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Exercise Sheet

Infrared subtraction, parton showers and matching

Suggested duration: about two hours of in-class work, with extra optional material for home study.
Not all exercises need to be completed in class. Pick those you find useful.

As a reference example we consider the simple lepton-collider process

e+e− → 2 jets

at NLO in QCD, and we study its features, derive its singular behaviour and handle its subtraction
in the following. Where appropriate, we work in dimensional regularisation with d = 4− 2ϵ.

Ex. 1. NLO contributions and soft/collinear limits.

(a) Write down all partonic processes at LO and at NLO QCD and draw their diagrams.

(b) Recall the general formulae for soft and collinear limits of a real amplitude |Mn+1|2 (with
|Mn|2 being the LO amplitude)

(c) List all soft and collinear singular regions for the real process w.r.t. our LO process and
explain why there are neither g||g nor q||q̄ singularities. Write the soft and collinear limits
of the real process explicitly using the general formulae.

(d) Let the squared real amplitude be (valid for γ⋆ → qq̄g, i.e. dropping angular dependence)

|M3(p1, p2, p3)|2 = |M2(s)|2 8παsCF
1

s

x2q + x2q̄
(1− xq)(1− xq̄)

= |M2(s)|2 8παsCF
1

s

s213 + s223 + 2 s s12
s13s23

,

where the pi are the final-state momenta, with p1 the quark, p2 the anti-quark and p3 being
the gluon momentum. M2(s) = 4e2Q2

qNc s = 16παeQ
2
qNc s is the squared LO amplitude.

The standard Mandelstam invariants are

sij = 2pi · pj , s = (p1 + p2 + p3)
2 = s12 + s13 + s23,

and the dimensionless energy fractions in the e+e− centre-of-mass frame,

xq =
2Eq√

s
, xq̄ =

2Eq̄√
s
, xg =

2Eg√
s
, xq + xq̄ + xg = 2.

Explicitly derive the soft and collinear limits of the real amplitude above and show that
they correspond to the general formulae introduced in the lecture.

Hint. Specifically you should find for instance

S3(|M3|2) = 8παsCF
2s12
s13s23

|M2|2 and C13(|M3|2) = 8παs
1

s13
Pqq(z) |M2|2 ,

with Pqq(z) = CF
1 + z2

1− z
for p1 = z(p1 + p3) i.e. z = Eq/(Eq + Eg),

(e) Take the soft limit of the collinear approximation S3(C13(|M3|2)) derived above, using

z/(1− z) = s12/s23(verify), with z → 1, i.e. 1− z ≃ s23
s12

in the limit p1 ∥ p3,

and compute the soft–collinear overlap explicitly. Compare the result with the pure soft
limit. What do you notice?

Explain why, in this simple process, the soft–collinear overlap has the same analytic form
as the soft approximation itself. Why does this cease to be true for more complicated
processes with several coloured legs and/or different splitting channels?
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Ex. 2. FKS partition of unity and singularity identities.

Let χij = 1/dij/(
∑

1/dkl) be a partitioning factor isolating one soft and one collinear divergence
in each sector with Rij ≡ χij R.

(a) Recall the formula for the measure dij . Why is it not symmetric in i and j?

(b) Write down all χij for our process e+e− → qq̄g

(c) Show the following general FKS relations:

Cij(R) = Cij(Rij) ,

Si(Rij) = χij Si(R) ,

Si(R) =
∑
j

Si(Rij) .

(d) Explain why the partitioning is constructed in such a way each Rij has at most one soft
and one collinear singular region.

Ex. 3. FKS subtraction structure through plus distributions.

Take a generic FKS sector (i, j) and write the factorized (n+ 1)-body phase space as

dΦn+1 = dΦn(Φ̃n) dΦrad , dΦrad = Nϵ J(Φ̃n, ϕ) ξ
1−2ϵ(1−y)−ϵ dξ dy dϕ , Nϵ =

s

(4π)2−ϵ Γ(1− ϵ)
.

(a) Starting from the singular behaviour of the real

R J(Φ̃n, ϕ) ≡
1

ξ2(1− y)
Σ(ξ, y, ϕ; Φn),

show that the full partonic cross section takes the form

σ̂R = Nϵ

∫
dΦn(Φ̃n)

∫ 2π

0
dϕ

∫ 1

−1
dy

∫ 1

0
dξ

1

ξ1+2ϵ

1

(1− y)1+ϵ
Σ(ξ, y, ϕ; Φ̃n).

(b) Expand the singular factors by using plus distributions.

Hint. Use the plus distribution identity

x−1−aϵ = − 1

aϵ
δ(x) +

(
1

x

)
+

− aϵ

(
lnx

x

)
+

+O
(
ϵ2
)
.

Notice that the δ-term for 1/(1 − y)1+ϵ receives an extra factor of 2−ϵ, because of the
integration bounds

∫ 1
−1 dy. Bonus: Show explicitly where the factor 2−ϵ comes from.

(c) Identify the 1/ϵ2, 1/ϵ and finite contributions.

(d) Show explicitly that the regularized last term of the resulting expression

∼
[
1

ξ

]
+

[
1

(1− y)

]
+

Σ(ξ, y, ϕ; Φ̃n)

receives exactly the following form for the subtraction of the real:

R− Cij(R)− Si(R) + Si

(
Cij(R)

)
.

(e) Explain how the “trick” of using plusdistributions allows you to directly obtain the inte-
grated subtraction term and subtracted real in a straightforward way.

Bonus: Can one show that the coefficient Σ(0, 1, ϕ; Φ̃n) of the double pole in ϵ is precisely the
one of the Catani I operator?
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Ex. 4. Catani–Seymour subtraction.

Let us construct all dipole subtraction terms for the real process e+e− → qq̄g. Their explicit
expression can be obtained from this formula:

Dij,k = − 1

sij
⟨Mn({p̃})|

Tk ·Tij

T2
ij

V̂ij,k |Mn({p̃})⟩ ,

where {p̃} denotes the mapped n-particle kinematics and Tij = Ti + Tj is the colour-charge

operator of the emitter ĩj. The spin-dependent dipole kernel V̂ij,k for qĩj → qigj is

V̂qigj ,k = 8παsCF

[
2

1− zi(1− yij,k)
− (1 + zi)

]
.

with
yij,k =

sij
sij + sik + sjk

, zi =
sik

sik + sjk
. (1)

(a) Explain why in the formula above the LO matrix element Mn({p̃}) is computed at “tilde
momenta” {p̃}. Do you remember the definition of {p̃} for these specific dipoles from the
lecture? What important features does the definition of {p̃} need to have?

(b) List all relevant dipoles to subtract the real process e+e− → qq̄g.

(c) Why are these the only dipoles, and why is the above formula sufficient among the many
dipole formulae, which include different splittings, e.g. g → gg, different spectators, etc.?

(d) Solve the colour algebra using colour conservation (Tq+Tq̄) |M2⟩ = 0 and T2
q = T2

q̄ = CF .

Hint. Note that Tg|M2⟩ = 0, since the operator acts on the reduced e+e− → qq̄ matrix
element, which contains no gluon colour index.

(e) Write down the dipoles explicitly and then show the following general Dipole relations
using the present example:

C13(|M3|2) = lim
1∥3

Dqg,q̄,

C23(|M3|2) = lim
2∥3

Dq̄g,q,

S3(|M3|2) = lim
p3→0

(Dqg,q̄ +Dq̄g,q) ,

S3

(
C13((|M3|2))

)
= lim

p3→0
lim
1∥3

Dqg,q̄,

(f) Interpret the above relations in the context of dipoles subtraction. How are all singular
regions covered, are there overlap problems? Describe the main differences with FKS
subtraction in that respect.

Ex. 5. Parton-shower Sudakov factor. Consider a shower ordered in an evolution variable t. Let
∆(t, t0) denote the probability of no emission between the scales t0 and t. The no-emission
probability of a parton shower can be derived in the same way as any survival probability (e.g.
radioactive decay).

As a starting point we use the infinitesimal emission probability

dPemission(t) = Γ(t) dt,

(a) What is the reason that the probability for no emission in the same infinitesimal interval
dt is simply ∆(t+ dt, t) = 1− Γ(t) dt ?

(b) Using that relation write the no-emission probability between t0 and t+dt, i.e. ∆(t+dt, t0),
which can be obtained by combining the no-emission probabilities from t0 to t and from t
to t+ dt.
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Hint. Think about how probabilities of several things happening after each other are
typically combined.

(c) Show that this relation can be rewritten to yield the following differential equation:

∂

∂t
∆(t, t0) = −Γ(t)∆(t, t0).

(d) Using the boundary condition ∆(t0, t0) = 1 derive the no-emission probability ∆(t, t0) by
solving the differential equation.

(e) Typically the emission probability of a shower has a more involved form, such as

dPemission(t, z) =
αs

2π
P (z)

dt

t
dz ,

after trivial integration over the azimuthal angle. Write the ∆(t, t0) using this form.

(f) Does the form of dPemission(t, z) seem familiar? If you use t = kT as ordering variable and
note that dkT /kT ≃ dsij/sij this connection should become more clear. Where is the soft
limit here and why is this expression sufficient to cover soft and collinear emissions by the
parton shower (what feature of standard parton shower makes such expression usable)?

Ex. 6. Parton-shower matching: MC@NLO vs. Powheg . Let’s take the MC@NLO and
Powheg formulae and compare the philosophy and features of the two approaches. The
MC@NLO can be written schematically as

dσMC@NLO = dΦB

[
B + V +

∫
dΦradCTPS

]
× I

(n)
PS + dΦB dΦrad(R− CTPS)× I

(n+1)
PS ,

where I
(k)
PS is a shower operator starting from k hard partons in the final state and CTPS is the

shower counterterm that matches exactly the first emission generated from an underlying Born
configuration of the parton shower.

The schematic Powheg formula is given by

dσ = dΦB

[
B + V fin. +

∫
dΦradR

fin.

]
︸ ︷︷ ︸

B̄(ΦB)

×
[
∆pwg(Λpwg) + dΦrad∆pwg(k

rad
T )

R

B
× I

(n+1)
PS

]
,

where Λpwg ∼ ΛQCD is the Powheg cutoff and the Powheg Sudakov is given by

∆pwg(kT ) = exp

(
−
∫ ŝ

kT

dΦrad
R

B

)
.

(a) Discuss the main features and differences between the two approaches.

(b) Why do MC@NLO events with negative weights appear by construction, while for Powheg
negative events are largely reduced.

(c) Expand both formulae to first order in αs and show NLO accuracy.

Hint. Use that, for CTPS to match the shower kernel, the shower operator up to the first
emission at k1T generated by the shower must be

I
(n)
PS-1st = ∆(kmin

T ) + dΦrad∆(k1T )
CTPS

B
with ∆(kT ) = exp

(
−
∫ kmax

T

kT

dΦrad
CTPS

B

)
,

where kmax
T ∼

√
ŝ denotes the scale where the shower starts and kmin

T ∼ ΛQCD the scale
where the shower stops. For simplicity, the explicit integration bounds can be omitted
when expanding ∆(kmin

T ). To simplify the expression, we also identified dΦ1 ≡ dΦrad as
introduced in the lectures.
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(d) What happens for MC@NLO when a CTPS is used that does not exactly match the shower?

(e) Explain why the first emission in Powheg is generated with the exact real matrix element.

A separate solution sheet will be provided.


