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INTERACTION WITH EECTROMAGNETIC FIELDS

After having developed the "general fimalism" for
time dependent phenomena in pertribation thery,
we now want to apply it to the interaction of
Atoms with time-dependent EM Felds

let us start with a quick recap of CLASSICAL

ELECTRODYNAMICS =electic field ; B-magnetic field

MAXWELL EQUATIONS

% . B = 0

I 5 . E = f(r ,t)

xB - I = Moj(r, +)

5 x E + = 0

g( ,H = change deusty ; JE ,
H = curent density



= Offrit) +. j(t =
H

offer g(it) = - Jdsn . j(rit)
A S

Q

In "Charge Q
T

↳ Conservation"
S V

A charged particle of charge q experiences Lorentz face

mrgEH+xit
electron has q = -e
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to desabe a questio system we need the

Hamiltonian
,
built out of POTENTIALS

B = 5x [cr
,
+) vector potential

E
= -- I ↑C , t) solar potential

in turns of F , I firstIn lost Maxwell Egs
or IDENTIALLY SATISFIED

,
while other two gre

-84- (. ) = T

↓ +&+/ + =Mojct

GAUGE INVARIANCE = Maxwell Egs don't

change if we redefue potentials or :
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E 4
= 4+ with smooth function

j
=
A - Eg g(r , t)

we can pick gir ,t to simplify problem

ofte use Lorenz Gauge

↑
note not CORNTz

↑

another person !It

=
= o

then equations simplify a
bit to

& ( )p = 7

(-v" + )E =

mo jirt)
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If gir , th = g() State Charge distribution

then we choose often Corlaub Gorge

&= 0; o

&
- 86 = 7

(-"+ E =

mo jirt)

In tams ofI , $ ,
the Homillio he

interaction with E
.
M

. field is taken to be

H = (p - qc ,
+)] + qq(it)

The elechou q = - e)

8 - p - q NIMALCOUPLing
S



this form of the Hamiltonian reproduces the

equations of motion (Corentz Force ! (

Now let's focus on phenomenon of RADIATION
& its interaction with Quantum SYSTEMS

We willver a so called Semi-clonical approximation

where the E . M . field is not "fully quarkzed".

Start from

H = (p - qc ,
+)] + qqcit)

with g(r ,t = y(r) STATIC
--

=> 5 p = - 3 & (r) sc
-

In Lauhaus GAUGE

All radiation phenomena A= 0
related toC, t)
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its part of Hamiltonian becomes

(p-gc]=-

=i +q +cit]
use Carlos gorge

5. = (0. ) + . 8
⑪

= em(j"+ q)" - 29 - %)
↑ ↑ emission/absorption

usual Limeric [
tem · It gen

-

amming
"small field" ( ?)

=> actually , we will se
that IK would correspond
to 20 interactions
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I g = j = 0 (interaction with Free EM

feld &

then we can put far) = 0 & all interaction

Houillarion becomes

H = Ho + V(t)

Ho= Vo (couldbeHowlina

VH) =- =+ Celection
q = -e)

int - ict
Acrit) = o(r)e + Doe
-

# C . C . of first term

I
monocomatic were with twoAsoRPTION
Components First innesses energy

second deceases it ! EMISSION
so



fr fre field (ovey frow source that generated)
Maxwell Equation becomes [some for A5]

_() - ) = 0 (H = 0)

Solutions or trivia Tot) = Asens
I ite . F

with Aotcr) = Go e

Clearly we are free to pick E in ToC)

our choiceIs ARBITRARY => then we get

Frit) = to eer-wt] tEt

E = -@ = x
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and from them we con get the energy densty

of the E .M . field
- 2

B2E = +
+
-

2No

Explicitly we get

* = in (Toei (nF-wt) - -iCEF-

I = -itexto etr-wt) _ Extoe-in- wt)J
notice

J .E = 0 implies E .

o = i . To =
"transversality condition

il

2 = (w( o + . Fo)]

+ et /Co . (x) + CEx) . (Ex)]

+ terms & etict , i . e. Oscillating ! 10



We can separate the oscillating port from the

rest
,
nice if we average in time

,
it will

drop eventually

We cr simplify second term using

( xb) . (cxd) = (a · c) (b . d) - (a · d) (b -c)

(Exto) . (Ex) = F: - IE: (i)

Exot) . (Exto) = some E>Fot much that

sum =1(o+]
where we usedMo= E . Got = 0

remember frolly w
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so fually two non-oscillating contributions

one the naue and we get

E = zow2 (Foot + Art . Fo) + oscillating
terms

clonically E
-

Low /F01

Instead
, fe a full Quantum mechanical treatment

- +

of the E .

M . field , one
needs to treat to

,

A

es tors and impose zomutation rulesopera
-
- -

= Se TUTORIALS
-

Here we take a chanteut
,

sericlassical approximation

radiation

SEd= 2%w"Aokv
in volume V

CLASSICALLY
-
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now we onume that this radiation is corried

by N "photons" with
energy Ntr

which allows us tofx the magnitude of (ol

25ow"/FoK V = NEW

↳Id = Nv
We specify the "direction" of to by a

POLARIZATION Vector Et with

. = 1 E . T = 0

+ + ; ↓

transversality condition

which admits "two solutions" to spor place

orthogad to E Et with 1= 1
,
2

-

To: =(i)E
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For full field we need to wm over + E

E

Firt:je( N (n)
+
in.- -wt)
- e
t

v Wr25 + = 1

E

+ Wh) e-iC-wat)]
this expression is "almost correct"

i indeed looks like a Farmer Decomposition

~
iCn. -Wnt)

Acrit=wn (Ak)e
+ Ali) e-ichr-wnt)]

where in sericorical approximation = At =Wit

=> Quartim treatment stats for this Farrier

Decomposition , promoting A
,

At to OPERATORS
-
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One then fuols [see TUTORIALS]

H = 2 [AnAt + ACEAE]

Quauze it As HARMONIC OSCULATOR

[A + in)
,
At()] = Get Gig

H = 2 tw(A)A]
y

Infinite "zer point" ENERGY

Cancels out in Energy Differences !

I

H = 2 t All)An]
4
,
1

DEFINE

Axi) Destroys b photon of frequency twin- iA(n) Creates momentum h
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🔗

An(n)10) = o

state with n

Ins = [A] "10s
photons of moment
- Eh

Action of these operators on state with N photons
Is like those for harmonic oscillator :

ACE) INTE)) =E (Ninl - 1)

All) (N+ (n)) = + 1 (Nila) +1)
-

Different from semiconcal

eproach

In sericlerical approach we miss +1 =>

probobiety to produce [Fu] 1 photon

N+ 1whenNore present isEnhances-

"
+1" = SPONTANEOUS EMISSION 16



Finally we compute the momentia :

F
= E. Jan (Ecrit) x ( ,+)]

=... =
[ti (AI) A+ (i)]
tim
total momentum conied by all photons

Il

=> Afi) Aili) = Nilk) number operator
"

Counts # photons with(pel+ ; momentum triel

Now let's wee this in a EccSituation

143 = some exacted state of on Hydrogen Atom

+ zeo photons (N) = 0 (

↓
transition to lower state with emission of 1 photon
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if operator" [Cr , t) octs on this stote

14) 010) = Its initial state

↑ new photons

At(n) 102 = 0 Aili)10) = 111)
thanksto + 1 !
SPONTANEOUS EMISSION !

so the field we need to consider is

_
in.-wot)

Criti =Fe
-

i (h .
F- wt)

V(t) = IEe In) . E
m zowV

Now we can use FERMI GOLDEN ROLE

with Harmonic Potential
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da 2TT KfIMli] (E) dEitf I E I
↑

density of states for
emitted photon &CELE+dE

#
-

z Kf . (i)(f(E) dE
"SowVm

↑

matex element to colculate to get

1 photon transition
-
-

Notice that this justifies having neglected
tem proportional to 1AK in Houltonian

=> It generates transitions with a photons

which we do not consider here
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Let's see how we can colculate this matex element

(f) fir (i) p = operator
un

we can estimate magnitude of voious pieces

Imegue some from with 2 nicer carge

- -

~151 w Emc2 typical momentumE . P

&
because E= E-m

mI
=mcz

tr Bohr

what about C ? It)- - RADIUS
mcZG -

goin with n = 1 20



note that 11 typical momentio of electiou

IE) type momentum of photon Pu = tr

FOR PHOTON Evkc = tw

↳ Im
↓ I.~

↳ If 221 (soll nuclear change (

it
=> e otherwise we expand-1

is i)
( .)

h

j = 0 2 !+
each new tem

spressed ,
as long of

=21 21



If we keep only "leading order" : e-iter= 1

<f .Pli) = · (f) mdi

=m · (f Cho, ](i)
& equation of motion/

umperturbed Hamiltonian

IfL & 1 i) one its eigenstates !

- im (EE)(fri
DIPOLE

=-im w(f)(i) J APPROXIMATION
-

Ef-En = -tr (fnot state has enitted

photon , has lower

energy !]
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the reorde why this is called "DIPOL" is

because in this case

-

V= =-in A

in thislose

=> V=

following same steps as before in <fl(... (i)

= - imwir

V= fimw)Ere
↑

this is the potential of

a dipole with momentum d = -er

in electric field
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