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NB: Where possible, complete as much of these exercises as you can by hand.
To compute series expansions in ϵ, feel free to use Series[...,{ϵ,0,n}] in
Mathematica (or however else you prefer).

1 The Massive Tadpole
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Figure 1: The massive tadpole.

Consider again the massive tadpole discussed in the lectures:

Jtad

(
m2; ν

)
=

∫
[Dk] 1(

k2 − m2 + i0+
)ν . (1.1)

1.1

Write down the U and F polynomials for the massive tadpole using the graphical
construction. What do you notice about F0?

1.2

Using your result for the Symanzik polynomials, write down the Feynman para-
meter representation of the massive tadpole for generic ν and D. Perform the
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trivial integral and recover the result obtained in the lectures from momentum
space:

Jtad

(
m2; ν

)
=

(−1)ν Γ
(
ν − D

2
)

Γ (ν)

(
m2

) D
2 −ν

. (1.2)

1.3

Verify the result by performing the onefold integration in the Schwinger para-
meter representation (Hint: use the defining integral representation for the
Γ-function Γ(z) =

∫ ∞
0 tz−1e−tdt, Re(z) > 0)

2 The Massive Bubble in Shifted Dimension
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Figure 2: The finite basis we derived in D = 2 − 2ϵ. Note
the dots on the tadpole masters.

In the lectures, we showed how to derive the relationship between a quasi-finite
basis in D = 4−2ϵ and a finite one (with a different dot structure) in D = 2−2ϵ.

J⃗ 4−2ϵ
1 =

J4−2ϵ
bub (1, 1)

J4−2ϵ
bub (1, 0)

J4−2ϵ
bub (0, 1)

 −! J⃗ 2−2ϵ
2 =

J2−2ϵ
bub (1, 1)

J2−2ϵ
bub (2, 0)

J2−2ϵ
bub (0, 2)

 (2.1)

where
Jbub (ν1, ν2) =

∫
[Dk] 1[

k2 − m2
1

]ν1
[
(k − p)2 − m2

2

]ν2
. (2.2)

2.1

Compute the Feynman parameter representation prefactors of each integral in
both bases and, assuming all the integrals modulo prefactors are finite, argue
why the first basis is quasi-finite while the second is absolutely finite.

2



2.2

To simplify the algebra, let us consider the equal mass case: m1 = m2 =: m. In
this configuration, we can eliminate the second tadpole from both bases since
J4−2ϵ

bub (1, 0) = J4−2ϵ
bub (0, 1) and J2−2ϵ

bub (2, 0) = J2−2ϵ
bub (0, 2) by symmetry.

Using the tadpole formula, write down the results for both tadpoles and expand
about ϵ ! 0 up to and including terms of O(ϵ0).

2.3

Now let us calculate the genuine bubble integrals in both bases up to O(ϵ0).
From the first part of the question, we can deduce how many orders in ϵ we will
need to calculate the integral part of the Feynman parameter representation (as
it is multiplied by the ϵ-dependent prefactor) for the bubble in each basis.
Assuming both integral parts are finite as ϵ ! 0 (which can be shown to be
true), to how many orders in orders will need to expand each Feynman parameter
integrand to obtain the correct result up to and including terms of O(ϵ0)?

2.4

Begin by computing the second basis bubble, J2−2ϵ
bub (1, 1), using the Feynman

parameter representation. Show that

J2−2ϵ
bub (1, 1) = 4√

s (4m2 − s)
arctan

(√
s

4m2 − s

)
+ O(ϵ) (2.3)

in the Euclidean regime defined by 0 < s < 4m2. You may use the integral∫
dx

1
x2 + a2 = 1

a
arctan

(x

a

)
+ C . (2.4)

(Hint: completing the square at some point might help...)
How would you obtain the result for the (physical) Minkowski regime 0 < 4m2 < s?

2.5

Now consider the first basis bubble, J4−2ϵ
bub (1, 1). Show that

J4−2ϵ
bub (1, 1) = 1

ϵ
+ 2 − γE − 2

√
4m2 − s

s
arctan

(√
s

4m2 − s

)
− ln(m2) + O(ϵ)

(2.5)
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in the Euclidean regime defined by 0 < s < 4m2 (γE is the Euler-Mascheroni
constant). You may use the integral∫

dx ln(1 + a2x2) = x ln(1 + a2x2) − 2x + 2
a

arctan(ax) + C (2.6)

In both cases, the bubble has a special point s = 4m2. What is special physically
about this point?

3 A Massive Triangle
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Figure 3: A triangle with an off-shell leg and one internal
massive propagator. The propagators have been
assigned labels in {1, 2, 3} to allow for an un-
ambiguous Schwinger/Feynman parameter assign-
ment e.g. {x1, x2, x3}.

By deriving the U and F polynomials using the labelling in Fig. 3, write down
the Feynman and Schwinger representations for this triangle – JD

tri(1, 1, 1) – in
general D.

3.1

Using the operators given in the lectures, write down the following in terms
of integrals in D in the same family (you do not need to reduce the resulting
integrals):

JD−2
tri (1, 1, 1)

∂

∂s
JD−2

tri (1, 1, 1)

∂

∂m2 JD−2
tri (1, 1, 1) .

(3.1)
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3.2

How do the results above change if the massive propagator (3) has two dots?
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Figure 4: The same triangle with two dots on the massive
propagtor.

In other words, what are
JD−2

tri (1, 1, 3)
∂

∂s
JD−2

tri (1, 1, 3)

∂

∂m2 JD−2
tri (1, 1, 3) ?

(3.2)

4 Two-Loop Boxes
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Figure 5: Some massless boxes at two loops.

Write down the U and F polynomials for the integrals above. Use the kinematics
s12 = (p1 + p2)2, s23 = (p2 + p3)2.
For the non-planar integrals, eliminate s13 = (p1 + p3)2 using1 s13 = −s12 − s23.
These non-planar diagrams are quite challenging so feel free to skip these if you
want.

1This is just momentum conservation “s + t + u = 0”.
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5 Sector Decomposition of the Massless Box

As a final (ambitious!) project, sector decompose the massless box using the iter-
ative sector decomposition algorithm given in Section 3.2 of https://arxiv.org/pdf/0803.4177.
If you are feeling brave, perform all the relevant subtractions and numerically
integrate any remaining (finite) integrals in Mathematica.
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Figure 6: The massless box with assigned Feynman paramet-
ers.

The integral you are trying to calculate is the corner integral (i.e. ν1 = ν2 =
ν3 = ν4 = 1) in D = 4 − 2ϵ,

Jbox (s) = Γ (2 + ϵ)
∫ ∞

0

4∏
i=1

dxi

(x1 + x2 + x3 + x4)2ϵ

[−s x1x2 − t x3x4]2+ϵ δ

(
1 −

∑4

i=1
xi

)
, (5.1)

in the Euclidean regime given by s < 0, t < 0 (as an expansion about ϵ ! 0).
The iterative algorithm will tell you exactly how to integrate out the delta
function in each so-called “primary sector”.
Your final result for the integral should begin at O(ϵ−1) and should be purely
real for any s < 0, t < 0. If you want to check specific numbers you get out for
a given s and t, email me at thomas.stone@tum.de!
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