
How to calculate observables at hadron colliders

· Collider physics uses scattering experiments to learn about fundamental particles and forces

-> observables at collider experiments are usually cross sections and related concepts

· Quantum mechanics tells usi calculate squared (transition) amplitudes (from some initial to some final state) and sum/integrate over unobserved

degrees of freedom (average for initial state

· At hadron colliders : we collide composite particles (usually protons)
,

but our fundamental theories are formulated in terms of elementary particles (quarks, gluous,, ...)

->We need to rely on factorisation of physics at
very different scales

-> non-perturbative , low-energy dynamics of bound states (protons)
-> perturbative, high-energy scattering of fundamental particles

-> describe the part of the initial state that's relevant for the high-energy scattering using parton distribution functions (PDFs)

· Fundamental formula for most predictions at collider experiments :

measurement
function/observable
-da-,F((83)

squared matrix elements

integration

· A lot of things need to come together in order to make useful predictions

· Each of the elements in the formula above points to a different rabbit hole/set of expertise that we need to explore

> squared matrix elements -> often calculated in perturbation theory from Feynman diagrams & Feynman rules
-> involves integrals over virtual loop momenta -> Feynman integrals
- we'll spend the first week on how to calculate scattering amplitudes & Feynman integrals

(me
,

Renato & Tom)

->PDFs : describe structure of initial state protons in terms of quarks & gluous

-> Have to be fitted from experiment ,
but are universal Ivalid for

any proton scattering process)
-> They are scale-dependent quantities (protons look different if you

look closer")
,

but we can predict their scale evolution

-> Rhorry will talk about them in the second week

-> phase space integration
-> integrate over all valid final state momentum configurations
-> subject to constraints (momentum conservation

,
on-shell condition, ...)

-> need to find suitable parametrisations
-> integration is often done numerically -> needs Monte Carlo techniques
-> Rhorry covers this in his lectures in the second week



-> observables:

-> When we integrate over
, everything" (F(E31 =1)

,
we obtain the Jotal cross section : or

-> we can also restrict the integration region legg, F(])= O(z)30seV) => fiducial cross sections : o (pnz > 30GU

-> or we can ask for an observable to have a precise value (e
.g.,

FRE = Syn) = differential distributions :
do
dyt

-> practical implementation : collection offiducial cross sections" (FRE])e[G(00.5)
,
010.

5<1.0
, .

3) E binned differential distribution/histograms
-> important question : what are observables we can use in the measurement function ?

-keypropertyofobservables i inkardandcolinearsay -horryandMarius will touchonthisinweekbond this (week2)

->
sum over relevant final states :

-> (colour-) charged particles radiate more particles
-> realistic descriptions should take into account fairly high-multiplicity final states
-> parton showers allow to describe dominant contributions from such final states that would not be accessible using fixed order perturbation theory
-> Marius will explain this in more detail in his lecture in the second week



Quick recap of some basics about QCD

· Lagrangian of QCD :

colour index in adjoint rep. -
number of quark flavours

I

↓ Ni ~mass of quark flavour If
2 = -A FMix - m)4

↓
SUB)c

structure constants

where Fro=GAGAgfabAAistheglon field strengthena

and Dr = Gu-ig,
T"An is the covariant derivative.

· To quantize the theory ,
we have to fix a

gauge
and

go through the Faddeer-Popor procedure that leaves us with ghost fields.

· From this we can derive Feynman rules of QCD :

-> propagators

quarks j ->m

gluous "re-gr+H-zYgab There in general covariant
gange ;

useful choice : Feynman gange (3 =1)
C p2-m2 +10t

ghosts..............
vertices

·
"

quarh gluon couplinga it
"UTi,

3-gluon vertex I
g, fancras [Guern (pe-paus n guers(P2-palmtGusm (P3-Pelm]

re
us

min
4-gluon vertex
P

-ig[q abgesant(green Grade
-

Greegrers)
gasab gara (green green - GregerM
+ fasamb great (greengrups-Grensgrum)]

P2

* a

glost vertex We

.........
-

g, fabPera "
-> external legs :

incoming quark :
"· ulp ,

)) outgoing quark:
*

ulp,
x)

incoming antiquart: "o Ipx)

incoming gluon : "Ei(p ,
x) outgoing antiquarie



Example : One-loop corrections to un-di

· Tree-level diagrams

us
· One-loop diagrams
① ③ ④

U d

~
⑤ ⑥ ⑦ ⑧

U

·⑨ ⑩

· Use this as our running example,
but focus on only one free-level and one overloop diagram to keep the workload manageable:

iM"=gTup]quig,Tjv (pe = petp=ga
" bit

· Gange invariance requires amplitude (sum of all diagrams ,
but here it's only one diagram) to be independent of gange parameter 3

Can we see that? Focus on term ~(1-3) and ignore color
, couplings and propagators for now.

~(pixn)(m + (2)u(peitu) = 0 using Dirac eq : Mulpul = mulpel= 0
; U(p2l↑= -mp) = 0

· Complex conjugation of amplitude :

(* = -ig lpridT"jv(quill vlqiTu(i)
· Unpolarised squared matrix element :

=pilpi)T
"

Julquixd)(qide)T"Darluis

[Use spin sums Eulpix)ulpix) = Ptm and [upid)(pix)=p-m and pic = s

- Tr[UPUTrUv] Tr[Tbaja
in

= 41pppp-ppg) =4/gq-9192g=)

= 16 (pp(qq2(d-4) + 2(p1 q)(p q1) + 2(pige)(piqu)T
=N-1

(Use s= (petpel" = 2pipz
=+qu? = Zgiqu ; t= (pr-qu= - Zpiqu = (PurqzF=202 :

92 ; u = (p-quF= -piqz
= (pz-quF= -2prfe

=-S-t

= 4 TN-1) (4t2 + 4 st + (d-2)s2]



· One-loop box diagram (8) (work immediately in Feynman gauge (3:1)]
uXPr

Mign (b) ig,
Tjs gq

· Squared matrix element:

IMP= ((M
*

)
*

+ (M
+))

*

+... )(4
*

+MY +
... )

= (M"(
*

M + (M"
*

M" + IM"
*

M'" +...

= IM + 2Re[(u)*M"] + ...

· Contribution of diagram to unpolarised squared matrix element :

Re =2 Tr[UU]TrUAUm(k+)()

Tr[Te+] Tr/Te TT) (kilk-pel/htpal (h+ g+ rpl]']
· Divac algebra : Try T ...]Tr( . . .] = 49428th + 4st + 32 (3d- 81) + (1h)/81s+t)(4-d)]+ ... ] - see exercises

· Colour algebra: Use Fierz identity for SUB) generators : Tip The = T(Siesjn- Sijfuel

=> Tr[TeTS]Tr/TeTATbY = -1) - see exercises



Tensor decomposition of amplitudes
· Before we more on and deal with the loop integrals,

let's discuss an alternative
way of dealing with the amplitudes themselves

(without squaring
them)

· Why? Maybe we're not just interested in unpolarised squared matrix elementt ...

-> Maybe there are

many diagrams we need to multiply => quadratic explosion of terms

· What's the problem ? Suppose we want to calculate My" directly
.

There will be terms like :

Senkn)(numurv)
↳2 (k-pul (h +pr(2 (k+ pe +peR

This mixes the Lorentz and Dirac structure of the external particles (spinous & polarisation rectors) with the loop integration.

· Why wasn't this a problem above ? Spin/polarisation sums eliminated spinors & polarisation vectors and turned
open fermion chains

into traces -> We were only left with scalar products.

· Goal : simplify the numerator & separate Dirac & Lorentz algebra as much as possible from loop integrals

· Two obvious directions :

-> Use properties of tensor Feynman integrals to turn Jackh
into grofop

1 1
-~

Tensor structures depending Scalar integrals
only on external kinematics

-> Tensor integral reduction ; at 1-loop : Passerino-Veltman reduction

-> Use properties of the amplitude to reduce if to tensor structures

-> Tensor decomposition of amplitudes via projectors our focus here following [Peraro,
Tancredi 119 & 20]

· Starting points: · amplitudes are (multilinear in external fields and therefore in their polarisation rectors and spinors

· amplitudes transform as scalars under Lorentz transformations (but nontrivial phase factors under

Poincare transformations

- Write amplitude as

M = qm/(p)c*2) ...is(ps) Kipu ... Museigi

· The stripped amplitude Mume ... isiy...

must transform as a tensor under Lorentz transformations

-> We can pick a busis for these tensors and decompose the stripped amplitude in this basis



Quick Linear algebra uside/reminder :

· Assume we have a vector space
with a scalar product

· We can pick a set of linearly independent vectors [b] as a busis of this space

· Obviously we can express a vector as a linear combination of these basic rectors : v= Evid;

· How do we find the coordinates vi?

· For an orthonormal basis (bi . b
;

+ Sij) its enough to just calculate the scalar product with the corresponding
basis vector :

5.. r = [vb5 =

vi

· For a non-orthonormal basis
,

each scalar product is a linear combination of the coordinates : biv= bibju,

· Taking the set of all scaler products [Biv] as a vector we get a linear system :

-
↑That's called the Gram matrix G (Gij = Jibj

If the [bi5 are linearly independent ,

G has full rank
,

is invertible and the system can be solved :

~

[ = G) or v=g

· The stripped amplitude Munisia. "Lives"
on a lsubspace of the vector space spanned by the tensor structures.

We can write it as a linear combination of these tensor structures with coefficients that
are often called

,

form factors

Muue... is in ... [c) The ...

is in

The form factors are scalar (in the sense that they are scalars under Lorentz transformations) functions of the external
kinematics

.

· We can compute the form factorsC'las explained in the aside above - if :

① we can build a basis of tensor structures
,

i

. e
,

ensure
that the structures are indeed linearly independent.

② we find a scalar product on this rector
space.



① Building the basis

· Impose all relevant constraints from transformation properties of the amplitudes, symmetries ,

etc.

In the end
,

we're interested in the amplitudes , including the spinors and polarisation rectors.
-> It makes sense to consider the contracted tensor structures when building the basis.
-> For example ,

for mussless
,

on-shell spin-1 bosons transversality holds kn*k) = 0

· Example : gg-H (suppress colour indices for clarity)

-> M= En(pe)dolpu) Me (abbreviate En(p) = En, Elpel =Ezr

> MMO transforms as rank-2 Lorentz tensors

-> QCD is CP invariant= no e
.g .

guosa
Proper Camane

& build rank-2 tensors from

EgMug
-> Ansatz : Mr = Coogee + Epipho in pipe +Ge Perpet G2Pp

-> Use transversality :

Pic =Pic = O

= C , 22 & Cu will never contribute to the contracted amplitude
= we might as well remove them from our basis
=> Split the stripped amplitude as :

snot Memphys ,
where Mophys E50 = 0

=> We split the vector
space on which Mr lives into a physical subspace on which Mr lives and

a non-physical subspace to which
, eg, (pipi

,
pre

,
PrPeJ belong

.

= However
,

in order to ignore Epiph, pap ,
pipit completely, we have to choose the scalar

product in acompatible" way that decouples the two subspaces
↳ see below

> Use Ward identifies : pMMEzu = 0 and Eur Mr Par = O

=> PMMEzu = Colpeda) + Clpipe)(pidal =0 => CootC(pip) = 0 => Coo = -Celpipe

=> Mr = ((-gM(pipz) + pzpi)

② Defining the scalar product
We're looking for a map

[: VxViR
,

which is /for FYEEV and Xe)

- linear in the second argument (F, Y + XE) = (F,) + x (
, 2)

- semilinear in the first argument (+Xy,)= (Fiz) + **(iz)
- hermitian <E

,y) =( =>
*

- positive definite: (E,0 & (,) =0=0



In addition
,

since we're usually dealing only with a subspace, we would like the scalar product to

be
, compatible" with the subspace : if we multiply a rector from the subspace by a rector that

has both a component in this subspace,
and a component outside it

, changing the component outside of
the subspace shouldn't change the scalar product...

· Let's look at a simple example where this
goes wrong

: linearspan of the unit
in x-direction

d

- We take V= R and as the subspace we're interested in we take (e)
,

i
. e

.,
the

x-axis
.

-> Suppose we choose as the scalar product the form: ,
5)=Ab where A = / *).

You can easily check that this is a scalar product on both R2 and <e?)

-> Take the rectors v= /) and =
-> Their scalar product (v,>= viw + Eviny changes if we change the y component of W.

-> So when we want to use it to project a rector in R outo (e) we still have to build the basis for all of R?

- If instead we use A = 1
,

the scalar product - decouples"the subspace and its orthogonal complement.

-> In fact for our purposes it is enough for the form we choose to be a scalar product on
the subspace

and to project onto this subspace.

-> If we use A = (8)
,
(y) =*Ay is still a scalar product on the subspace (e)

-

but
any component of rectors on the orthogonal complement Key)) is simply projected out.

· For the amplitudes we can build a scalar product by using the physical spin and

polarisation sums :

- gluons : [il)*iX) = -gur , parup with no

-> quarks : [u(pix)ulp;) = Nom

-> antiquarhs: [v(p; x) = (p;x) =p-m

· This automatically ensures transversality for gluons and constraints from the Dirac equation
for quarks and antiquarhs.

· To build the full scalar product,
we have to combine this for all Lorentz and spin indices,

which we can write very compactly for the contracted tensor structures (T = Ther.. isin-ame ...
s Vis ...

<P
,
T)= PT

where I stands for the sum over all spins and polarisations using the expressions above.



· Once we have a basis of tensors [TiJ
,

we can compute all scalar products
to construct the Gram matrix

Gij = <Ti , Tj] = Tittj
· Then we can decompose the amplitude in this basis as discussed in the aside above:

M =I Ti

=> = [ <Ti ,M) Check(; [Tu =I = )
= Gjk =Sik

-

>We'rebuilt projectors P which project out exactly one form factoron a
vice :

ci = <Pi
,
M)

· Return to our example above (for gg-sH) :

-> The tensor structures are : T 5-g#(pipe) Appe
,

pape
,

pape
,
pp]

-> Calculate the Gram matric via Gij = Tim fyrattMP)(-gupp)T
(pr=P2)(d-2) * go 00

(ppR[1 #ninpm] 4 pin,a O 0 O
G = I O go 00 O IO g o O O

O g 00 0

- Make use of the fact that we can choose the auxillary rectors m
, m independently & in a convenient

way :

n = P2
,

12 = Pe

-> With this choice the matrix becomes:

(Pr = p2)2 (d-2) 00 00

O 0 O 0 O

G =

O 0000(
O 0000

(O 0000

-> Taking into account the first tensor structure is enough.

- We can extract the lonly) form factor from this amplitude M =

Endur C(-g
+ (pipe) + prpil via

=



· Let's consider a more complicated case
,

with quarks : nu-dit

~> The amtitude has the form

M=(p)u(p) (g) Tev(q2)

-> The structures we can write down include

Te = (p) (uppr) ulge) Un viga)

Te =(pz)qu(pe) ulqulv(ga)

Ts = = (pu)# (*gu(p) ulge) ↑UnUviga)

Ty = v(pc)UgojsuSpe) ulqu) Unversial etc.

-> Certain structures cannot occur due to properties of the theory :

· Pulp) =0 (Dirac eq .
for massless spinors)

· T
:

-even # of y matrices cannot occur (for massless quarks due to helicity conservation

-> But: when can we stop adding
y matrices on the chains?

-> Problems in dimensional regularisation (d= -za)
,

the Dirac algebra is not closed

-> In d=4
any product off matrices can be expressed in terms of the 16 basis elements : [1, 0010, yapgi]

-> If we have at least two fermion lines
,

we can keep adding moreo matrices
,

contracting their Lorentz indices between the

different chains.

- At a fixed loop order
,

there is obviously an upper
bound on how

many y
matrices can at most be generated by the Feynman

rules. But if we increase the loop order
,

we have to also enlarge the basis for the tensor decomposition.

One loop : Just =
up to 30 matriceslinee

Two loop

:F = up to 50 matrices/line

Three loop : Je up
to f mahicusina

-> In principle, we can simply accept this fact and work with a specific basis at a given loop order

-> In our example,
we would have to calculate:

Gij = [TiT =qual uqd vla

= Tr[j ] Tr[WiqTe
,j]



- The expressions that come out are a bit unwieldy ,

but otherwise fine :

4[(d-2)5+ 4 st + 4 t2] - 4t(stt)/s+2t) -4t (stt)((3d-4)s + 2 (d+2)t] ---

G =I * 4t(stt)2 4 (2+d)t
" (stt/ --- (* * 4(16 - 6d +3dt"(stt) -

* * * ---

-> This matrix has full rank (ranhG = 4) and can be inverted.

-> The expressions become even more cumbersome when we calculate the inverse
,

and much more complicated at higher loop orders.

-> However
,

when we calculate the rank of this matrix at d= 4
,

we find : rank Gla = 2.

-> In d = 4 there are only 2 independent tensor structures.

=> Can we exploit this? Yes
, by working in the t'Hooft-Veltman (tHV) scheme

· In the thischeme
,

we treat internal momenta etc. as d-dim
,
but the momenta

, spinors,
polarisation vectors etc. of external particles as 4-dim.

· We can choose Q = rank Glas tensor structures (here Tr &Tz) as the independent ones
.

(We assume that they are

the first Q elements of the

· The QXQ submatrix has full runk in d= 4 and can be inverted also there. basis - otherwise we reorder)

The the Q independent lindl tensor structures remain exactly the same
.

In the tAV scheme they are all we need.

-> Fi = T
, i = 1, ...,

D paxaa i=,

· If we insist on working in conventional dimensional regularisation (CDR)
,

we should ensure
that the remaining basis elements

are orthogonal to the first Q ones.

· We can achive this via :

Fi = Ti-( ,
Ti = Q H

, ...,
N

· For this new basis
,

the Gram matrix will be block diagonal

J = (60 = T =(/
· We can again construct projectors via P =I T
· We'll see how this can be applied in the exercises.



Integration-by-parts reduction

· After squaring the amplitudes or tensor decomposition ,
we're left with only scalar" integrals where loop moment

appearing in the numerator only appear contracted with each other or with external momenta.

Usually there is a huge number of these integrals ,

which even grows more quickly at higher loop orders.

· Fortunately,

it turns out that these integrals are not all independent of each other and that we can find
linear relations relating the integrals to a much smaller number of actually independent integrals ,

called
master integrals" that have to be calculated.

· Before we can discuss these relations
,

we first must discuss how to systematically organise andlabel the integrals.
· The Feynman integrals we deal with have the form :

I :Ah ...theDi

where the Di = q3-mir are the propagator denominators (for some linear combination of loop and external momenta qi).

The numerator N is some monomial of scalar products (kik;) and Chpi) . (Anything that's independent of the

loop momenta can be pulled out of the integral.

· We can cancel terms between the numerator and denominator
,

e
.g.:

. = 1
↳?

· 1 m
= (kn+ hu)2

·hi hhhh
In order to avoid ambiguities from how we label such integrals,

we need to systematically cancel terms as far as possible
(with the added benefit that integrals with fewer propagator denominators are usually easier to calculate

Try to express scalar products in the numerator in terms of inverse propagators" as far as possible.

To this end we introduce the concept ofintegral families"!

An e-loop integral family is characterised by a minimal and complete ordered set of propagator denominators.

-> Minimal and complete means that
my

scalar product (kik;) or (k
: 4;) can be uniquely expressed as a

linear combination of propagator denominators (plus potentially a
term depending only on external kinematics and masses).

· At 1 loops and with e independent external momenta there are let scalar products (kity) and See

scalar products (hipj).

=> In total the integral family must contain n=1) He propagator denominators



Example : floop boxis 1: 1
,

e= 3 = n= + 13 = 4 propagators necessary

D= E De = Ch-pR Da = Chop Du = Ch + petqR

Let's see how we can express all scalar products in terms of Di:

b . k = De

k . P
=-Eth+ pi-G) = -ED

= (k - pil2= De

k . Ph
:

E+ph =ED

=- = Du +De-D-D]D
=-EDD

· One loop is a bit peculiar
,

because for 1=1 we always have n = te = ext which is exactly the number of

propagators in a oneloop diagram withe independent external momenta :

diag : Q-0--QQQ -

#legs 1 2 3 4 5.

20 123 4...

# prop 12345...

=> We can always express all scalar products in terms of propagators present in the diagram

· Beyond floop we encounter cases where that's no longer the case.

-> Example : massless 2-loop triangle
Pr D

.

= bi

n De= (k-pe)2

Dy =
Ch + put

Du = (ke-ba (2

D5 = (k-pe)
Do = /he + +2)

· With 1:2 and =2
, we have ne 2 + 2.2 =7 scalar products => propagators of the diagram are not sufficient

We have to add another propagator denominator to complete the integral family.

- Here we could
,

e
.g.,

add Dz = he or Da = Cetpetput or Da = kitn or...

-> How to complete it isn't unique,
and the additional propagators don't correspond to

any propagator present in the diagram
-> As you see it's also possible to just directly add scalar products
- Sometimes these additional elements

you
have to add to complete an integral family are called irreducible scalar products" (ISP)

· By construction
,

once we have an integral family ,
we can express any

scalar product in the numerator
in terms of Dis .

Then cancelling numerators against denominators is trivial.



· Within an integral family,
we can label

any integral just by the exponents of the Di :

Ilan
,

92
, ...,

an) = fachhe
· Negative exponents asO yield numerators.

· Diagramatically , integrals with exponent a
= 0 correspond to a diagram where the corresponding line with propagator D

,
is

, pinched"
i

. e. contracted to a point.

[(
,
1

,
1

,
1
,
1

,
1

, 0 - -
[11

,

1
,

1
,

8
, 11,

0 -> Da

Commonly used terminology : the set of all integrals that have the same propagators in the denominators
,

i
. e

.,
the same set of positive

exponents [ai>Olies is called asector"
. Regardless of possible negative exponents [numerators) .)

· If a sector S
,

whose positive exponents Earcotics
,

are a strict subset of the positive exponents of another sector Sn (S
, CS2)

we call So a subsector" of S2
.

Conversely , Se is a supersector" of Sn
.

This allows us to sort sectors into a
directed graph according to their subsector relations.

· With this terminology in place,
we're ready to discuss how to find Linear relations between different integrals.

· The relations
we discuss are called integration-by-parts" (IBP) relations

.
[Chebyrhin ,

Thachov'81)

They are a generalisation of the integration-by-parts method for one-dimensional integrals :

=f = 0 for=

· To be precise it is an application of Gauss' theorem (divergence theorem) to dimensionally regulated Feynman integrals

· One
way to derive it is to use that dim

. reg . Feynman integrals are translation invariant : for va linear combination of
external and loop momenta (except for ki) : St f(k) = Jun Alki + av)

=> Rh.s must be independent of a
,

in particular if we expand in a
,

the OK) term must be zero :

f(ki + xv) = f(ki)(k) + 0(2) = f(ki) + F vf(ki) +0(aY

= Off #)
M

· We can also choose V= Ki. Then we use that Feynman integrals in dim, rey . fulfil a scaling relation: (ah flak=
Here

,
we need it in the form

Jain f(k) = Hralf(khi) (*)

Expand (1+ /" = 15dawO and flirah = filtahief(hi) + 0(



Rewrite : Ehf(kil = Er[hfhil] - df(kil

Inserting this into (**) yields (1 again ,
for v= hi.

We can repeat this for any loop momentum K
, and for v we can use any loop or external momention.

Consider how the derivative acts on a single propagator:

thi-m]=hi (for a
+0

· If we apply Ev on a Feynman integral under the integral sign ,

the product rule yields several terms love per

propagator that contains hi and ifth another term with thigh= d)
.

Each term has the
same structure as the initial term

, just with new

terms in the numerator which willget contracted with v5 and shifted exponents ai.

· All scalar products in the numerator can be expressed in terms of linear combinations of Di
,

which

potentially cancel denominators
, thereby further shifting the exponents ai.

As we saw above
, applying" leads to a linear combination of integrals with shifted exponents ,

but within the

same family.

· Example; one-loop tadpole &

Fla) = Sta with D=

There is only one operator we can insert: To h
Detai

=] = (d-2) I(m) - zanm [(am) + 0

=> Ilan+1)= Flan) (for an to

↳ We can reduce integrals with exponent a 1 :

[(2) = EIS)

I (3)= (2) = -2) I

i

Any integral with ap1 can be expressed in terms of I(1) (the tadpole with a single propagator.

We call IH) a masterintegral" .
As

p

· Example : equal mass one-loop bubble integral -

-
P

I (a) = Sha with D
=

= hi - mi => =Detm
De = (hip)- m2 kip = EID-Dztpil



-> Here we can choose two different momenta for v : velk
, pe5 a

....

Datm

: SinEnha IO! ⑤ ....

= (d-2an - a) I(
,
ar)- azIla-1, act1)-Zam,

an) +a(p-ZmPlaa) =0-
- - - >

a

-D &2
A & &

= p( · or/

↓;
= (-awa) Flan

, an) + as I (an+1
,
02-1) -

an Ilan-1
,
a2 + 1) - ap Ila+ 1, a2) wazpe Ilan , an +1) = 0

... g

an

· We can use these relations for fixed values of (a) [G,
1)

,
11

. 21
,

12.
11

...
5 to generate a (sparse) linear system for the integrals.

· If we order the integrets in some way ( simple"-, hard")
,

we can solve the linear system using
Gaussian elimination. = Laporta algorithm (Laporta00]

· Taking into account the symmetry Fla ,
92) = Flan

,
and

,

it turns out that there are two

master integrals:

I(1
,
0) - the tadpole integral we discussed before

[M
, 1) - the bubble integral with simple propagators

In general , there are computer programs (e .g.,
Reduze

,
Kira

,
FIRE

,
LiteRed

,... ) that implement constructing
the IBP relations

,
and solving the Linear

system.


