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Until now we have spent some time

discussing how to Decompose scattering

Amplitudes in terms of
" Mosler integrals ?

We left the issue of the rational port open

for now , there are two solutions

d

Uhitonty 'a INTEGRATION

higher dimensions BY PARTS

or with mosses IDENTITIES

IBI
.

IBPS were shortly discussed a previous course .

We will re - discuss them here and go

further , showing how they can be used to

derive DIFFERENTIAL EQUATIONS Satisfied by the
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Mosler integrals , which can be used to substantially

simplify their oncolytic or nomaid -4h !

[RECAP ON )lNTEGRAT0NBYPARTS_

these are identities among integrals of e given
" type

"

,

and ore the most general way to

perform a reduction to master Integrals , from
the mathematical /not "bound" to scattering amplitude

")

point of view !

the idea is LEMM in d- dimensions

let's give some definitions , and then stole it
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INTEGRAL FAMILY
=

set of irreducible Scola products ( ISPs)
←

fit dke-sik.rs?----ICby..,bt , -9 . ;^)
D= ,

TMZ Deb' . . . Debt _
- Integers c-A
set of propagators

because stating @ Hoops , not all Sodor products

can be written as propagators !

At 1 loop the Dib : are enough !

any
vector { Ffu }IBPS

=

! # % %;¥ÉDie . Dist ] = 0
e.= , IT

'" Ha
" bounding

" term

@ infinity !



Exampled
loop tadpole D= f÷, @÷mgj=In )

↑
euclidean kinematics

no dffaence !

there is only I IBP

11¥. :(• e¥m,n ) = ◦
-

1.÷. -1:÷; = .

⇒¥÷⇒n + "
"¥7m. ,n+i=◦
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|ICn+r)=_C[nIm?IC
-

IBP allows to reduce omg tadpole

integral , to 1 master lmtgd IG ) =D
=

Similarly D-, -4
,

II etc

BUT this procedure works in general
"D

"

,

so itD see that I☐{- → Boxes

etc

in this sense , this procedure is
"less physical "

,

it does not capture simplifications which happen

in D= 4
,

also it mixer In general IR /UV

properties in a non-trivial ( and non-transparent)

way .
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For example moslem
pups !

y"p
,

=/%÷nµjµ_p!¥
= Ila ,b , c) pikpi-o.iq?-s

with IDPs one finds

IG
, 1,1 )

= ¥4 [III.92) ]

I = ⇐¥
↑ %

"

Dot
"

i w timguhr
never get

IR singular this

with

Integrand
mixes two poles ! } Robison !
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DlFFERENTALEQUAT0NS_

One of the most interesting consequences of LBPS is

that we can use them to derive differential

eguatiarsfrmosteriutepds

let's consider 1 loop momve bubble

¥0- = f&¥z⇔÷¢upp+mejn2 =#F)

Enclideu Kinematics
, p
?
- s

j.S-S-iE-IB.tt
reduction shows thot every integral car

be written as linen combination of

D- ; D =
2-¥
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Tadpole calculation is straightforward

IH=f↑¥%¥m. = ?¥?Cm4÷%k
o

1+1--2

Cm-9¥
= 41713 -E)É-4 )

6tÉ↳-

FBCP.mil = f%¥ µrÉ+m ')

=cmÑ¥ BC Emr) d-mentioned omdyrs

We can put MEI for simplicity , reconstruct
at at the end

_ ⇒ Bcpz) 8



now Cucidpoimt_ .

¥, ⇒ p? pnpm → %! = 2pm so

:-p,
= %÷%p, = 2PM 8ps

= pnpµ = 2p2 p~

0%2 = ¥ [ Ffp)
→
We can write derivatives Wrt mondelstan

anoints as derivatives Wrt momenta ! pm
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this means
,

I here on easy way to compute

derivative of bubble at Md level

ftp.BCPY = ¥ Pnpµf%÷cñ¥cwpi+ui)
IT ¥

¥ ¥ = ◦

8pm §, =
1- 2.Ck - p)M

DE

to

HFpµ £, = ¥ (2k .p -42)=

= ¥( Di -Da - p -1
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so finally we get

¥f↑÷ ⇐ = :-p. /÷. / ¥ - ¥
.

-i.¥}
=)

¥±¥p÷
= ¥ / 1=1921 - Ice, e)]
- 1-2 I (1 , 2)

IDPs

I 10,2) = - cry IÑ
Ian = - E.EE?i-f?-?-.Ilj;;;unYp2+4m2)
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putting everything together we get Cm:S)

dap, Bcp' ) = § (☐p¥a - ¥) Bcp
' )

-D-2_ TC 1 )

pkpt.ci ) 7- TADPOLE

tn MEI

nonhomogeneous l_naˢ differential equator
with RATIONAL COEFFICIENTS
In

↑

keipoitaet : this is always the case , because

IBPS generate always rationed

coefficients , nothing more complicated
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let's solve at

1st] homogeneous pot

ftp.f = É(%÷
- f- ⇒ f=F÷Ñ

how redefine B = f. B-

%÷.=-F÷É¥÷, ""

⇒ p2

Bert-F÷Éf⇔t¥Ñ) +tltth)

bounding
condition
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p2

BCp4= - CD-2)TEI)fÉˢfdtᵗF
◦

@+ a)¥

-
(D-2) TED

3

. C

-

Inferred from Banchory constant

here we can see iuuuediakly thot c_ !

In fat , BCp2→o) must be regular

_∅- ⇒ no timguhn behavior except
oh

p
?
- Gm2=> 5- 4M
-_

B.44 /
pz→ .
- £7 → • so C=o !

=
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