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In previous lecture we have started a study of
time dependent problems in QM

,
and focussed

on few problems that can be solved EXACTLY
-

Such problem are indeed very rare , so it will be

reefe to establish a way to deal with time -

dependent problems PERTURBATIVELY

Remember in previous lecture we wrote fr tr
evolution

Act) = Ho +V(t) with Holn] = En In>

14 ; tag: [CultEnt/in] Y Schrodingen

Y Interaction
14 ;> I = [ Chit) In pichire
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We then found that the Cult) fulfil a system

of ener differential equations

itG(t) = [VumIt eiwumt Cm

Whm = EE

Um(t) = <n(VCt) Im>

This is a good starting point to trya solve

these equations perturbatively if V(t) ~11
-

Assume that & t = o system in (i)
↑

Initial state

=> Cn(0) = Ini
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we ash ourselves what is the probosity to fund

you in come find state If

· Sinc VH) o A
,

at zeoth order we can

neglect its effect completely and wate

it GH) = 0 =Cf( = (f(0) = Gi
↑

bounding constant

system Rehains in li)

· to FIRST ORDER we can now say

V(t) = + V(t)

Cf(t) = Ofi + + (() + 0(+Y because

in
7 vco) !
fit

it H) =E Vfm(t)e Smi
M

= Vfi(t) eiWfit
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Such that a solution can be wetten of

t iwfit

= -<I
[ boundry condition

! Sydn starts in (i) & t= o
-

fi & order zeo !

this procedure could beiterated toany
order.

We will do this in a more "elegant way
"

using the Interaction Picture and warlung
Il

with the EVOLUTION Operator (Propagator" Ct,to))

It ; t) = = Elt, to) 14 ; to > = INTER
.

-

↑
evolves state from to-t

↓

14 ; t)s = Us(t
,
to) 14 ; to bs Dina

.
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remember 14 ;t)s = e-iHoth 14;)

As we know
,
in Schrodinger picture Us

satisfy its evolution equation

it UCt, to) = Hs() Us(t , to)

where, If Hs(t) = Ho (e
.
e . H = 0)

we know how to write solution "formally "

-
iHo (t-to)

Us" (t , to) = eE
14 , t) = e

- Holt-to)/t 14; to s
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IMPORTANT : we can get Us from Ut simply
-

14 ;t)= =
eiHot/alt its

=
gitot/a U

,
It

,
to) 14 ; to s

iHot/t
Ult, to) e-Hotole 14 ; toI= l
-

UI(t,to

Cito)= eHot U , to)e-"Hototh/I
noticedoo that for Holny = Enln>

iCEnt-Emto)/t
<n(UsH

,
to) Im](nIHHt

,
to) (m) = e

↑

matix elements are the some up
to a phose

1 (n(UCt
,
to) (m) (2 = KnIUsH

,to) (m)12
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note that this is not true in gene if

we
take matex element between gene state

(no Energy Ergenstates

kz(u= (t ,+o)(4)) = ((4/Us(t, to)(4))2
#
&

But is it simple to compute MIC,
to) ?

Uring evolution equation for ket in Internation po.

in 14= C li

We see that

= itUC ,to]Hit
=

V = () (tit

=
V= (t) U= Ct

,
to) 14 ; to]
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which gues

~Ult, to) = V= () Velt, to)= I
have equation as fe Us

,
but only with VI

-
-

A frmal solution is Integral Equation

Ult
,
tol = 1-)It
j

boundary condition (verfy
this by differentiation

!)
& t = to

This is particularly convenient to produce a

perturbahre expansion ,
since VI Ho

"small "
11

ITERATING "CHS into RHS ->
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UIlt
,
to) = U(t

,
to) + U (t, to) + .. .

ZEROTHORDER : Drop VICH)

Vict
, to) = 1 + 0 (VI)

Y
nothing happens !

DER : keep only one power of VIFIRST

=> subslute UI = UI in RHS

It
,
to) =- dSt

.

SECOND ORDER : keep terms <O(VE)
-

U
, to) =( VE(t)V=(t))

etc... DYSON SERIES !
so



How do we deive now diff . Eg . the Cn(t) ?

remember 14 ;> I = [ Chit) In

much that Cf(t = (fluit) = which becomes

( (t) =<flut,to) 14 ito]

and expending He orming 14 ; to? = (i)
↑

energy

eigenstate
· AT ZelOTH ORDER

C'* (H) = <f(114, to

= <fli) = Iti os before

·
At First order we need non-trivia

contribution from Vilito
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"(H) = (f) () (dt'Velt') 14; to I
to Tis

=-
(V= (H) = eiHot/ V(t)e-iHot)=(IV(t)(i)

to

which is what we found already :

CH) =Ofi-weit
From here

,
easier to deve expression h ((2)(t)

f
# EXERCISE
-

TRANSITION PROBABILITY

P(i + f) = 1( (t) + CY(H)+ ... K

tracingIfL li] !
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EXAMPLE
-

Consider a particle of mass m , charge 9 ,

in potential

of 1-di Oscillator o X-axis

Ho=mu

perturbed by VCH = gExe
- tem

#
& + = -X ;

V(t = = d) = 0 ; du) = hw(n +])(n)

onume particle in ground state of Ho ; 10)

We would the the probability to fund it in 1n>

often some long true + +
t

cit = - EdteWot(n(x10)e-
E

f +s = 63 Lis and we get
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G(0) = - gE((x10)inw
-X

nw2+z

=-gE (nx10)( + e T I
fr matrix element use x= Cat

nedion &

amihilation

operators

(n(x10)= n0) once alo
-

= One to only if=

ClD) =-Ete Gn1
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no probability to ful system in 113 is

KID
Notice· Kild-o f t + x

which means potenbel VCA) is

turned on very slowly
=> ADIABATIC PERTURRATION more

gues no transities ! & late !
· VH) < X implies a "selection rule"

=> only transition n + n+1

n - n- 1

on posible !

If V(+) < X2 , obo n + n12

would be possible ! 13



We consider now some special classes of perturbations
and try to make gened statements from first

order perturbation thery

SIDENPERTURBATION

We imague
a perturbation thatacts ona

very short time composed to topical time-scale

of evolution of the system

Case just studied

H= mi gExe
- tem

period arcillator T =
T

W

tipical time perturbation [T=
S
TW 2T

14



Transition probability

Klo) < T -> Os - 0

-
-

there is no transition !

this is expected on general grounds.

Inoue VCH acts be te-, ]

With 2- 0

Schrodungen Equation
-

14;) - 14 ;- = -Eat VCt) 14 it)↳
f 2to trait old) if

V(H) FINITE !
15



For frute VI+) then

(J > 14 - = 14 ; +=)

no change in state :

More realistic problem , AtOM with atomic number

electron in 15

Inoue now nucleus undergoes & decoy

=> it eurts on electron and z + z + 1

La neutron becomes

a proton (

Electron is relabvishc
,
so we can "clancally"

estimate time-scale of interaction through time

taken by election to "love" the n=1 shell

~.
relicty

16



What is Instead the characteristic time-scale

of the system - how much time the electron

takes to go around the 15 state ?

↑ =
-

↑ electron velocity
Cite shell

Un- for must
to F = z remember 2 = +

137

so as longa 2137
,
we expect the

interaction to be "sudden"

=> after B-decoy , i in Is shell will

hare stayed there ! Just now
,
this s

a superportion of egenstates of

"new" Arom with
*
= z + 1
-

17



=> derly this istw if
in that cose S

-E

penihilation not neglyble , receases !
-

HARMONIC PERTURBATION

A very large number of perhization potentials

of importance fo physics can be promatized

by Homovic functions of time
Fict

V(t) = Me Mimeindependent

loud of VC) not Homoria
,
one could decompose

It into its Forries modes !

CH) =Ofi-weit
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Specialting our general famili once more

to system in state (i) @ t =o
,
we get

(n) !P (t) = - (fIMIi) deWitt

the intepal over the exponentials can be done

early giving

t i [Wai I w] t e
dt'eS
. =

=
eit w

sch that the probability can be computed as

Pief < /Cf" (t)12
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(it is ( )-

fi = w = Eit A

now let's call :

!and Guides the behaviors of the function

F(t)= im <firli]
Fr

-->A
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o + + x
,
the function becomes increasingly

peoed of A = 0
,
while for from D=

it oscillates very rapidly.

the some regular function f($) , there

in f(x) um (t)

= (f(A)-f(0)]u] =
peoked
on zeno !

+ f(0))bim]
2t

= ant f(0)
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which is or possible representation of the
Dire d funcion

sin(s) ent (A)

= Citt (Ef-Ei Itr(

↓ often a "long time" 'T we fund fo the
tanvilion probabilly PER UNIT TIME

↑i=f =
KP_ KIMliLOCET-Eihw)
T

=> transitions require
t = IEf-Eil

this is called FERMI GOLDEN RULE (F. G.R!

the famila is extremely important and we

will use it A LOT in next lectures
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NOTICE :

A system can go through a transition if

potential supplies conect energy to = EF-EiE tw = Ei-Ff

Ei- Ef-

Inw Itw
Ef- Ei

stimulated +icot !
stimulated

EMISSION C ABSORPION

evict !

Quantum system alone does not conserve

energy ,
or Ef = EiF tw

In first cose , system "evitts" energy into

the potential and falls to lower state

In second case itobsabs it and gets to excla
2]


