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GENERAL THEORY OF ITERATED INTEGRALS
-

We tune seen that Feynman lmtyob fellfl
Differential F-gains and

, from their fun . that
the natural language to write their solution

is that of ITERATEDINTEGRA.LI -

In general , consider a space ✗
,

with coordinates

} = ( 51
,
. . -

,
%) .

<piecewise smooth ! )

let y be a path on ✗ ; j :[0,1]→✗

let us
,

.
. .

,

Wn be one - forms on ✗ with

Defenestrated interpol

/ wa . _ . Wn = / fnltnldts . . . fnltnldtn

8 o≤th . .
.

≤ tube

with fylempty I = 1 by def .
7



where

• fi : ¢ → ¢ ore complex functions

defined or the pull - backs of the Wi

along the poler j

* Wi = dtifilti )

if
#
Wi = Wi of composition formula

⇒ at just means that we are evaluating the

differential one - fun on a specific
coordinate choice along the euwe

we call the differential forms Wi = Letters

the set of all letters Wi is the ACPHABET_

a combination Wa . . . wn called a

Worth
is called the LENGTH_ of the chanted int
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NITI Inverse order of the FORMS

/ Wa . . . Wn = / fnltnldt . . . fnltnldtn

8 O≤tn≤ . .
.

≤ tube

tz
1 tut

=/ dtnfnltnlfdtmfn-iltn.it . . _ fdtsfnltn) \
0

☐
0

=

.

Simplest case is the ordinary LINE INTEGRAL

= / 8*w^ = H!d
[0,1]

standout

notation

12.2]



Properties ( F- ✗ sheet 5 ! )

• iterated integrals don't depend on pouanetitation

of the path 8

• Integration is linen

fgldwn .
. wntpwi . . . win ) = dfwa.wn-ipfwii.com

r r

• if f-
'

CH = JU -t) denotes the reversal of poky

§ Wa . . . Wn = C- 1)
" f Wn .

. . Ws

8
" 8

•
PATH COMPOSITION ya , ya : I→ ✗ two paths
such that yn G) = filo)

8^82 = 8^082 (first 8s , then 82 ! )
g



then we hove the formula :

f Wn . . . Wn = ◦ f wa . _ . Wk / Wkti . . . Wn
8^82t

• Iterated integrals satisfy SHUFFLE PRODUCT

/ wa - . _wn / Wi . . - win = / Iwa . _ wn ) w Cwi . . . Wm
'

)

8 8 8

where recursively

(Wa . . .Wnllwcwi . _ . win ) = Wa / lwz . . . Wntw Iwa! _ . wait ]

+ Wi [(wa . . . wn) W Iwi . . . Wait ]

with C) UI Wan- Wu = We. - Wn w C) = Wn - Wn

4



for example ( to be interpreted under f sign ! )

Ghwz W Wu W5 = Wr ( Wz 1W Wuw5)
+ Wh ( wnwz 4 Ws)

empty § ) = 1 !
= Wnwz ( Uiwaws ) + Wawa (wz WW5)

+ Wawa lwzwlws ) + Wu WE@nwzlwc ) )
= Wiwa waw5 1- Wawa w2 (C) Lows]

+ Wawa w5 ( wz W L ) ) + Whwnwz (C) Ws )

+ Wawa Well C) ) -1 Wuws Wnwz

= WnWi Wu W5 + Wnwuwzw 5 + Wnwu W5 Wz

+ Wu Wn WiW5 + Wawa W5W2 + Wh W5
Wn Wz

⇒ all combinations that preserve

relative order of two words 1

Mixing two decks of cords , preserving relative order !
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HOMOTOPYINVARIANCE-twopathsjn.rs:[on] → ✗
,

✗ manifold ,

with the same endpoints filo = 8,101=+0
8^111=82111 = Xi

me said to be homotopic if there exists a

continuous map ∅ :[0,17×10,1] → ✗ with

¢19T) = HH ) ; 1011,4=821+1
t ◦≤ t≤ I

¢15,01 = Xo ; $1S , 1)
= ×≥

t ◦ ≤ s≤ s

8111-1
we write

÷¥% "→

> =
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A function fly) is homotopy invariant if

81 ~ 82 f- ( Jn) = f- Lga)
-

Iterated integrals in# are hawtopyiat
their value depends, instead, on the path chosen !

EXAMPLE1_

M=Ñ
,
and define jqs :[0,1 ]→ ✗ the

family of paths pas A) = It? E) which all

go from 10,01 ↳ 11,1 ) fu¥7

Wn = DX We = dy ×,y standard coordinates

oh IRZ

f wnwz / it?
"

sti
"

dtndtz

87 ◦ ≤ titties 7



1 S- l E

= " [dt, ti ' [
"

d-4 4 = sf.dk to tz

= = fwnwz it depends on the

res path !
NOT HOMOTOPY INVARIANT

E✗AMPE2_

Y ^ ra
wa -_ dlogx

y f-
-€. :* " we = dlogy
" t Hr

✗

8^1+1=(1+1×-111-11) jolt / = ( X,
11-4-11 t )

8311-1 =
(1

,

11-19-11 t ) ✗ult / = (1+1*-11) t , y )

for o≤t≤ 1
8



Use path decomposition formulae

f. Wawa = fwawz ) + f w" Jwz t f f Wrwz
8^82 8" 82

ya Jra ÷ %

fun = /
"

dt ᵈhY¥¥ " " = bogus
H o

f wa = f^dt dlog 1^+19 - 1) t)
¥

= logy )
82 u

↳Wnw 2 = fwnwz = 0
82

which implies fwnw , = logcxllogly)

÷

fgsgawiwz-fggwnwz-f.ws/Wz-fwnwz = 0 !
84

83 8h

I T.TT
°

q



f Wawa = log ✗ logy

}
result ogim

②2
depends on path !

Jfgu Wnwz = 0

notice now that if I consider

W = WeWW2 = Wnwz + Cuzwe then

1µW = f w = log ✗ logy
834

-

when discussing differential Eqs for Feynman

lutepbs we claimed that the integrability condition

on the differential equations guarantees thot the

resulting functions must be homotopyicwoionts

⇒ this means that they cannot generate orgy

iterated integrals , but specific other combinations ! go



let 's state precisely the criterion for homotopy mvoiau

of iterated integrals -

< length I , 1 one fun we

81
,
82 howtopic paths

G.we = fawn ⇒ f wa = o8^85
'

8^85
'
= closed awe

if D tmfoee such thot 213=8^85
' (Boundy)

STOKES
'
THEOREM f Wn = J Wi = § dws

8^85
'

OD
D
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go f Wn = ◦ ⇒ § dwi = o tf 81,82

Kri
'

D ⇒ TD !

so this replies dwi = 0
,
closed differential
him

if the form is closed
,

the iterated cutyol

of length 1 is homotopy lmvoiout !
=

• Higher length

W = linen comb of words = QWith + bW3W6 + . . .

Homotopy Inu becomes :[Dw = o] where

Is
-

Dlwa - - Wu) = Éws . . . dwi . . . Wn
in

h - I

+ E. Wa . . . . (win wits ) - Wn
i = I 12



this is nothing but the integrability condition

that we already saw for differential equations

dÑ = A Ñ

⇒ /dA-AaA
←

A- contains differential forms !
6h . . dwi - "Wn

note that waiting dÑ+ÑÑ=o Ñ= - A

dÑ+ÑaÑ = ◦

"

sight
"

sign !
=

if bi ore closed Los for dlogs ! ) then
- -

-

- -
-

Dlwn . - Wu ) = Éws
. . @in with . . - Ww

i =\
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this is also the case for Aerated integrals that arise

from CANONICAL DIFFERENTIAL EQUATIONS
,

where the

integrability condition requires dB=o ⇒
closed
Forms

=

ISPECIALCASE-td.mu#ldimX-- 1 ]
and all differential forms Wi are holomorphic

two
⇒ W = fzdz 2- =×+iY } roubles{ E- ✗ - iy
with fat holomorphic function

dw =
+ %⇒ DE adz

0

~

i.

so every 1dm holomorphic form is closed !
µ



he led 1 - dimensional space X

w = gxdx dw = ◦ (there are no )
two forms !

Moreover

Wi A Wits ⇒ ◦ ! because dxad

to if ✗ is one dimensional led spree , (or

r×Émic)

then AUTOMATICALLY all words ore integrate

and all iterated integrals are homotopy invariant

⇒ on one - dimeeseuol space there

is Suey one-pot
"

!
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REGULARIZATION
-

How do we define iterated tntepds if on

end - point of the path is a singular point ?

typical are w= IF logoithme fun
5

✗

↓w → / 15 ~ login = - • !
0
5

We want to define a regularised version
,

which

removes these divergences , but preserves properties

of iterated integrals _
↓ I

agree
with standard fulfill

• LINEARITY

definition what lmtlfol • SHRFFLE

CONVERGES
• PATH COMPOSITION

⇒ procedure called SHUFFLE REGULARIZATION

(or TANGENTIAL BASE-POINT REG . ) 16



• Assume that all divergences ore logarithmic
( it can be generalised, but physicallyew!)

• Assume space ✗ is one - dimensional

⇒ if it is not
,
spent y into piecewise

constant paths and do the same for
loch independent " piece

"

⇐ both 1 - dimensional !I¥
⇒ WeASWME_ therefore y :[0,1] → [ 0, ×]

{ Wi = aidlog } + .
_
. .

↑

Assume N€ other logarithmic divergence

singularity !
at origin 5=-017



Consider

/ We . . . Wn = [Wn- Wn
r

define regularized version or follows

1- introduce cutoff E
,
define

Jgwn . .
- Wu = [Wr . . . Wu

=

always convergent for E-1-0

2- in
limit E→ ◦ we love logarithmic dungarees
8 n

him fun . . . Wu = £ Incx)bg%t + OLE )
E→ o

g
k= 0

trey]

3- DEFINE f Wn . . . Wn = Iolx )
=

8 throw away all

logs ! 18



of course if Interpol is convergent
, definition

does not change
✗

✗

f. we . .
. Wu =

him /wa . . Wu = Iok)
E.→o

g

IMPORTANTQ.nufor E -1-0 integral is convergent, all properties

of iterated Interpol apply in the some way !

After manipulations , projection onto Iok) is

consistent with multiplication ⇒ legalisation
and multiplication coM→TE_

.

EXAMP#

[ % → [% = logan - logy % bogus

hole logic) = [ % change bose

point ! 19



of course regulated version depends on

"scheme choice "
,

I could use

/
✗

des

•,

}
= began - login -log¢
→ log 41 - login)

↑

it is customary to choose 0=1

for simplicity

IMPORTANTCASE-if.tnhe is only 1 one - form that diverges at 5=0

we can use use shuffle product to
"

uushnffle
"

all this one form and regularization of heated

integrals is reduced to regularizing length 1

Interpol !

20



for example 4 = alleges we = dlog G- E)

✗ ✗ t

fwiw . = 19¥/¥
0 ✓

dsvergent !

use shuffle to write
✗

= [Wn [Wa - J Wzws
ow °

÷ finitetoglxtloge

= login login - x1 - [ ¥1.ᵗ¥w
-

=f§dtlo9¥ᵗ) = - Light !
= log ✗ high- x1 + Liz 1×1 regulated

review

SEE NEXT LECTURE FOR DISCUSSION OF POL§ ! 2,



LWEARINDEPENDENAEofikrakdimkpob.ae
of the most stuportout properties of iterated

integrals in the context of FEYNMAN INTEGRALS

Is thot
,

under the right assumptions , they ore

liner ly independent
÷
if we express analytical result for a scattering

Amplitude in terms of iterated integrals , their

independence ensures thot there are no tiddeutews !

Go back to system of DEQS

dnt = e BCA in

I differential forms Wi

B = ¥
,

Biwi

In general ,

iterated into f Wn . . . Wn will NOT
be independent :

8
22



- Every relation
among

Wi induces relations among

elevated integrals

- if wi = df , then fwi → f giving new

8 relations

Define Wi to be linearly DEPENDENT over E

where E is on algebra of functions

if t a function f- m E owl 2i E ¢ at .

§ aiwi = df
☒ nf E = anything

this is obeys possible

loudly !

⇒ we want to restrict E to be something

simple
, for example for dlog - forms, E will

be rational functions or algebraic functions
23



Examples Cmh-kche )

•
Wa = dloglxl We = dlog / ¥ )

dearly Wn + WZ =

f = constant

• w.=deog(¥÷
.
)

we = dlog /2

Ws = dloycx)

Wn-W2-W#
again f- = constant

24



the nitrated intends causing fan dñ=eB

more
broody independent over E Cos functions )

if and only if the one - forms wi orehneorly
Independent over E

⇒ we are not proving this in general
but we will see examples of
this in next lecture when we

specialise discussion to the most important

clan of iterated integrals ⇒

MULNPF-POLYWGARITAMSB.IS


