






We will see came elementary examples here

We start considering system that contains

TWO Identical particles /No Spin ! ]

4(1 , X2) were function , ouptitude to find
It

4(1 , 2) fast postide at X2
,

second of X

What is 412, 1) => emplitude to fund first
at XC

,

second of XI

If potice are identical d indistinguishable

they must represent same Physics

=> still 411 ,2) + 412 , 1)

but 14(1 ,2)/2 = 14(3, 1)12

=> 41 , 2) = e14412, 1) !
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this equation must be true Xa
,
X
,

so to is
independent of X2

,
X2 !

=) if we swep arguments we get e'p , whatever

the arguments

42 , 2) = e1ty(2 ,1) = empq(
,2)

↑

swapping again

=> Cip = 1 = b = nπ net

wove function must be either

· symmetric if n Even

· outisymmetric if n ODD

Now let's add extra degree of pedan

=> SPIN
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have thing but now Fire (1 ,2)

san partici Y san particle ea

Again Trars (2 , 1) = eip4rz (1 ,2)

=> Errz(1
,
2) = edit Hire 1 ,2)

& = mi ne z

Now it is again matter of EXPERIMENTAL EVIDENCE

that I odd fr Fermions spir=t

n EVEN fe Bosons Spin = 0, 1, 2, ...

Notice that while in QM this is experimental evidence,

In RELATIVISTIC QUANTUM FIELD THEORY this can be
-

PROVED ! 5
-



Now consider system of 2 particles with Houltonian 71(1
, 2)

Hamiltonian fr indestinguishable particles must

be also symmetric

H(e
,2) = + V( , 2)

TI of course some mass !

H(1
,
2) = H(2, 1)

& these might includepi

· H(1
,
2) Parale , 2) = Exara (1 , 2) (1)

· H(2
,
1) From (2, 1) = E From (2

, 1) (2)

introduce EXCHANGE Operator Prz

Pie4orz (1 ,2) = For 12 ,1)
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then ep (21 becomes

H(1
,
2) Par For (1 ,2) = EPhe Porz (1 , 2)

EH12",1)]
= Prz H(1

,
2) Pro (1 , 2)

=> (H(1
,
2)

,
Pis] = 0

Piz is a constant of the motion

moreover (Prz]"= 1

so Prz = 11 eigenvalues ; Eigestates one

of"11
,
2) = + (41,2) + ↑ (2,2)]I 2"'(e
,
2) = & (4(12) - 4 (2

,1)]
↑

ALL LABELS INCLUDING SPIN Ti
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Since Per i constant of the motion
,

a state

that isfymmetric at some time , will always remain

symmetric , and swilely be or articymmetric one

it's eary
to work out generalitation to more

polides ,
FOR 3 PARTIES :

4 (1
,
2
,
3) = N [21,2 ,3) - 432, 1 , 3) +4223%

- 4(3 , 2 , 2) + 4(3,1, 2) - 47 ,
3
, 2)]

↑
Anticymm w . r. t . Swapping ANY PAR of Indices

While in principle mixed statistics could exist
, they

O EXPERIMENTALLY EXCLUDEDIn QM

this is port of the

PEXCLUSION PRINCIPLE
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PEXCLUSION PRINCIPLE

· Systems courishing of N identical portices of

holf-odd-integer spir are descubed by

outsymmetric ware functions and colle FerriONS
-

· Systems comising of Nidentical potides of

intege spin are described bycymmetric
were functions and called BosonS

-

·
Mixed statistics are not allowed !

First dem consequence => there is Zero PROBABILITY

of funding2 Ferrions in come state

40:02 11 , 2) = - From 12,1) if 1 = 2

M1 =52 = 2

=>Took ,
1) = 0 !
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since e(x ,
x2) must be a continuous function

of

I SAME Spin

it must be zero in come neighborhood of

X = X2 ! Fermions with come spir

oroid each other !

Condition on were funcious 4 can be

repleasedfo states.

Let (In) I be completeeet of stoles for

SINGE FERMION

14) state of PAIR of FERMIONs can be expanded

1 = Em Mnm In>1m)

( X2; 8147 = 4 wr (1 , 2) above
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Prerz( ,2) = [ arm <Xa, w n><x22m

how swep 1
,
01 X2

,
52 and add two expr

0 = [[am(xmn) x,I
+ An

,
m (x2 rin><x mlm)]
↑
rename h

,
m

I & <min><x2
,
8 (m) [an

,
m + am

, n]
h
,
m

=<xx2 ; Edel [In)
1m) (an

,
m + am,n)

n
,m

-

I

Once ins ore nerly independent

=> im+ am, n = 0 11



an
,
m = - Am

,
n

or Mum= o 4 = & Am (n) Im

j
zeno probability to fund
two fermions in some

state In)

Two-PARTICLEPROBLEM

Consider a system of two particl in D=3

-
2 p

H =
- -

VCF
,
) ; 411 ,2) =X124(k,2)

-

2m
1 2mz ↑ T

SPINS Condnotes

Focus on 4(m ,
22) he now :

Define F = Pr +E

R =

met
adinate

-

m1+mz

[Pi
, Rj] = - its dij & conjugate to tol mom.
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momentio conjugate to r is memata
mi+m2

↓

1 Pe
= +

=&2m/ 2m2

= -+
M = m , + M2

& M=

so

H= V,)t

if It uncharged under a translate ,
i . e.

Ti + i + * = V(z)
↑ only on relative

zonchnates

=> TOTAL Momentum Is Conserved !
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now if potides are identical mnzma

= M= -M = 2m

if we intercharge 112V(E) = V-E)

but particles or identical
, system must fulfe

the some equation => V(E) = V(2)
↑

modulus only

Scheidungen Eg becomes

2
-p[ + v(e)] +(, ) =Ep ,)

↑

Indep of R

4( ,2) =
ePm/m u(e)
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with

( +v(]u =CEc
Central potential

u(El = Rue(r) Yem (0,4)
↑

spherical hormonics

o I
>

2/· -----...
v -> r

Swapping 1432 means

S Os -J

9 - g +π

Yem(0,4) + (1) Yem18
,4) clarity !
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Now let's look at the spim port

↑ (1 ,2) = Ruelr(Ye
,
mID

,e) X12
~

Spin post

1. two spirs in singlet state

IS]
X 12 = (iX-XX

Antisymmetric under 1772

2. two spirs in taplet state

X X + 1

X I & = (x x*" +XX] O

Xy - 1

symmetric under

exchange 1t)2 16



Pouli Exclusion Principle applies to TOTAL

WAVE function !

=>> if two particles ore FERMONS (Elections (

↑ (1
,
2) must be outcymmetric

=> Spin singlet states must hore 1 = 0
,
2
, 4, ....

Spin tapest states must hore I = 1
,
3
,
5, .

DO WE ALWAYS NEED TO ANTISYMMETRIZE ?

Do we need to core if we consider two

electious very for away ? Do we need to

outicynmetize every election in the Universe ?

take two "free" fermions
tall

Yo(X2)
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4)(x,,x) = 4q()4y(X) uncorrelated

-
OR

all lobels =* (4a(*)4y'x) - 4a(xe) 4(m)]

GE , , . . . 3 concealed (outicymmetric)

by squeing you can see that

N
=

= 2 (1 - /Sax ya*(40(x)))

where wereed namoliation of takel & 46(x2)

QUESTION IS

is there a difference to compute

the probability that partic we tya-
someregion ? (does this depend or whethe

I outsymmetized ? ) 18



1
.

uncorrelated

PCR) = JdxJdylalya

= Spdx 14a()12 I integrated everywhere
normalted to 1

2
.

correlated h terms -

PCR) = )dx 14aJ dyIt o"EVERYWHERE"

+ /dyMalyRd
- ↓/dx(dy (x44(y)l

+45(7)49(x)4
* (y)4b(9)]

19



P(R) = E/dx14a

-ar( (+(3) +a(y)

- o only if two were fundians
overlap over R

2

Soy now Hal v <e-px D = 1
2

T(x) -Ce
p(x-7)2 fr simplify

H1 two elections gosion
*

.....L
distance "L

Il↑
L

1
centred at

↓
N vorance

,

"width
"

B
20



overlap interal becomes

1SaxF 4(x])
2

~ Jax e-Bl
-BLE

2 e z

y

Also implies decreases

E exponentially
N = 2 + small

with distance !
conectious
-

whenLib it zou be easily gured

result is the some whet

PAULI PRINCIPE must be token into recount

fr electrons bound in sour ATOM or MoEWLE

= often it can be neglected even in

LATICES When Laserec Angstroms ! 21


