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Until now we considered scatting from a

"Wede" potential => BORN APPROXIMATION

We also always awmed that the potential is

confued in a SMALL Region of Space

Here we conside POTENTIALS WITH ROTATIONAL SYMMETRY

V(
,Y ,
z) = v Cr) v = yez

We will still require VIr) - 0 es red
-

so that we can lad atasymptotic solutions
when V = 0 !

we'll try to make doo this statement more

Iprecise : how fast must v go
to zew ? I

If V = V(r) then (I
,
H] = 0 angular

momentum commutes with Hamiltonian =>
T



we can go to spherical coordinates and last

he colutions of Schrodinger Eq .
in factorized

fam

- (4)
+ VIr(4 = Eq

And we use 4(x,3 ,
z) = Ree(r) Yem(0 ,4)

um ↑
Rue(r)
↑ spheicol
E=
fire hormonics

u

& ↳Yem = tele+1) Yem
which gres

L Yem = hm Yem a Radial eq . Le Re, e

MR) R +VIR
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of before let's put E = th your

SV=ur)
=

-R)+ R
- nR] = 0

↓

m(-(yR) + (j2e(e+1) - 1) R(f) +4R]=

now consider osymptotic regie => U(f) = o
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- 1 (R1y)) + (Gulle+1) - 1)a() = 0

SPHERIAL BESSEL EQUATION

it's a second order Eq
,

it has two colutions

denoted felp) , Yell)

close to geo colution is Rig) -ga

- (pat] + felt-1]g-

- ya
-

[a(+1) - exet1) +(2) = 0

~ f = 0

fele) - ye= two solutions

(GF Cee) yely) - +

ge+ 1

E



this says
that of g=0 only felg) is

on acceptable solution

EXPLICIT SOLUTIONS (with normalization (

jo(g) = En yo(f) = - Cop

In() = 2) - as ye (f) = - G - T
In greed the ASYMPTONC BEHAVIOR IS :

gl
lim self) ~cente "cott!
f+ o

(201) !!& te yelg~ -

Je+1

bu je(f) - -cas(f - (l+1)
con also

Peo
= jfn(f- eπ()

be zewetten

as complex[ im Yelg vim(f-e
& exponentials

= - 19 cos(9-ei/2)
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General solution of Schrodinger Eg .
with VIr)

4 (x,3 ,2) =41%)= Aem Rue(r(Yem10,
4)

If there was NO POTENTIAL down to r= o

we could then build generalsolution using only

2 cr
,
0

,x) = jekr) Yem,
Y

In first Lecture we used normal coordinates

and wrotefo incoming ware
it . F

or fying k = 10,0 , 4) => likz

i must be possible to wate one in terms of
the other

,
and in fort one can prove that

1)eEyeYellae
,
m



where K = El & Yemir) = Yem10 ,4)

We can bee ADDITION Of SPHERICAL HARMONICS

Win
Petr . ) = Pelcsy) = Ye()Yemir)

and we can write

its .T
e =
&i'(22+1)felkr)Pelcoss)
e = 0

other form of PARTIAL WAVES EXPANSION
-

now if E =10
,
0

, 4) then 8 =-

in F

, I= h = gikz I&

2 it (9+1) Jelkr) Pelceo)
X e= 0
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Now the Exact solution of the Schrodinger ef
After scattering with the potential will be

it
+(r) = e + yar()(* )

2

/
we have decomposed
this into PARTIAL WAVES

We would like now to obtoim the Asymptotic

form of the solution for red

We can decompose everything in sphercol hamonics

Isan() = 2 Sem(r) Yem(r)
e

,
m

where
, uring orthogonality, we

have

Semir) = Jaz Yes 10.4) 4 suit
z



fully ,
we already wrote :

↑ (F) = 2 Aem Ruelr) Yem()
e

,
m

Now
, using all angular expansions in (* )

we can write Tremember Yea (i) an basis ! ]

Arm Rue(r) = Gilfeller (Ye(m) + Sem(r)

we need anymphatic behavior of

Roe(v), fe(ur) , Sem(r)
-

known

Se
,
m(r) is EASY if we remember that :

Isanil-er f)
-

SCATERING AMPLITUDE

9)



which meanshe was wa can write

Sem(r)errm(0,
4) full ,)

fem

I
fem = Jar' Yem(84) fuide)

f0 , 4) = few Yem 10,4)

To find asymptolics of Rue of general

solution we have to be careful .

We orgue that if VCr)
E* O

Il
FAST ENOUGH

II

-

ther Rue(r) ~Zefelur) + Beyeler)
COMBINATION OF FREE SOLUTIONS
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Assuming Ruelr] REAL
,

we can recete it or

Rue(r) = Be[Jelkr) +: yelke)] +B (jelur)-iyer]
~ m

hi(ur( he" (3r)

h(r) = he Cur
*

HANkEL funcIONS

he"(y) ->

eidy-lette)
f- o T

up
to a phose he eis OUTGOING

-

SPHERICALWAVE

NOTE Ruelvr) fullfils rest Differ so we

can pick Rue real too !

ide
We can wate Be = 1Belt

AND =>

Be = I Bel evide 11



Ruelmer) - eide((r) + Cur

~ I [fir-lt+e) ilur-level+ l

felkt) in this notation = Che"Carl + he Curl]

~ ↓[eikr - (+1)()
+ e

-

i(kr - (l+1)h) I

=> Asymptotic solution parametized by Je =del
Je called PHASE SHIFT DeIt

-

(with respect to incoming place wore
!)

Now we use these osymptotic behaviours in
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Arm Rue(r) = Gilfeller (Ye(m) + Sem(r)

which
gives

wher ves

Aem [evkr-letter-level

=hi Terk-the-ilr-le]Y

+ ever fem
I scattered port has

only OUTGONG WAVE

- ihr
er & e one independent , we can

equate their coefficients (ot order t) separately
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-
ihr

FROM e : tem = until t ei
T

ide
FROM ein

: Aem = until ye (n) eT

icenidep fem+2 e

insent first in second to get

↳ eidetem] eise

= il+1one : exce
+I

titeie
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few =uYe)(1)
= ive [ed] Yet as

= e un deY

which then finally gives expansion for

scottling ecuplitde ne terms of PHASE SHIFT
-

filly)= eide inte Yeme

Again if k = 10
,

0
,
x) = kZ we can be

addition there and write

f(0,4) = ↓lett) eide since Pel

remember Je = Jelk) depends on R !
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the last boxed equation is usually referred to as

PARTAL-WAVES EXPANSION OF SCATTERING AMPLITUDE

What does this tell us about the were funcion ?

it
↑(r) =e t

ein facd,4)
↑

r->

usingasymptotics fr einr from place wares

in F
e = eikz -

il (941) Jelkr) Pelud)
e= 0

be lege v =

iCur-eit

Jelurs = cer(e = ) -icur-eel]-
e
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E = 10
,

0
,
4) fe defritenen ;

ilur-e)-iher-e

=>einze JakeM

e= 0

il

= ke)(eihre-r-en] Pema)

so we get
- i(ur-eit)

4(r) ~(e)(erJPE

- einr Balti eite sinde Peloa

=()Rende
- eiunei7



Scotting has effect of modifying outgoing
were solution as follows

ein -> [1 +zieie] ei
e

m

Se(k)

In + eie unde = ( + zieideunde)(e-zie*unde
= 1-2i evidence +ziedeande + a ande

= 1 +eisinte [Lisimie] + winde = 1/

Selk) is a phose ! (Selv)"= 1

required to respect UNITARY !
-
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Finally, we can deve partial wore expansion

fu cross section

= Iful,q

= feilie-te sinde sindea
~ Yem() Yemi) Yem(r) Yenir)]

where Yem(r) = Yem 10
, 4)

if we integrate over Sar = fourd dy

We can use ortHONORMALITY of Yem(r) again :
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- = famlf20,
9)

= (2 write Yem()Yem

Now ot ADDITION THEOEM with E

Petr. ) = Ye()Yemir)

↓ (n. = 1 ; Pe(1) = 1)

Pelim()Mem (n

+) sir
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Let us conclude noticing that fr Forward scotting
O = o

f(0) = deft) eire since

Imf(0) =+) inte Im leide)

I Imleite, cid give unde.

I ↓ (e) we

T We FIND

= ⑳ &OTICAL

THEREM AGAIN

(this prof volid only fr Central pottLs !
n



AsyMPTOTIC BEHAVOURCOMB POTENTIAL

Now we have skipped the important issue of

how FAST must VIrl -0 when -o for

this construction to make sense.

Consider again RADIAL Scardinger EQ

MR) R +VIR

and recite it for u(r) = v R(r)

-u"(r) + k
=
x(r) = (e) vir]u
-

W(r)

effective potential

Including centrifugal port
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Fikr

If VIrI can be neglected ,
wars e

IilrI R(r) -
e

r
-

let us study effect of VCr( -1 on ur)
rP

be some PEN
Fikr +grPARAMETRIZE EFFECT MIr) = e

new function

plugging this in RADIAL Equation we get

g(r) + (y (v))2 = 2ing'(r) = W(r)

study solution of res ,
two cases depending l = 0

l + 0

Coulder I to
,
then Ww
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· PS2 then I wins In as centrifuge (

· pa2 then to wins I goes slower to te !

all in all
,

we must studyosymptotic solution

to

g(r) + (y (r)) = 2ikg(v)=

search fr solution g(r) = G !
g(r) = - 54I

rS+ 2
g"(r) = st)b

in F
24



in+=
-

negligble fr +x

= Linsb = t

os longos P21
this has a solution !

girl = E + 0 es ex

indeed etiler or right
solutions !

If p = 1 => S = 0 & no solution of

power seies ?

If we sill use hg" , (gi)'g' ,
we can spox

#zing'(rl =@ g(r)=I
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g(r) ~ fair) -> explodes when vex

PHASE SAIFT DOES NOTGo To Zero !

p = 1 V(r) - + covlamb potential !!

ti(kr- encr)(
u(r) -e

ContouPotential must be treated with care !
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