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GENERALISED ONITARITY - the OPP Algorithm
- -

tu previous lecture we hove seen how to use

information from double cuts to reconstruct the

coffiiients of the Big master integral for gg→gg
at one loop .

We hove also seen that in N=4 SYM something

special happens and all contributions from TRIANGLES

and BOBBLES cancel !

In general theory , oud in portions in pure YM

or la QCD
,
they DoN_ cANo !

We can
,
at least in principle

,
compute them

following the same idea as for the BOX
,

but with a bit more effort , if we use only

double cuts ⇒ 1



We could proceed as follows

d) we know that there are no triangles or bubbles
in the Su channel

2) la the 523 channel
,
instead
,
we bore

, using
results of previous lecture

"

☆
3-

{ ¥ ¥ - Sufis A%%-'21-3-67 Ink:!800
pet kea -

= (321--3,2/82,3) + (221--2,262,2) + R
↑ ↑ a

triangle Bubble Rational

port
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and by cutting la 523 we getatthelNTEGRAND-L-E.VE
(3,2 Cuts

,}
(I3,2) + C 2,2 Get so (Iap )

=

Leathery
2233141>(312×44) Leaky

{
( 4- nf ) ( center>2+242>4%17)

+ @s - 6) ( <either>seat>Lent> ) }
and we need now to look at integrands of

triangle and bubble
,

do a bit of gymnastic,
and try to identify them . . .
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this procedure becomes complicated in general .
nt can be " automated

"

,
or at least organized ,

by the so - called OPP- Algorithm
Ossola

,
Papadopoulos, Pi Hou

2007

hep-ph /0609007
-

there are many
variations of this algorithm,

but conceptually they are all very similar

Based on idea of GENElA4SEDWTS_

⇒ why limiting at cutting 2 propagators ?

we can eat as many props , as many

components of loop momentum =D 4ᵈm !

(every cut imposes a constraint ! ) 6



this allows us to fix coefficients of old master

uetegols , except the rational term R
,

which

IS
, by definition , not cut constructible

GO BACK TO GENERIC DEFINITION OF

INTEGRAND In D= 4 - ZE

We proved that

dinizisiulltAiles = E
K-iuizcisch.cn Dna Diz Dis Diu

↑
loop momentum

Cini, ↳ (l )
- + { b

(e)

+ 2
1≤ ii.clues ≤ N

Di'D"Db 1≤ i,(y≤ µ
DesDiz

+ 2
aisles up to 01¥ a

vi.≤ n Dis
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4. - In ↳. . ↳
c-

hidden

dinuisiu (e) = do + drill .nu )
IF Interpol level

Cini, is (e) = Ti all - b) + Cale .nu )

+ Cullens)? - Ll -hat] + G- He .nu )

+ Co t.BIZ + G- (

l.nu/2bisizll)--ÑÉ
+ bnll.nel-ibz@nD-ibsl.nn)

+ bs [ (e. nap _ f. nut] +bill .nl?(l.nuI2]

+ but d. ne) (Eng) +bscl.nzkl.nu )

+ bqll.nskl.nu)

nisi
Ri.IE/--Qo-iQnle.nn)-d2ll.nH-Q3@.nDtQa@.nD
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him ore vectors required to span physical space

we know that at the KNTEaRAL_ level
,

all

the integrals proportional to 6. nj # drop due to

rotational invariance in transverse space .

BUT we CANN_ drop them if we want

to use unitonty at the INTEGRINS level !

Clearly ,
physically , we only need to determine

value of coefficients do
,
co
,

bo
,
do

1. start performing quadruple cuts to determine

do land ds )

2. Do triple cuts
, subtracting do + dnll.nu )

,

to determine co loud other cj )

3
.

Continue will double cuts , single outs . . .
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but at eoeh step we need to know all onphyiwe

coefficients to property -Eneu#1 from the

integrand !

Let's see how to determine do
,
co
,
big ao using

generalised cuts

QUADRUPLECMAHMALJI.to
op momentum in D=6 hos 4 components

,
therefore

we can perform up
to 4 cuts @ 1 loop

each possible quadruple cut ( i.e. eoeh choice of

a propagators put on - shell ) selects the coefficient

do of the corresponding bo_tepd
let's choose

☐ in] fefxolij-
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§ Dis Ki
ie - -1--0 12=0

Dia 7.
DI 1+9,12=0 = 21-9^+97--0 { (*)-04--1--010

TY @ +927=0 -21-92+922=0¥
.

{ Din
. .

-

'

+935--0--21.93+932=0

so we have 2L . qi = -9,2 ti -72,3

now remember Von Neave - Velmoselln BASIS

lM= { t.qjtvjn-cl.nu ] na
"

J=\

= - { É
,
9jvym-cl.nu ) nun

and now use 12=0 from C* )

0=1? 4-¥, qivjfi-A.naptyrinu-ohu.nu= 1
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and obtain finally

6. nut = - t / 9ivi-qivzn-qiv.sn)2 =
in general 2

h complex solutions :

Ñ±=÷Éaivi±±FEE+iñ

In special case of 4- gluon scattering , 1bar only :

d- My)2 = 1-8 Sai szj { 08^8 91--17,92=17+12
93 = Piepz + P3

pi2=o ; etc

so we hone

d. nut. ± ⇐ (¥3 )
i:-. - :Éaivi±¥C÷)ni
-

9,2=0 922 -_(p+pzP= Sez 93:(p+p+BJ2=pi=o

IF =
- { surf ± fz(ˢk{ˢ ) nie
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Now let's go
back to general case , keep boxes :

Ajloop = £
i≤ i.a.<↳% ,

lower paint

bauputrmg the 4- out
,

we select 1 special box

and get
{

,

% Eai¥0m-f. on
Aif" at

=

Di. ;-
India

-9--1--69
i.
.

.

{
Da
,

??

,,µµµµµ , ,µ ,, , ,µ
= from decomposition = d . (Tt)

Fixed indices now
,

1

box ! 11



remember that

du . .
. ife-±) = do + d1ClInaJ@Yf.x)integrand

Tufted
before

prod 4
= do ± da 1-2FÉÉÑ =

tree -and

amplitudes

let's give it a name

D.± = A!7t±) AF"(e-± ) AiYé± ) Ai7é± )

physical coefficient⇒ do = (D.¥3-1

coefficientd. = :%;÷;¥÷⇒
⇒we
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weneedI.to determine triangle coefficients !

In fact let's imagine we want to focus now on

a particular triangle
contribution

. Following the

UNITARITY APPROACH
,

we can isolate this contribution

using a II. → Of course
,

there

will be in generalvoioosboxestha-twillhorempponton-thatI.itwe have computed

all boxes at previous step , we con subtweet them !

Cinili3

Focus on triangle ¥, Diz
⇒ For fixed ij !
-

a loop subtweets( An let - ÷ / ᵈi÷ ) ) =

antonina.

four boxes
i
all boxes that contain

_

that triangle ! 13



by computing the triple cut we write

/ A:P . < ᵈ;÷µ =
Cini. is

in

luthiers

= Co +Call - Ns ) + czle.nu )f. aye,, .⇔ ,, + ↳⇔ , ,e. µ ,

+ Co t.MY + G- ll.nu/2 } 7coefficients

u on triple cut

din . . - ialé)

(Aire) Aire) Aire) - § _☐i ) # *)
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table _ cut condition fraser 3 of the heauponents

of the loop momentum

②= 0
@+915=0

@ tqÑ= 0

general solution still depends on 1 fun

⇔.÷÷⇔.
parameter 2

free parameter !
I:(21=-119%1+9%1)

↑
transverse space

to f. ✗ all 7 coefficients you can evaluate

eg (** )
on 7 choices for II.Cat !
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Similarly
,
you can perform double outs

,

and the loop

momentum will be pauemeti red or ÑG,p )
two degrees
of freedom

by evaluating this for random numerical values of

2
, p , you get e system of equations that you can

solve to determine all coefficients bi of bubbles !

Numerical approach is very efficient ⇒/NUMEka-J.VNITARITY

You can repeat the numerical " fitting
" of the di.ci, bi, ai

for every " phase space
"

point ( value of Sig , kinematics !)

Used often to perform complicated 1- loop calculations

numerically in a ay !
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this concludes first examples on operations

ofUmitonhy@1loop.Webore hit discussed yet how to compute

RAT0NALPARTS_ ;
we'll see an example

in few lectures
,
after we tore learnt how

to compute

MASTERINTE-GRALS.tt


