DIFFERENTIAL EauATIONS FoR  FEyNNAN INTERRALS

BLOCK (GoURSE: AbvANCEDN METHOBS | For
CoLLiber | PHYSIES | WS 2026 ]2026

LECTURER: RCNATO MAR\A PR\SCO
renato.prisco@mpp.mpg.de

o A NATHEMATICA Notedoow in axacdadlh o e wER | PALE oé_ (5. Cove |,
CovlBirumi maoliared ﬁ'lmn Dl Tosomiar session. T} com ofro |7
2l Gd omd  aveluslid dince by é'wm Nrownen, om wo\fram clood .com
U‘Mﬁ' Wi LrL L on e coume, wWee eate ( (fua ke & ol
o FREE ACCOUNT md WO HAHENATICA LICENSE ).

’ So‘w.. b-OYU\C/) QN e LK 2ol wi U u:a_ Qjmvjfof. @l mwmmot Lta,»‘ UL.);
Anorg mo¥ Num | Jruekad. qu‘m& o bhehoag T)/u.7 Ju, LJ} w Bane
Y Y Mn\ﬂmmﬁnf e Euwad “: 6‘“’)\" é‘" oy WLT(' ? (T
snlTruAtd, ool .



%  BOILDING SYSTEMS of DIFFERENTIAL TOUATIONS

LY wn eommdin | o J"’“’“ FARILY OF FEYNHAN INTECRALS

{ (E. S) { S - j; ' b.{-:. ﬂ\:-m.:-\wir]
ke Ky DD, b‘;c / ?6 i

— FEW.  PRESCRIPT o ;
LORENTZ | INVPRIANTS \ ‘1,\" K.\*P.n, INTECER | PROPAGATOR FOWTRS
(Ptimmhb.\ + nm/mb)

m{z u M. Comndr. é G XTERSAL NoNEN /Y

DREG - L Loop rtorlENTﬁ Lim . Comhr ? oo HoMENT A

b=bdo-28 Do & IN

Ome eom d-«lv.o[ o, BASIL é.. MASTER WTEGRALS (s ) 64\ . dmmﬂy :.

= =
1(g,s) = Nx.dﬁq Mls

Cuch | momdin F" é ) o} iam» ‘N lum. ComA é M1a  (IRP REDUCTION).
Wi} mota b okt ko dunins, o myatirm o AGx in Gk

. DeavAT\IE cé oMY F:?) w.a.Y, S« K N ' com Ao nywmw( AIKS
1> lim, eavk. é M 270y 3%. éa.mﬂlf lm .| comi é H1a

Whew  Wis ym"w@ A applaed Lo Mg

(\

.?_ l.', (é.?) = ZJ‘ F\KUA (it?) F?"*t‘h (ﬁ,‘s ) \:}nlfl{,, W R
‘DSK L——\,___/ M‘L [ JA#‘NM“
RAMonpL Funes . (i, FIxEd, 4y Atmmmed o'fba.) Nackon Gy,

INVEGEN POV |:&$



->
-~ ‘i . .
Coell F N & Mm. Comh. é Hls:

£ Vb, S -.=ZJ e (Pnib-5.5) 15(6.5)
—
olro RATIONA, FUNES

2 1668) =L Zﬂ’ Riim (£.8) €5 (Fuin£,5) 1,068
DS 4
- — / /

1}
~>

(w) ] A
Com Az aﬂm,mocccl s —> A 1 (€,s ) In Wi de-‘-m[wn-.
HATR\X ELCHENTS ?, ¢ M aymaol oY o,
o Hamrix A ,d_ LATIONAL FUNES, o (1K |FREE imdian

2 1.062) = DA TN €5) = | 2 T(ed) = A™e3) 1)
0 Sw, 951

SVSTEN ofF 1sY [ oRDER | DIFFERE NTIAL  EavATIoNS
S-om K ren b oA wallim s
g e (ey 2 => =
4 1= Zm 31 dsn = 2o A ds T = [41 ,_d(__g_l}
pE

K " :
)
4 A

DICFERENTIAL



 INTCGLABILITY  CONMITIONS

Poliel | dosdolinie | muot commmukt . From s wa eom doune eomoliliomy
é.ﬂ o DE matences -

.--) — o —
o= 0 I _ 3% I. 1(_@“‘1’) .. i(A“’f):
95937 943 95¢ /‘ 9, 397 ]

=9 )

5 ( LE18NT 2 auu‘i)

MWL SVLFU AP RN i
9S4 CAN
1) ' 3 J ) ‘
:[lf_\_‘ -iﬂ()__(ﬂ”ﬂ”‘ﬁ“ﬁ:) ]l
951 053

(Boa | ol nmg\"r'r{‘{ N0 | wln vHL.u( G o V\gm')rb.
Mk nelulions T = (Mm'o(m;woc oL, ywrmxft. BCs ) é.n ofl
}w‘fhwit. ruthing | => (A, | iy Aot Aue ldmﬁmﬁﬁf 10

(3) (¢ {() (
=) [ 9_ A 2 A )._. [B A J)]‘:’- 0 } INTEGAARILIY Y

|
ConhTIoN S

\Iu\,? s Al am paglice G CHECK  whallin e Des et Mam
Mﬁdd*i W Conuech Wy )



% HOMOGENCITY CoNDITIoNS

-

F o J,Jnm F1 FY we tom caumkr U= (SQUARED) ENERCGY BIHENSION

> LS
FY¥(e.s) & [ N Pbm B
L=t N B

——— c

e e S e e \d

[ﬂle;]Eg_‘:— [GL% Ki ]E" = E_ [bj:‘]ﬁ": [@:‘MQA)&]EF Yoy
s

)

:-"> [F;’)]Et: ,"_"f — Z%VG\ = .L.£.—|§>l

In feelier, Wi F1a deundl on Wi nvaeimwis S (s¢52....) =>
=D Uy Camy li‘f; o, Aum m'mulrf | omol (fa. F1  one, Horlo ¢ENEOVS
Funes oé Ltq, S &

ﬁ

rE

- W = -~>
FY ()\51. >\Sz| ) = A FY(S{ISz'...)J wz Lb _v]

DEGREE e(rTf HOHOCENE1TY

EULER $ THEOREN FOA HoNOGENEOUS Fum Crions -

é(g’) HoMO0¢EnEovs with BEEREE W (= ZK Sw 2 A(3) = w 3(@,’)



fRoOF @ Y s EBve /9w g_ Mothh e das %. (e Hor, neloATom:
LRS- 9 é(XSt' XSZ....)= Z't. [ﬂétj)] 9 ()\Sn
I / :j)'-‘-)x-S)

oYn I\
(CHMN RULE)

= Z_. [ 4(7)) ] .
2w §:=>.55
RHS: O (kwé(é’)) = W x“’"gu")
I
Effo}ml?u;ﬂ(f. )ro(ﬁ. andYa  or N=1

Zm. Sn %-SKé-(S-,) = W é(;))

@ 'Slé‘t'm&. o ém@fwn (?(\33 5(&3)) dm ony é\xu[ 8 Then
L= L 405)-2, 2400 = {Z 7.;93(7’)]
d )\ y NS

37"- 7 =N g >‘ 97:4

(81 wprwesis) —> = w 4 (23) W £ ()
W eom Aelme Ua, DE wak X

4 :wﬂ y{c&:w d )\ :)LJQ)_:&»M%
PR j $ /

= §L3) = £ (1) =y JeD) e 3NN ]



-3
0 Im e Cone  We Marte o Neelon T oé. RIa & omd sech cmywm\f‘
A lom| How, | Fune |-

L, 3D = X I1i(8), whee wi= LD _|F
2 v
N..(_Ol;fl .9 l"ﬂb-f’l
TL\U\ld,O’L(‘ | /‘,7 EVLER’S TH. -UU’!" }\p\\i.v\/s mmu wills IL‘
Co”ﬂ}\mum\' e N‘Mfdy )m

HoHol-EnEITY | Conpn TioN &

0 = Z‘ns"- -I)—- 1 - W 1 = Z'P\,SVL A(T?S I] | (_L_E._\G}\) 1!.-

9Sh, 2

o, v HATAX  FORM

0k [Zm, o A (L__l}_ 1 g (19 17),.0) ) } i

VA
WMudA mm\* XL&. \I\M \']' f =) U?u HATAIR mwo\' NWMA 1

[Zu n &..(m_ (L__E. f-.':... - J(ia.é(l?dll\?;],.._) ) = 0 ]

PA

Thhia e bion tom ba o 2iln & doukbi-duen bk (L AE

ke Avave A Pepan &y dwind, n G wulsrmotiedlly 1Y e
é U | molinees t'd_ J0 . dnn ot MY Aeeom o&/ﬁtmﬁ






X EXAMCLE: 1 -LOoP MASSLESS B&OX

F e vy -=[ HELEE
na b: bh bqs v:

Di=n bz,‘-'-(n-tl’{)l

(4
53 :(Kff’{wz)l B',F (K\'f{i’fszg)z

= e pi ¢ 5 o
T=(FUFE* F5) Ji=(0010), vi=(0,404)  vy=(104,1)

s DO Q) T
(c fINEHEN va}wdnl,w)

$ - rammd M-Mfe' - dwmm,Q hdedhe,  Mox

_ z 2 2 Z
MKINCUHATICS ]'31_ = F'L - F3 = f" = |0
- ~3
5= Purhe) = 20:b: We | chooe S 2(8,F) o iwbeeentent,

Z while, Az (it )= 2Pz com ba
P = (fesfs)= 2P fs Atpowmd oy M E- 8-

-2 C e
56§' D$&1 = _B___ I.’ VJ{U'-\ :

b-y
TR 0 0 0 0 0
A(t) (2)
A = 0 O 0 | A - O P.:—i’- O
Ly
2(5+2) - 2(b-3) [(D-Q)k-15 -Ad-3) | 2(v-3) (p-e)s -2k

SHSHY)  Sk(44r) | 25(5 tF) SPISHF) | PE(SHR)  2v(84h)



T}'\-b Mls iy QYW\KA.C é-ﬂ'), SC'—D“ O/V\C(.; 1{, > 12,' Wvo(:
L /™ é&-@.\‘ WA, W& ?

A(:)?. = ALA.? $ L=\ (< I;_ l o\-]-z> z { e \35 ].‘L> \SL-')\')
Asr = A lsor (L1919 2 <11 %100 Leon )
(1)

A(':Z), = Ast \SC-'>\- (<Iz \%—15) + <1Ll’)513>\5c-¢\r)
A(::; = A;? $ (=5 k (C 1, l)\-13>1<l3\)$13>\5"‘”’)

- ia.\f M) d"w"" Fromy, ma.ln'l:x Lfymu.\m jﬂﬂ’?’l (tu INTEGRABILITY

ConbiTION S V‘m fME‘Q""&e:

2 A = A ((b-o)s-zlr) _ (b-0) 2k - (o] 2k .

94 3$ \ 2y (5+}) i1t (shy) %
- (b-(g)z}z'i- 4"3 _ D-6 + 2 _ b -4
A AR 2 (S4r)? 2054r)?
L4 (2 (2 ]
2 A33 =2 (ASB )'—' 3 Azs) - b4 .
oY d} ik 99 St 2(SAF)




I (.9_ A2 A A A®] ) b Mh =g
25 o 33 | 2(5t1)2 28Rt

TJM. Nt conm Ma hl'.e.'lfdi,u:( A.m OQQ- ltt. gdhaq nmﬂ,\’/l'lx ijmb_\ _

a i&\' wy | edanen (0. | Hopo (FENEITY Comnb\TioN Rmmﬁm ufxa.‘“‘

- s L
To(NEY= XN T(Sy  whew W= | B _\W(In)
7

We = [ 20 \“'nol{'ioﬂ = .b._ L2 o DB-4
2 2 (A

Wz = B ""l(.ol{‘iol{')\':' -2 = w4
2 2

wa= B _1(4,44t)|= b 4= b-§
2 2 2

2
q Al;; t | Ag(,zs) = g[(b-é)}--?.SI + X[(b%)ﬁ "2"] =

2 Z($1r) 2K ($4))
= (-0 - 20599 _ )-8 @
2 (534 &

SAS Hh Ay = s 208:3)  v203) o g (D) | similmy
sl($+}) Sy (51D ém =3, 5=2




i\

1l




0 Nolt Ul i BURBLE iA &  oNE - SCALE fW. L M;

1 r—“')(zis) = eanaY - S = F")(s,j_)sw
F V(ilS} ONE-SCALE INT. | =7
wz kb |9
2
mme, ns Ui, wﬂy Y\vmlic. WM& o ona | Noumeldy S
W, ¥ Conry ) o Y\my\m wenty M rvumaom Aé/(lﬂoﬂ, U
Kor U Mmaoenm{ \7 .

d £Y(e5) = A (eomb-57) = eomar ws - W eomoks - W P &)
49 A% < "
=5 4 Fies )= W F‘;;(e@}

RS 4

Tum'ls A ;ﬁwb.g_ol (. Coxt &0'} T(8) QM"L 12(\")1 Wz 2 ml

/;d(_/r{mo(_ U Ml‘f@v\‘ fual Ym,m'o(h (| SCALING, wiidh we oenwﬁy

waw - To ok dbaﬁ rpdlis Fom | wu A vee] Ui | hasdehle | v

=4 (m \“‘-L)‘ 6 \V\PA\fJM\ Wah  Aneny B nomns ca'mrﬂlw'l'{ 4

Comafus lim g i} ok omy Mg <)

=) WL @MUM, W, W 1(.537- .-Y‘ “"5) -P(é) (--'S)M3 = N(2) ('-5)‘E
(2(1-e))

amal éoows w\"n;n/)-a(/“:m& b N é,.ﬂ, I Arox 1_-5..



% SOLVING ORBER 87 ORMER 1N &

Fink o o, nencale, Wi HIn willh oVoroll powsm of £ %0 (&l
‘(ﬂam E- ny\LMQiM aldabs q,\r‘ owly, 400 :

I, ~ 1/8 Il{_':- gly We eom Wai T l:, = 0\5 1,
To~ ¥ § =>| Ib-&le { = (e6.8%)
Iy~ 4/g2 Is= &%l

1 N é’m o aneoleol NI need -

\

4 li:' .4_ °{It = oz.l‘ Z:CJAI:] 13 = Z:f, A;SZ(—-‘: 43 1]

X = i i\
! . " |
[i’_ I: = A‘il II: AEJ = ?.{..!-Af]’] }I 1J
dX A3

= ~J '\

i-t\’MﬂUWWI&, 1':"-.-..1.l A= _A_‘Owl Mofh A

4 1,6ex) = Ure-x) T (ex), €(2-4 e) 1, (6) 4 € (2:4E) ], (¢x)
dx X (x-1) Xx-1) XH(x-1)

We| mals | ae) &n W Ml | e nores (va}w\hla Oé Ui - pocerion )

MEY= _CrCE) | =N Wi tom doak B (A-2¢) wke B i-é—t}nili'w
& (4-2¢) aé_ I m X/M&Lﬂw‘ M Wl €o(€) .ngm, N
, g Wi Kox . Thum, wa imbimd Cxe) L5 Lix
Cr(¢) = (A3 ['(4-¢) o@w( oy Ao th Wi ox & omd
fil4-2¢) 61(12 KadedeSon M d"m'-



~To ncajp, oW NOAHALITATIO A
{11_' 17_, é(‘{"'Zt) ilﬂl 11.1 - a {11.' 17,}
Cn(E) P43
2
1, —> ¢ 1.
Co(e))




O BovnNDA RN CoddiMory -
e e Nt N e et et~ ——

T NE Aon o M.u ¥ x= 4, hub we vmow Uy Bz Box (I3 (x)
(AND 1T¢ DERWATWES ) 4p RECULAR dor x4 (Lo, d=-s-b ~30);

g'_ 13(£'x3 = Q(€e,x) Li(g, x) + Lt x)
ol I I B —— \

SR R = ———

vt Az | REGULAR 1 % =4 Jate o }\g& m X =L

We ton Woluoki T REWWUE o x=4 oé Aoty oo Kaspumy i
miml ey Uo  LNS ek Aedr @ Ao Avwdme

0 = [_f:_ 13(21)()] + L€ [w'& -l-_.&_:t ] -'.::)
X*1 4 X= 1

A X X

:) 13(511) = -2 [('L)‘é'\' 1]
I g —

Com i dran Eomn d’lm-\ U Auddedng

TMUJ) WA L}‘-y\h;uﬂl lh:, ReLUARITY oJ U /\abw(].om Moum( @ SINGULAR
PoINT -a_ e NE im ovdy G Ax oy K Bovndrey AWE of . fox w (twwms
°3, W~ (nnowa) OMLA % e RURBLES =) We ulf'mc[i‘-{ BC A 1/1:».. (e DEA

13(2,1) = - 4 "‘(:Z.T\ E ¥ T\Z(CJL t (9653.)
— | - exphnSion °&

" W l (R pwiows tulotion
(o) (L) (2)



0 ORDER £°

Thw  Addty do mok comii b, | omd wa loae f.nd\r' Wi

A% X
(¢) (o) (o) o)
= ngs __.__{aﬂl_;_(_ - ,ch I (%) _ _jpd(x) =S 13(’4)"- 13(1?
3“” X l:')(i) X
0 | (o)
Hauw, 1.[-;(1,\ y (i kwnﬂtﬂ/l*[ Nedug, | L, (1) = -4
1(;) (X) = | . _‘_‘.,
X
0 0RDER £
L) ) °
il;("): _.4..1(;(”\)4. i Its)(X) _‘_Z[ 1 . | ]
dX A X (x-1) X(RH) | x2(xat)

g

(T, uk\maim y\iem u,q & eom sk on U WAM
W | = we WA (5 pdde 1‘;)(’(] éTQZ:!

- _ 4 1;")(,\) 4 | 2 (xai)

A x*(x-1) X (X t)

SN 5 SO\ OIS EE N oy WL
L&

X xl(}w\) X X







