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In previous lecture we hove seen a very simple

example of the differential equation method to

a problem that depends only =

ldmeuioulenwaI.ve
2

mom = f- and ¥
P2

dimensional

ondyis fixes
this .

Let's generalist this construction :

1) Feynman Integrals are homogeneous functions of
the eÑs and imthnolmosses

= f- ( says}, . .; sin, . . - - , mi, - . . Mri )

Tj TF n



by dimensional onolyrs we have

fl ij , -imjl = -1
"

flsij
, mj )

↑
so -1 has dimension homogeneous of degree -12
of [m ]

2) Feynman integrals fulfil Integration - by - ports identities

III. ¥p(§!¥ ) = Ilk. :b:-& :-&)

the interpol does not change under transformation

Kim→ Aig Kj + Big Pj = Mij vjM
↓ ↑

rj?lk%PjdietA -1-0
extend momenta

form a Lie group in space of Fey . Ents !
z



Wale integral as

J¥%÷pfwj )
let's specialize this to infinitesimal frm

Ki → Ki + avj { I
= i

j≠i
both included

then

f- → f- +2 Vjdif

oud for j = i we bore

d.
"
ki → (1+21) )d☐ki
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Imposing that the Interpol does not change we

wore

f¥¥÷, @ isf) →
iii.{ Oig = Oi - vj = %irj { y≥

°

these are
the IDPs that derivatives

Wrt loop
we previously wrote as momenta

1¥ :-&. :*:/ñ¥÷¥÷ / = ◦

One can study group properties
/ Lie algebra

generated by Onj , we won't do it here _
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3) Feynman lmtepob fulfil loRENTZlDEinT

Feynman tints are Kohn functions , they should

be in-Home a Lorentztaeusfofextrnd
momenta

Infinitesimally : pm → put 8pm = put orenupv

JET = -8Eur
-

Infinitesimal generators Lorentz

group

Icpieorpi ) = Icpi ) Lorentz Sodor

Expanding

Icpi + Epi ) = Icp:) +Éopj" pjµICpi )5- i
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which in turn becomes

GET [Pip, + . .
. + PÉ Fpr;] -1-4%1--0

IT
all external momenta

how 8th has 6 components ( oubtymmehz)
tensorf. µ ,± , ,, , , , µ, ,, a.mg..

⇒ ( pi :-p; - P↑fp; -1 - - + PÉ Fp, - Prip⇐i]I4D=o
*)

can be projected to salon identities
,
by contracting

d- with oll-tnyuuue-Iionsof-P-ir-pp.vn
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EXAMPLES

• 2-point integrals f-④- ]
1 momentum PM , Zero LIS

• 3-point functions [th ]
2 momenta

,
pie
,
pie
,

1 LIS Cpiepi - ftp.M)
- Il

Ri
,
Ki

•
6- point functions (T ]
3 momenta pi , pi, BM ; 3. LIS {

PÑPÑ

}Kiki
Pek, fit

• 5. point functions [1¥ ]PE.pis.tk?Bi,Piiikihmomeutapii
. pain , 6¥, 1. { BEAT RikiPai Pui
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so only starting at 5-point , we can project at

out ALLLIs-_ .

In practise , we
act with (A) on the lNTEaRAND_

and contract it with old combinations of Pii ,Pj]
and in this way obtain new identities between

Feynman Integrals

-
one can prove that LIS are Not

linen independent frow 1BPs=

- they are nevertheless helpful to find all relations

among interpol
"

mortaring
"

- they help to understand how to derive

differential equations for Fegum . Interpol
in general 8



h] Differential Equations

Sodor Feynman lats only depend on Sig = pj )2
= zpiipjnot on the momente themselves
monlencose !

CHAIN RULE

¥
,

= 224in + Psn ) %;jj

substituting this into general Lorentz Id

( pi f-pie
- Pidgin + . . .

+ tÉp¥µ - PÉp¥)I⇒
-

this bucket is identically zero

the LIS become ten'd identities !

BUT remember
,

non-trivial at the

BE ! a



the crucial point is that
,
if I want to

a-pun now %
,
= ftp.8-pj )

there's

a redundancy hidden in Lorentz ids ! I

can always add a combination of LIS

to %
;g

,
it will not change final result ,

once
any

LIS applied on Feynman Iuts gives

zero !
=

EXAMPLES

• 2 point : µ ; P^Pµ=s ⇒ µ=µ % = 2pm %

so pm pµ =
2s % ⇒ %=tg pm

I

0pm

Zero t.IS , no ambiguity !
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• 3. point : pie
,
pie 2 momenta

3 sij ⇒ pi , pi , saz = (prep)
2
= pi-cpi-cip.pe

{ 1 LI ⇒ Hyper - Pupin

,

invalid

modulo

= 4 combinations <Is!
=

pin p
, ,

i. j = 11,2 }

:-p
,

= 9¥
,
:p: + %÷

.

%
"

=2p↑pp+2Cpiʰ+PM)§s_

pan p,
,

= 2pm Fpi + Is" +pi -Pi ) %,,|Pypµ=lsu-pi_pi)fppt(snepi-pi)f÷
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%,
,

= 2 PM %p, t 24MtPit Fsu

ftp.pfp.n-lsu-pi-pi
) p, + Isn +pi-pi) %

,,
③p,,p,,,,p,p,,,g,,p,,p,,g@
-

system not invertible for ¥
,
,

Fpi , ftp.a } !

LI reads

(Parr -Pym) (Pi f-pi - Pi f-pie + Pie 8-pi
- Pi p.gr/-=2piPy8-pyu-2Pn-PzPnnf-pin-dpn.piPqipµ -2Pi Puffy,
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LI becomes

2pipq.fm
,

_ 2Pa
"

PY pµ +

+ 2Pa - Pz [ P2p p>µ - Pan dopa
,
] =p

°

-

Su-pi -pi when

applied on

a Feynman (Saar!)

lutepee
=

one of the pin pgµ can always be

award in terms of the others !

and the system becomes invertible
,
we on express

all {8s
, Epi , Gp, } in terms of the Rugg

,
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In particular , I can choose to amore differenced

oud keep only

Ñ↑%pz, 1 PM %µµ , P(r%pµ + PH 8pm)
which means using ②

,
③
,
⑦ + ②

= =
=

P2p 8pm = (Su -pi-pi) Fpp c- ( sizepi -pi) %
,,

②

{ pµ§pµ= Isn -pi-pi ) Fpi + "" +Pi-Pi)É③

&rpµ+H%pµ)= 2&ipitPipi) + 25^2 %
,

①+④

if pi=o , Pi=o recover case of exercise sheetz .
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• 4 Point
,
3 momenta pie

,
Pam
,
Psm ⇒

pi, pi , Pi ,
saz

,
Sns

,
523 6 variables ice

tote

pipe py , = 9 combinations

there ore indeed 3 <Is
(Pyper )

Embu] etc

Ken Psv]

EULER SCALING DILATION

Since Fegn lmts ore homogeneous functions ,

the

derivatives are not all independent

Iltsij , -12mi ) = f- It , Sig ,mj )
"

-12 Illig
, mi ) homogeneity
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Differentiating wrt -1 we find :

¥, Itis; , -11mi ) = ¥, (k Icsi, mj ))
⇒

ZSKNO-IHJnj.rim.ji-2mif-myII-is.j.fm;)
ten Tsien k

= { RIIS is , mi)

For -1=1 it gives

SCALINGREAMONK.sn?-s.n+Emi8-mi)Ilsij.mj1--2zIcsi,mj4
↑
Dimensional

2 = LD -125 - ZR scaling
↑ IT

powers
☒
tot powers*Loops

seal pud of propagators
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this reflects the fact that we can olwap

put one scale = 1 and only consider

dimensionless ratios !

Ñ= tm, for example Removes dependence
on one of the worst .

EMITS 1 hoop bubble

In previous lecture we derived : Ikib)=f⇔m&}⇒+my

%¥I÷j
= ±¥( 1=1921 - Icu ))
- Ij IG , 2)

the other derivative is

hi &,IH ,
1) = -niI(1,2 ) -ñI(2,1 ) = - 2%11,2 )

on
it



so thot

ftp.28-pz-uigd-m,) Ill, 1) = -{ ICHI - It
, 2)

+ { I10,2 )

and using/ Iwin = -
'Em! ±%

Ia.2) = -E.EE?i-jE?-.Ig;?,unYp2+4m2)--(D-3-)Il1
,
1) -{ IG,1) +%→⇒÷☐H

µ-ñ-IE="%?RELATION



GNC.ws#NGveua family of 1- loop intends

• Use IBB ( and Lorentz Ids) to reduce them

to N master integrals Mi

• Differentiate wrt all independent Sig and my
✗ k = ( Sig , Mj ) all variables

d Mi
CXK)

⇒
= Aij Mj ⇒ d- Ñ = (Ar] Ñ

OXK

[ NXN matrix with
§

rational coefficients in ✗ ID

⇒ obvious because IDPs loud LIS )

only produce national coefficients !
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• Useful to recollect all equations in form of

total differential ( language of differential forms)

dÑ= ÉOÑ
k= , %,

d ✗ k

matrix
_
valued

A = ¥
,

Ar dir
one form !

so we can write

Ñ=A/ ⇒ (d- A) Ñ = o
thg-bffereulidf.gs mustbeimtgoble

⇒ the result CÑ ) must be a
"

proper function
"

which means o%-×;
= ¥;ᵈo× ; ⇔ dim = ◦
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stat from %Éi= Ai Ñ & %Éj = Aj Ñ,
*

III. = ÷.

ñ + aiÉÉ!
¥ʰ =

DAI Ñ + Aj %¥;
•

14

oxi
Fifi

• h)-l2)gI_

(8¥
,

- %¥. ) it + (Ai Aj - Aj Ai )Ñ = ◦

¢%÷j -9¥;) + [Ai , Aj ] ] Ñ = o

-

INTEGRABILITY CONDITION ON MATRICES Ai= ! 2,



Eoe also be rewritten in language of DIFFERENTIAL
FORMS

A one form A = Aidxi

then its totol-diffheuh-I-F-xkinder.IM

d×j^d✗i onhtymwetrze :dA=¥i
Tyumen

=(8¥j -9¥;) dxjndxi
Similarly
AAA = Ai Aj dying

outisyuucuehe
= [Ai

, Aj ] dxiridxj

So in diff - forms language INTEGRABILITY

1dA-Â A
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