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Until now land probably for large part of your

Quartim Mechanics course) we havealways

considered time INDEPENDENT problems

Much of the interesting physics we can understand

through QM has to do with TIME DEPENDENT
-

INTERACTIONS & OMENA : RADIATION
-

SCATTERING / COLLISIONS

etc

Consider a system whose Homiltaion reads

H = Ho +V(t)

↑ ↑
time dependenttime

independent

wherefr now V() i TSAL
-
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Nevertheless
,

enume we know full solution to

time independent problem
,
i

.

.e.

n)= En In)

We would like to establish a fridom to

study how a gener state 14) evolves o

time posses due to VCt).

& t = to 147 = [Culto) In>
↑kome abtory

Complete set !
initial time (

We PARAMETRIZE their its time-evolution or :

_ iEnt/t
In]14 ;+ = <Cultie

-

I
we expliatly factored out "tire" time dependence

which exists also if VH) = 0
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the Cult so defied is such that if VCH = 0

[u(t) = Cu(to)

To deve differential equation satisfied by

Cu(t) is convenient to introduce INTERACTION PICTURE
-

"In between " Schrodinges & Herailing reprs .

Schrodinger Picture Herenberg Pichize

14 ; + -> 143H = et14 ; t

Os -> On =
eit p

,
H

Interaction Picture factors out onlyHo

14 ; +)= = e"Hoth 14 it)s
OE =

elot/a Os
e-iHota]
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Clearly of t = 0 147 = = 147s

Ce ·

CONVENTIONS fr phoses for genera "to :

Imogue System is in Energy Eigenstate In

Holn) = En In]

= In Schrodinger picture ,

state fxed up

to a "Phose" -int

It is then convenient to pick

In
,
to
I = (i)

=> In
, to g = e

_
Eith
(i)

#

phose difference
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how does 14 ; the evelve ?

it i = it ]

=- Ho eiHot/14it)s +
citot (Ho+V] /4its- -

-eitot/ Ve fLiHotiit-
VI

I#it= = V= (4 ; +) +

-

= in
Interaction Pichie

,

state evolves

ONLY with VI #
⑧
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Equally
,

br any
time independent OPERATOR O

=Ot
,
Ho]

~ Herenberg Evolution with H - Ho !

Now notice that we prometed 14itys or

_ /Ent/h
In14 ;+ = <CultieS

↓

14 it) I = [CHe-Ent/iHoi
= [CH officients

=> <mi + it] = [C(t) <m/n]
-

Gum

(n(t) = (n(4 ; t)b 6



Use now diff . Eg . sotisfed by 14it]I

and contract by(n/

it (14) = (nVi

= [(nIv= (m) <minit
~

<nIVelm) =
/gitota VC) e-Hot/n /m>

i (En-Em)t/t
= C < n/V(m)

-

Unm(t)

↓ we have

itG(t) = [Unmit)Cm(t)-

Wum

= [Vum(t) eiwnmt (m(t)7



=> to ful time-dependence of some state

142 ,
we need to solve system of there

coupled differential equations fr Cult),

whose coffientsore matix elements

of the time - dependent potential !

Most of the times solving these equations
exactly is IMPOSSIBLE and we need

to resort to perturbation theory

Before going there ,

let's shady a case where

on Exact Solution is possible :

- -

TWO-EVEL SYSTEM

Consden a system that can be in two states

& subject to on OSCILATING POTENTIAL
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While this seems now a "frmal" problem,

it can be used to model many reportant

physical situations -
Atom in ECH) feld
that generates transtious

among
two states

-> Spin Magnetic Resonance

- Masers etc...

two states (19)
;
1b)] with Ea ; Ed EssEa

b- Hola) = Eala) umperturbed
Holb) = En (b) systemo

system here

Vong 193
,
16) os basis

Ho = Ealay(a) + Folb)(b) = I Enb)



Now zoy
VIH) can generate transtious amaug

the two states

int

VC) = jeint / a)<bl + ve 16cal

= (e-int
reiwt
I hermition !

O UEIR

Following our general fermalism ,
we wate for

evolution of 147s
-Eat

1yit) = CalHeF(a) + ((t) Est/n1)
S

· int Wabt

it ]= we lre-irteiweto](i
Wha = -

Wab =Fr
-
-
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(a)
vet
(i)t

-
iS

G

↓
with A = Wa-Wb +W STANDARD

= W-Wba first order system

Golution can be obtained by deiving and ep.

be one of the two
, say le Cact)

d
2 82 Ca(t) = 0

- Calt)-i@dat
dt

2 E2

seading fir solutions of :=
eitt we get

T

A2 j2
+-t Al-=ri th
-

R
it+ t it

-
t

Calt) = A + l & A-e
↑ boundary
- volnes ! 11



and fou system we have fo Cy(t)

jeist ((t) = it all

= it (A+ei
++ti ++ +

A
-

ei+tit
-]

= - ++ A+
eitet

-

k + -
A- eit- t

- it+t

<x(t) = -E+ A +
e-
t-t
- A

now let's enume that Calo = 1 3 Boundries-

Cb(d) = 0

=>system starts & =o in 193
,

then :

Calo) = A + + A - = 1

-
I O<b(0) =--
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-
-

-= (t
+ + A . = 1

=

At =

1 + -+

|+A + + 1
-
A

=
= 0A = = +

↓+
-

+
+
- 1 -

I +
A + =
- A - = -

22
22

Calt) = (tett-

-citetI

(b() =-(e
+

+ +t
-e
+-+

-ferti I
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-iSt
((t) =2i b inst

2

which gues fr the probability of finding

14 it) in 13) & timet

Po(t) = 1y(t))= C

83/h2
=

it would
him (t

RABI FORMULA
-

and Kalt)) = 1 - Ky(t)12

probability oscillates with typical frequency
-

= RABI FREQUENCY
-
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RESONANCE CONDITION

If angular frequency of potential wa wa
=E

then- remember

r+
(C)l"

-y Simc(Et)[
amplhid of oscillation teaches I

this is called Resonance
-

Kalt)!?
-Wit1 I

O ⑧

-
-
· I # # --

t

kb(+)12 15



from t =o to -I ,

theystem or

energy from the potential and goes from Eat Eb

then fau t= -t= energy goes

back into potential and system returns to

orignal state

PERIOD T= = due to sin

of course , away from resonance /Calt)R < 1

1(MAY(+)(2
M

a

1

Fwide et en48
·I

↑
i
F UO WEAK POTENTIAL

= NARROWER

PEAK !
-

-

Wa Wa E
w

I resonance frequency 16



these two state systems have voious applications

·
Atoms in E fieldt we will decess

moredort this Ilater in the

earse

· Spir Magnetic Resonance

· Mosens

-v

SPIN-MAGNETIC RESONANCE

At the bosis of MRI systems in Hospitals

Consider a Spirit system (EECTRON) bound in

on Atom (typically Hydrogen (

Apply B = BoE + Bu * cost + Y sinwt)
M

I ↑
Caushout dang z rotaling cu (X

, y)
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In previous picture
,

here Boz = Ho

B1[ ...]= V(t)

Electron mojustic moment=
So that H = -5 .5 and therefor expectly

1o = - B Sz

VH = -EB(cwtSx +owtS]
Ves now Szl = )= 1) to wate

Sz = (1+) +) - 1->(- 1)
Sx= (1+(-1 + 1->(t)

Sy = it(1->(+ ) - 1+) (-1)
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An obvious way to
check these is veryfing that

(Si
,Sj] = :signtusm commutation relations

For e- eTo and

Holt) = E+ 1+) Et = let
2m(

Hol = E-1-> E- = -Bo
zmc

E+ >E -

↓ ↓
I

Wel b level "a"

"resonance"

then Wba = ExE-- frequency

=If Be = o
,
then this is PRESSION

frequency fora spin in constant B2 field !
19



As long as Be = 0
,
the probabilities of being

In stote It) or 1-1 don't change
,

DESPITE

SPIN PRECESSION

leith = < + (1 +) + C-(t)))

IC+ 12 d K-12 constant

with Befo , compting with gard frewher

VH) =+ letBe It (lowt-ismutaI
+ 1-x+ 1 (cewt + icnw+ )]

= [ew-1 +eit
b a
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so we can identify U=
Be
2mc

At resonance[W = Wba = eBo]MC

spir flips It =11) in addtion to

precession generated by BoE

resonance can be abtormed adjusting frequency

of rotating field to match precession pequency

E In this way , by vorying frequency of

rotating field one can precisely meatic

maguebc moment
u

MRI works detecting radio frequency

Induced by spir polarization eration

during tome ! 21



Finally notice that in procice rotating

fields are difficult to produce .

Some effect

can be obtained withoscillating felds

In * or i direction ; he example

↓

Be court = B1( * mut + yawt]] f

+ Becat-yinutfl fo

fc(w) = f - I
get effect of fa

Counterclock wise
↑
dockwise sendingWe

if we get resonance on one of

the two
,
the other is negligible if

BalBo Wha
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