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he previous lecture we hove seen that master iukpds

fullfl systems of differential equations with

national coefficients in Mandelstam bmoients out

he the dimensional regulator prove to D

dÑ = Alsnj ,D) Ñ
-

W

N - vector with
NXN

matrix masters

he E✗3_ derived this for triangle family
Pz

↳

g→Ép, = / ¥Éz ⇔miÉ-pnkmY
P"

Hae moths

{ III.0,0 ) /Ill, 0,1) , I 11,1, 1) } = Mj
7



Cruciolpoimt
No - one forces us to choose those master intends !

Mj are a basis , as long as we choose the

" right number
"

of HIS , we are free to swap

one for the other
, for example using IBP for

the tadpole

Ich-11,0 , 0 ) = -4%2-1? Ich , 0,0 )

I could decide to use I[2,0, 01 = - D;÷ IG, 91)

as masks integral , instead of IG , 0,0) .

It turns

out that
"

changing basis
"

appropriately , form

of differential equations can be simplified

substantially !
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DÑ = A Ñ change basis or

Ñ = JÑ
I NXN matrix ( not necessarily rational ! )

dÑ = DT Ñ + J dÑ = d] . J
'

mi + ] A ]"ñ

new basis satisfies

dñ = [ TAJ' + DJ J
' ] Ñ
-

Bcsnj ,D)

suppose we can find a math ✗ ] 18J
,

D)

such that

Bltij ,
D) = ¥ ) Blaj )
÷
-

matrix independent of
"

D
"

E-
3



then differential Equations toke the suggestive form

dnt = e Blsig ) Ñ (*)

E- FACTO RISED DIFFERENTIAL F-QS .

Note thot finding matrix I is

os__diffadt_I solving the system of differential

Equations for D-

We'll see that , for Feynman Integrals ,

the matrix

J can actually be builtny cosy looking

at the geuaob-toiyats= of the integrals !

We 'll get back to this later _ for now

let's assume that F-g. (* )
has been obtained

why is it a powerful statement ?
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⇒ We are actually interested in computing
master Integrals or LAURENT SERIES in E

let's expand left out right hand side of C* )
x

Ñj = 2 de Ñjck)
K = - hmim

[ rescale master integrals such
that

hmim-I.ro
we get

,

at every order ME :

dÑj
"
= Blsijl Ñj

""
and openly
in a green
variable ✗

• (n )

¥1 =
Bx Ix ) Ñj

"-"
as

chained system , order n -1 feeds in into order n
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of every order solution is

Ñj
"
at =/ Fit B.lt) Ñhg

"- "
ctl + in.j

- '

-

iterated integral over the
some

" kernels
" determined

by matrices B×

✗ t
"

fdt Bxltl / du Bxlul / dv Bxlvlmj
"-%)

etc

tie iteration ads of
my
!" (x)
=

Differential Fequoitiens naturally expose structure

of Feynman Interpol as iterated Integrals

over find kernels given by matrices BE !
g



EXAMPLI.fi loop bubble in D= 2-2E)

Consider again Ila ,

b) =Ñf¥%ᵈnµm¥pp+myb
J = Euler gamma I 0.577216 . . .

we have seen that there are two master integrals
Mr = Ill

,

0) =/ m= Ian = a) ⇒ ñ=,¥;;)
Differential Eqs in P2 where

◦ ◦

Eirik
¥1 "k) =/

um,
:c ;÷m.- ¥111m:|
Cm-9¥

Ma - Iki) = 4 1713 -E)⇔q,e⇔" "
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Expanding in CD -2 )

oh = ÷, +216¥ ) -⇐#F) +01¥

Let us perform the following change of basis

II. / = :(
^ °

ma )° ftp://
"

A
adsorbs poles
so that both integrals become fi¥~2

he previous notation

ñ = ] Ñ then

da-m-pi.IM D= JAJ
'

+ adf.is
"
⇒
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we find from direct calculation

II. = (E)/
°

,

◦

IET
p¥Ñ

= E Bcp? my Ñ E = 2¥

We achieved waited foetonota.

[PRICE TO]⇒ we have now Algebraic functions ice D !
PAY
-

hot ouyuwre just a rational function !

these equations here another nice feature

the cuties of the matrix B ore derivatives of

Logoithms ! 9



ÉPÉE, ⇒ ¥12 log /Fami+ʳ÷i÷;D
p÷umr ⇒ %,@ (p4am2))

Emt

in different'd form equations become

dñ = e /% :|man
= dlogffnlp2.mil ) these ore

ldleddtogfoms
we = dloglfzcp2.my )
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result is very nice ⇒ we expect scattering
orupli hides to hare LohARlTHM1CS1NtRT=S

from causality + locality + Oritortg ?

there " special
"

Feynman Integrals fulfil DEQS
which make MANIFEST that they can only

hore-hogoikm-fmgulonh.es
⇒ they have property to make them good

BUILDING Blocks for physical
scattering Aeuplrhdg

they deserve a home of their own

CANONICAL MASTER INTEGRALS

AT ⇒
CANONICAL

☐as's i. ⇔ /÷:÷::the basis world!



only even numberTo SUMMARISE
=L

Dim SHIFT !µ

if we can find a change of boss ] )
such that differential Iqs become ( in D= h -ZE)

dñ = EBCsj.mn/-m-
with B w d-6g&m-

then the boss Ñ is called CANONICAL

7. Henn ' 13

Ñ13O4t806-

NOTE THAT we know that there exist examples
when such boss cannot be found ! Differential
forms in moth x B could go beyond logarithms !

ACTVERESF-ARCHTOPI.to
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fo-RMALPROPERMESOFCANONKAI-EGM-LS-b.tl
s go back

to our canonical bones

dñ
'

= EBCX) Ñ

where ✗ is any of the Sig or Mj (MII )

Assume also that we obo know bounding ÑG ,e)
=Ño(E)

Solution can be obtained formally as

Ñcx
,
E) = Bexp /Efg BCX ' ) ) MICE)

8 is a path fan to to ✗

WG ,
E) = Pexp [Efg Bai ) ]

PATH ORDERED EXPONENTIAL
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time equations are in canonical form
,
WG

,
E)

can be obtained very easily a expansion in E

For example if

☒×) = B.wi+Ñg {
"e - Ams

w
constant matrices (numbers ! )

Wlfiel = I + el Bnfgwa + Bifywz )

+ E [ Bibi fgwrwn + Bath /gwzwn +

+ B2B
, fgwnwz t B2 B2 Jgwzwz ]

↑

iterated integrals
1- 063 )
•e ! !

1h



• if boris is CANONICAL the nthakd integrals
can only have logarithmic singularities
In ponhaelor if fix → then we expect

①

f. Wa . .W④ ~ [ aelnkcfix ) ) + . . .
.

a- ◦

$8

Constant numbers

•
Result will be linen combination of the

hooted integrals fgwn . . . wj with NUMERICAL

COEFFICIENTS [nogd, -0*4 e¥ fused]

Functions with this behaviour one called

PURE FUNCTIONS ⇒ stronger constraint
= thou "just any

" iterated

iutgnolr !
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• INTEGRABILITY CONDITION

for standard boss was

ldA-AaA
now becomes (d. 2m = ◦ ! )

Ed BG) - E BCX) A Bcx ) =o

⇒ dB = 0 ⇒ matrix of closed forms !

{ B. A B = 0
fast condition obvious for d- logs , nonce dlopithms
ore by construction closed FORMS
I
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lououicd form
,

INTEGRABILITY CONDITION

that path ordered exponential

⇒ ""

does not depend on choice of path 8
AS LONG AS y , y

'
Coen be continuously deformed

in each other !

difference is a

closed path

lf FORMS EXACT

✗° difference must
be zero . . .

More on this in the next lecture
_
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HOWTORNDCANONIU-LBAS.IS?--
Look d- stowhndf-q.fr Bubble

0 0

¥1k:) =/
am,
it ;÷m.- ¥111m:|

↑ not in E- foetorised
true

in limit D=2 we get

¥1:# =/
◦ ◦

◦ - ztpt-p.fm.)) /%)
I. " offending

" term

th has non twirl houeogenew solution

dq.ME = - { ( ftp..tn ) Mii byMHz (D= 2) - p{p)
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up to overall prefoetor 2€
,

new bows defined

exactly with factor

thot-kes-thmogenea-seg-uatioutaiu.IM
2 =É Mz ⇒ Mz*CD=2 ) = C

↑

Just a
1m foot nts equation is constant

d- mÉ=@)p¥. ma
't which in D=2

is justdpz

ftp.mit-o ⇒ ma
't
= <
=

FE ] is build from homogeneous

solutions in D= 2 (or D= 4,2h etc . _
)

I

depending what we are

interested in 19



tt-w-T-dttmogeneaossolnt.IS?

Generalised Unitonty eats satisfy similar dffhentid

Equations as the uncut integrals !

⇒ MAXIMAL WT Satisfies homogeneous Equation

see [ 1610.08397 )1704.05665

↳§- = Gilpin:D) §- + CzCp?m?
hofoppont
on the cut !

In foot ✗f)_ ✗ ⇒±q , , in D= 2

easy to fire with B^ 470%-073567
to



MAX cut is only first port of the story _

louoniad differential Equations mean thot Imtepols
een be written as Kilgus overtops

⇒ We can "

guess
"

if this is going to
be the

case
, just looking at the INTEGR-ANI.ie

without

even deriving differential equations !

D- = /%¥p(ñ¥Épi+m4
close to D= 2 K = dpntppz P = pntpz

pi :-O i -41,2}
k? 22ps pipe = app 2

C-pika -Nlp - 1) pz

dik = % dad p ⇒ prove
at!-

21



Interpol becomes Cm D= 2 ! )

E) dddp

qq.tn#pk-Dk-HtmY==IpzcfdtdP(ap+mp-:---i+Y-:T
ye Em

don't care
about e how

= :-p. / de / da ÷)
- ¥iÉ¥]÷¥m

=¥f¥¥÷µ%Y%a - / ᵈG"÷¥¥H
↑

oho a

drag !
dlogs !

,,



"

Ñ:÷µ, = - k%ÉE⇒b- 1¥11
= -÷F÷H:÷+r÷⇒ - I :÷E⇒}
=%⇒$ᵈʳE¥E% - / ᵈʰ¥H
so we discovered that

,

he D= 2

is
exactly what

we expect

fromcA#

D- =¥ty / deogfdhg ± /dbgtdbg ± . .}

pÉp¥, exactly solution of hang = max at !
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In general , the maximal eat might be more

complicated than just a rational or algebraic

function ⇒ STILL
, GNJEC.tv#-LLY ,

it is

always possible to construct matnx ] to get

differential equations in E- factored form .

The

matrix will in general NOI be in d- log form,
but it will contain transcended functions thot

originate from MAXMALWT_

the case of d- log forms plays a patriarchy

uupotout role we Feynman Interpol calculation

Extending this to more general core is aument

Usedch topic -

EXAMPLE Elliptic Interpol of
-

FIRST

p?¥ ⇒ -f§⇒¥qyk(QlMm) )
*ND
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