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Let us go back to genera situation

H = Ho + V Ho known "FREE"

V potential which generates
scattering

Let 16> be on egestate of Ho => Holl =Elp)

Now notice that
, if Full HAMILTONIAN It has a

continuum of States (EXO
,
no Bound State) then

I can always imagne to find 147 s
.

t.

H (4) = CHo + V) (4) = E14]
↑

some energy or 1!
-
-

What is the relationship between ipLd14 ?

=> gree by Lippmann-Schwinger Equation !
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Consider Q
,
hermition operator .

We know it

has a complete set of egenstates

Q Ins = qn/n>

- Q = &9 Ins < n/
U

↑ continuous + disnote in general

Now
, if all In 10 ,

the Inverse is

q" = &9 in> n)

n

=> aa =&In qm In <n(m)<m)
n m En

,
m

- I FORMALLY !

(For Continuum In
,
m + 0 (n- m)(2



What if same egenvalues or zen ?

Let us consider 230 ; E1
and

-1

(9 is]" = &(an + is)(n)(n)

Using this , let us defie 2 states11) &

It) = 10) + CE - Ho is]
*

~14 17
↑ 1 ↑

lighnstate I POTENTIAL

ofHo
we need is to

Hold= Elp)
define inverse because

(Asymptotic solution
In SCATERING ! )

Eso
,
Ho has continuous

specterm !

and we have

Co - E(1+=) = (o-E) (E-Hotis)"V14 17
- - VI+1) sanding2- 0 3



If all manipulations are allowed
,
we have then

(1 to + V - E)(4 =) =0

=> we found 2 States 141) which have

venergyunder H
,

as 167 had under Ho
-

the equation that defies 141) is called

LIPPMAN-SCHWINGER EQUATION

It) = 10) + CE - Ho is]
*

~14 17

Let's contract by <E1 your LEFT & SEE

(141) = <Elp)

↑ face(e-Holic) Ev 1#]
↑

Sa*"I "I"I
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ve <ElvIt" = VCI') &C * ")

DEFINITION OF A LOCAL POTENTIAL
-

=> Assumption, we don't wantoction of

a distance
,

non-local !

we get

(f) = <* 10)

+ SF' <EICE-Hois)"lE' VIE') <Ele
or with were function notation (I'- if reame ! )

4 (E) = q(E) + Go (El(E-Holisting) vig) g)
SAME AS ↓ !
=401) +ENGE)Vig14ig))



=> by comparison we found on Opettor Expression

for the Green's functious two possibilites

&( -y)= CE-Ho + is) -
2

/>
I

We will prove that E G + -> OUTGOING WAVE

!
G- -> INCOMING WAVE

Before that , consider now the operator it

defied as

T1b) = Vit1)
↑

symptotic srote
I
Eigenstate of

solution of Ho full Hamiltonian
H = Ho+V
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then we can wate (using Lippmann-Schwinger

↑(p = VId) + VCE-Holis)" V14)

= VIp) + VCE-Holis)" (b)

this should hold 193 Cabitry !

=> T = V + V CE-Hotid)"T

this equation can be stated to reproduce the

BORN EXPANSION of operator level
-
-

# V + VCE-Hotis)"V + OCVS)

Take matix element between some intial (i)

and same fual state If
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stITle) = (flSclEVlis
= fi dij <fiel El V15)sylis

= Sie sfIE)<Eli) VCE)

how if (i) = 1Pi) momento
~ plane

If) = 1Pf2 egenstates wores

ig./In 6
<) = e ↓

(2πt)3/

[11TIP) = chi(/v()
- 210,4)

k

(p=ti as always)
go



< ITIS = -
1 ↓ f( , ji)
GitM -

alternative way of

weling f(,)

From which we get If0 ,4)= Latitum] KPIPE

Now for the scottling RATE we have

Sn = jdl 2
= j (f(0. 4)/"de

= [] The

I Im Lect 9 we

flux I easi [ had eik . Z I
only !
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= KITI (pinde)
= KIT (pde)
-

! f(E) dE density of states

BORN
~ V(Fig(E) de-

(Insed T = V + O(v4 (

We getEMIGolden Rule = BORN APPROXIMATION
-
-

2MPUTATION OF THE GREEN'S FUNCTION

Let's now compute
-

G= (* -j)= ICE -Ho[12)
-

1

with Ho= FREE HAMILTONIAN
2

M
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once Ho is diagonal in momentum space , its

convenient to perform the colculation there :

G=( - j) = EICE-Holisticp1y)

1
-S 3

-2
-

-
introduce E =t =t

in ! (x-y(
2
-G = (E-y) = I E_i IE

I => spheical coord d =
dr'kdu) dy
! (-j) =-1

Z

I

↓ dk'
penic

-

,k'I-j)z
=

(2) I
+ Jaz e2
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-Let_

=ite
F

(integraud Eve Re-r , "=1)

Depending on G1 = k'=Nis = = (k + is)

ImCl')
-

4- ⑨kid
- k+11 ↓

G+

Rock's
-

⑧ ⑧
- k- iS k-iS

Gt G-
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We can perfum intepols with LUCHYTHEOEM

=> split into two pieces k
= a+ ib

-N

I einti.o bi
- x

b-yTo

T =IIni
-N

e
- b15-j)

->o

Counterdock wise Likit-yl byx

↓ e
-

I = +2 ti - (tk)
12k

clockwise

↓ Firk-yl
#I = =crie

2n

: (k)
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It-I = Chi eFire-1[ + i)
= Ci eFikl-yl

and putting everything together

Likl-g
G -j)= tie

Fik/-j/

Gij) =-
-y

which proves the formula fo E+ that we used

in Lecture 9 ! Outgoing Placewere as it implies

4 = eikzef(0,4)(1 + 0(h))
(see Goluce 9 ! 14



UNITARITY & THE OPTICAL THEOREM

We will now use the Lippmann-Schwinger Eq

to delive a verygound result that relates

the Scattering cross section to the So-called

FORWARD SCATERING AMPLITUDE

Start four relation between Scotting Amplitude

& (84) = f(p ,) & matex it

< ITIS = -
1 ↓ f( , ji)
GitM

remember

T1b) = Vit1)
↑

symptotic srote
I
Eigenstate of

=Ipi) ! full Hamiltonian

(plane wore here) 15



now cousder limit FORWARD SCATTERING T = 0

Pf = Pi = 5 there

f(0=) = f(p , p) = - Gπ(p1T1)

now let us compute Im Sp1T18(

o i 1) = V14+) & Lippmane Schwinger

It) = 1) + CE-Ho is]
*

~14 17

1) v= v

Im <51v14+) = [m((4+1 - 441 Eojis) Viet)
↑ Adjoint changes

sign
- because we wrote

ip)- 14+ >
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= Im (4V14+- Im+Voic14+ >

I how useImportant Formult (see exercises ! (

to = pr(t) = i+ ((x)(x = E -Ho)
XIIE

=
<4+(14) - Em (4+ V Prleno) 14+>Im

- Im <4+ 1V ii OCE-Ho) V (4+]

now Im <H+ /V14+= 0

Im LetIV Pro) v(4+) = 0

because V is Hamiliar VT= V
,
real potential !

only third tam survives
,
in poslicula :
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Im <PITI) = - i <++ IV OCE-Ho) V14+]

now Vlett) = T1b) = T1p) so

= -# (p1 +
+
J(E -Ho)+ (p)

- - (i (p1T
+1979/T/)J(E-

(used Holg =E ! (

I weste d = 5dgdotg = (9) dEdd
2

(due to function constrain a

=-(d) KITig)12UCE-F)
this is Ep !

= -i (d+q(mq)( < /T19)12
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Fixing E = Eq means do p = q once

E =2 !
zu

-> Im(p1T1) = - + [drqiT)1
going back to orignal formula

f(0=) = f(p , p) = - Gπ(p1T1)

Im[f( , p1] = - unztm(-Mip(dryK+R]

= t pSdeKit)12
remember now relation with f

< /TIPi) =- E ,
i)
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Im (f(p ,5)) =t
Fot

#fil)= Not=

OPTICAL THEOREM

Says that TOTAL CROSS-SECTION S proportional
-

to the FORWARD SCHERING Amplitude
-
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