)" +(b) +m2] = 0

it would not be so if 1--2 ! 6



Similarly ,
fo the full Energy-momentum tenso

T=pdudi-
C
pod-gau

Im the case of Scalar field
,

TMV is manifestly symmetric !

=> no need to add anything to it !

let's compute now explicitly the conserved current

anocated to Lorentz invience =>

24 = -TY(Xu - Jux]
which was derived for field (AP = 0)

removing a numerical oraal (+5) factor
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= Tr Xp-Tyxo and the conserved

darge is Of we sow

fir = TjXy-Tixo

= (84)(8) xy - (0)(64)*

= (000)(G -&]a
much that

,
we find Luv = i (XnOv-Xubu)

=> Lorentz generator on scols field

for = -i(8b)(y0 # focus now on

spatial components

and do + by
M

= =
i Sax (8%)(1 pats on spatial

derratives
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+faix (000) (vii -x0]d =

- Bondry-fax((xi(0d)) - 0 = (i(dd))
- - fix(x -xigi) (00p)

=+ ifdxLi(op) so we can do

use this to write

Mitfix [God) - 200)Li

= ifax Lisa

= <PIL"16) with a newly
introduced scol product =>
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Int=Jax be Klingent
where

fg = fiug - (pf)g

this scalar product has the following important
properties

# it's time-independent -> important to define

a Hilbert-space structure

&(p ,
1%== 00(6, 00% - +2004]

= Siz (1, 0862 - 2006]

= ver (082 - 02 + m2) p = 0

= (a= [02-25]
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now do integration by ports to write

=Ja% -59c841]+day = 0 !

D this Scalar productIs NOT POSITIVE DEFINITE

=> it does not allow to interpret I
-

as a single-particle wave function , or we

already know !

IMPORTANT because
,
or in Mis

.
(p14" 16)

↓
provides connection between Charges I

GENERATORS of
Symmetryas operators

acting on fields
(INF. Dim . Representation]

Similarly you can prove

Pr(plid(t)
-

change , conserved momentum ↑ generateoctingone
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WHAT ABOUT HICHER Orders in ph ?
From previous discussion you can imagine that they

represent INTERACTIONS=) they modify K . G . equation.

One thing to realize is that they
have a

"higher mos dimension"

S = Sa'x2 Dimensionless ;
[2] = 4

[d"x] = - 4

2 : tip-Imp (p) =1

+ typ ++↑
dimensionless I

Some dimension scale N

If ti all dimensionless

=> we coll I' dim-6 interaction - It MUST

come "suppressed" by some energy scale A

=> LATE We will see how this connects to RENORMALIZATION
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- MST
a feld thery in which

we can provide a definition of the ELECTRIC Charge
-

or on CONSERVED Charge
,

no onociated to Symmetry.

In Minkowski space we already considered al

symmetries -> we need something more !

something that acts on space of Pi E need more

thou one field[note, spinor or vector fields have

more components, but
their transformation is FIXED by Lonetz]

Simplest case = 2 REAL Felds fa,2

I complex field & (b + itz)I

S-itz)
Obvious generalization of our 2= And

*
-m*
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which gives
two independent K . G . equations

(T+my p = 0 ; (D +mi)p
*
= 0

Following our discussion for REAL FELD we can write

fr a general solution the Favier Expansion

↑(x) =S (ape -+ btp)e
+P=)(

where ap & by are independent once o *

this I has a new glo symmetry

- - e
++ ; bre - U(1)

symmetry !
-

# G is a constant theer

14
*

H: pop ; (8) (0rp)
=> L is invariant under GLOBAL((1)
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Let's compute Noether current

Infinitesimally k= +idd ; p = -ic
*

- E
*

Y(x) = o (global , no X !)

AP = 3 Gialp ,04) = 10 E = G !

Conserved current becomes

ja=Siata

ju (b)+-i

= ipcp-i

= i[pop -]=fo
or it can be verified using K . G . equations !
CONVENTIONALLY J= -jM change ign ! 15



Conserved Charge is them

Q: Jjd* =
-i (d (p84" - #GP]
= i(d= (op]

with = 0 - Does it have a physical
interpretation ?

which is doo
Defining(P1) = :Jab time indep .

(EXERCISE)

then we se that Q=<16) is expectation value of
181

identity operator -> 1 is Generator of UH) =E

= it might be disturbing that such a GLOBAL

transformation implies that we should perform

a transformation on f(x) everywhere at once

It might seem to contradict relativity 16
-



why should the field of x= be

Influenced by the field of x = x2 if

X2 is very for away ?

It seems then natural to try to promote this

symmetry to a COCL SYMMETRY
-

f(x)- end(x)p(x) the phose of I
E ↑(x) + e id(x)p(x)

=>

Can be fixed differently

at each space-time
point !

now it's still true that (p) -> (pb)

but the Kinetic tem is not invariant
-

Loup)= y evap = iiua(x)e
+2+

4x) + eb

(Orp
* )' = - i(a(x)]e

-12(x)pix) + e Opp
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to first order in acx

(Opd) = Comp+ + :(02)(p0Mp
P
- pyp]

= (Gnd
* )and + (Ona] yu

↑ conserved
current !

s = 2 + 12]j4 not invorient !

We can easily try to fix this
"

by hard" changing L,
but we want to do this differently=> the problem

is indeed a purely geometrical problem

=> how do we properly "take derivatives" ?
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if p(x) can be redefined by LOCAL PHASE ed(/p(x)

Then Or is not a well defined derivative operator !

=> the Question is : how do we compare two

fields at two differentSpace-time points

In a ANAMBICUOUS WAY ?

(ply)-P(x1 # Leidypiy)-e
**

p(x)

unless acts = constant !

If you studied (or are studying) General Relativity

you
will recognize the same problem there :

how do I compose
two rectors in o curved

space-time ? => we need a UNIQUE way

to "transport" vectors /or fields) at the some

phose-space point and compose them

In GR this operationIs called PARALLEL TRANSPORT
-
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In QFT the problem is very similar => the

local symmetry introduces something that car

be interpreted as a curvature in some space-

In this cose
,
the solution comes from introducing

a BI-LOCAL FELD called a WILSON Line Wi
,y)

with the following transformation properties

W(X
, Y
( eids W(x

,
y) e-idly)

S Local

W(X
,
x = 1

With this
,
consider now the quantity

W(X
,
y) p(y)-P(x) under UH) local

-> evass [W(x
,
y)p1g)-p(x)] so it

con be used to defied "DIFFERENCE"
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In geometric language ,
the WilsonIne paralle-

transports the field(13) -> to x out
-

allows us to compare it to p(x) UNAMBIGUOUSLY

1 W(x
,y)f(y) - P(X)) is 07) - local invariant !

Now that we have a way to
takeDifferences

,

we con also define aDerivative

Drp(x) = live
N(, p(x+>x -P(x)

&XM> 0 5XM

since WIX
,
X = 1

,
we can Taylor expand Was

W(X
,
x +(x) = 1 + jx Bu(x) + ...

T
new 4-vector field !

but we need to make sure that W transforms

properly -> this fixes transformation of Bu 21



UH) -
id(x+rx)

W(X
,
x+ (x) -> eid(x)w(x, x+x)e

and expanding in of we wate

2(x+x) = 2(x) + i(bb)8x* + ...

W(x
,
x+(x) e(i2(7)w(x, x+5x)exs(1 - idea +x]

how usingI WIX
,
X +ix) = 1 + dxBu(x) + ...

= 1 + dx[B(x) - ida] + higher orders

= 1 + Ex Bu(x) + ... If we had transford
W in terms of By

=> this implie= Bux-ignal
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with this the new derivative becomes

Pmp =-Pix
+Ok

= Opp + Buxp(x)
and we know that Pub -> eid(x)Dr

this is called a COVARIANT Derivative on it

-

transforms covoiently under US1) Local !

Bu(x) in a new rector field that takes the

role of aConnection. The point is that,

with this D I can now construct o
Mi

UC) local-invariant Lagongiou by ButDr

2= PrD%p = mipt
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At this point
, you might have recognized that

this is nothing but the Garge Invariance we

learned when talking about Electrodynamics

=> redefining B(x) = +igAu(x)
when acting

wborit+igAn orx) !
-

minimal coupling in Electro Dynamics

Ar seems to notally be the

Electromagnetic Field

9 is change of field o 1 e-units

1 & dBu -> Br-iPl = An-An-q e

GAUGE TRANSFORMATION

-

So just by requesting inveience of original 2

under a Gauge Transformation we got fo fee Ar !
-zu



Problem : In our 2 there is no Kinetic tem

for Al
,

but this we know well

how to build

Zan = -FrFurA-Ar
-

FMV is gorge
invorient

Cau
gives

MAXWELL EQUATIONS

(see next lecture ! )
-

to we have now

2= [DrpDp-m2- Fr F

Lagregor of a complex scalar fieldI coupled

to electromagnetic Field ,

which is Gauge invariant
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Note Dup? Du*i
-

=> the form of Dr changes depending on

the field it acts onto to

this is the right was to think about it

the covariant derivative transforms of the field it acts on

↑ + ed ppp + erP

68 - e-i6p DrPee-id Dmp

which implies -A
jexercise ! (
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