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In the previous lectures we bore proven
that

any 1*61 Lint Amplitude can be decomposed as

Nba

g-
j

Mtn'

-1% = £ qj -µ, + { G.j Icsif- I

hbvb NTAD .

+ { czj Iii + { Gj II, + B
j = I J= 1

at the INTEGRATE level .

the method of generalized Unitarily allows us to

determine the coefficients Caj
,
Gj , Gj,Gj ,

and

the national port R
,
only resorting to the

manipulation of ON-SHELLquoutiti_ .

⇒ products of on-shell tree - level oeuphhdes
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GENERALIDEI.twby
"

unitarily
" )

we start from the S matrix Unibily
Sst = I ⇒ cope

.es#.-apwbobiliyWnkS=ld-
it
↑- non-trivial scatting

then Umitnty Requirement becomes

(I + it 111 - if = 1

I + ICT - Tt ) -1T¥ = I

1*11-iCT-T+)=T
Formal statement

-

OPTICALTHEOREMµ

Noa perturbative (non- liner ) statement
-
-
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let's how expand T patriotrely
,
for example

he QCD ( coupling
"

g
" )

T = g-T
'"
+ gie T

"
+ g

'" 1-2-1 . . . .

A
non thiol interaction of tree - level

plug His into (* ) to find order by ordering

ORDER g.
2 :

• -
i CT

'"
- 1-

'☐
+
) ⇒ ⇒ TH = g-

19T
-_

⇒ tree - level ouephhde has no brandied

order g4

◦

-
i (T

"! Tut ) = 1-
'"
T
"
+
= 1-101 g- 101

* A
one - loop "products

" of
tree- level 3



Consider equation evaluated sandwiching between

wowing / outgoing oyurptolic states :

<out 11-+1 in> = <in IT /out >
*
= IF

op equation becomes

-
iCTo% -%"

*

) = lout 1T¥
"
/ in>

=

= fdp <out /T"Hyatt
" / in>

←
him over all particle shots (

heliities

bonus
,
ferias

etc )

how
, using time

- reread I can write Tio
"'¥ To'i"*

2 Im Cto ) = fdpe T!!T.it
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2ImCT◦↑ ) = fdµ To! Tai
"'

kuylies 1 loop oeuphhnde has non-trivial

ouolylic structure ⇒ branch Gets when

intermediate particles can go on-shell (see previous
course ! )

I

remembers±mÉ =

,

/
energy so poute )

fdheo%4d%ce-p.FI
¢ f-

pout

a.µ

agg

"

Intermediate shots
↳TKOSKY
VELTMAN



Umitonty can be used to
"

Fix
"
the

coefficients of the expansion into Mosta integrals

without having to compute Feynman dipoles!

ExAMPLE_ : the best way to understand how

this works is with on etowple .

Let us

consider 4- gluon scattering in PURE YM
=

2

②
£3 Only gluons allowed

n w wa
loch gluon con hove z behaves

h = ±

Ali'i5& ) Act'2+3Ti ) + permutations

A- (1+2+55) + permutations

-Feguunae_Rules :
You YM Means

, only
gluons in the game enka Effy air:# ghosts
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Let's take one of the so - called MHV oiupbhrdes

Color ORDERED (gluons only ggeoriuegvenpermutota)
I

wetenownowthot :

AG loop)
↳point

(1+2+3-5) = CAI, +

§ Gi Is, i + § Cqi Igi +N

the idea is to toke " cuts
"

or

"discontinuities
"

of this quota ( lhs and rbs )

R and Cui do not contribute ( tattoo funks )

this is also a reason why amplitudes without

goliard port R are called wTGNSTRvcMBlE_
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"

µ ya
1" - channel = a.i;

→

Edna.net/+E.i.KH1+ci.Ih , }
2

¢ name 2 3 A home

by symmetry
+ Gii e ! + 42¥̂

1
14

43
c- Can & + 6,2 0 + R

n^4

- Saz - CHANNEL
;
cut kills R

, ; Ya ;

g

=

So we get :



%: = " IH + c. * + ↳*
⇒

or more precisely :

⇐ fdr Ai%*eik"1Ai%:& - iii. ei")

= Cu bits, ( Iu ) +
(3,1 Cutin (Isn ) + Gii Cutsn /I;)

where

die = daladier
'll:) Elli) 8

"'llaeletpntpz)
"¥ÉÉhe
two internal particles on-shell_ .
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left-Had-fideq-i.it:*:4-
these ones must be gluons win h

in fat : all + tree
-
lard = o

all -1
,

one _ tree - level = ◦

do +

Uw[ = ◦

or even wth

scolds

+ turn out to be

zero !
=

more general thou pure 11 !
so left - hand - side becomes

fd, AiᵗᵈCi2+eiei)Aiᵗᵈ(3-u-ei.li )
Intlz = Pstpu = - Cpn + Pz ) go



it's
very easy

to write the integrand , remembering

Parke- Taylor formula @ tree level

Ain'tii. ii. j
'

. . .

ñ ) = ⇔<É!÷m>
so we get

fdr a.si?e!-xe.e.xeI<2433134>Lala>Lesli)

= -

a
:÷⇔⇔H::::÷:÷.>

IT
we could try to perform the cukyol and

then coupon to
arts of " master tnlegob

"

ee



this is in general very complicated , and
doo not

mommy ! the red power of unitary
,

is thot

we can make it work of the INTEGRANDLE.VE#-

• Cgnm•Miukpoʰ,n◦timgthot"dg✓
BOI

which¥ÉF¥; = / die 1- cause

(12+14)%4 -ps )2
↑

written as :

fomenter lie
__◦ Con -shell ) ]little = - Pi-Pz etc

- ↳ ce.it#e37tseiT
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Now let's compose left and right hand side

of the INTEGRANDLE.VE# .

tree

A."""t.fi::::::→
+ . . .

↑ other

=
Coutabutious

fan * >Oh

•

multiply up and
down by [a lot [34 ]

É-¥ using

= - pn - pz

+ %¥¥;¥;.
""**

-_
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momentum

= -

<23⇒[jay[,zJ#
- <43×32] using

conservation
.

( letpal ? / le - p, )2

=
82351£

@4-price- pz)2
( in D= 4 dimensions ! )

So we bore found , at the INTEARANDLEVE.fi

(tree)

Gets,,%④% ) = Sasso An (1+2+3-4) Gets, FDI)
-

which fixes Ca = Sufis Agha
=

the box done
, captures everything in the snicked .

there is no triangle / bubble contribution to ACRES -6J

' u the 512 - channel ⇒ true iu ANY GAUGE

THEORY ! ok



• Just looking d- one
"

unitarily cut "
,

we hore

fired the coefficient of the BOI .

AFP>(1+2+3-4) = Gases AF
"'ll-12+3-6) In

+Izz+ R

only with cuts ice 82] !

no contributions to Sir eat ?

S23-CHANN-f_LLHs04@3liHH-lz-nfnfdpiAiM.ei:&sie,")
&•ceg
i
' a- ✗ Ain't airier

")
R④

= Ch Cuts
,,
(Iu ) + (3,2 Gets

,, (1--3,2) + 62,2 Cuts,] (1-2,2)
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Now situation for on-shell intermediate particles is

different :
pureYM anything

else+¥¥ _
-

bi h¥ Anza her = {-1,4¥ E, o }
↑

IT
☆

Scola

her particle
n ←

a
_

-

1-

dÑ=dʰhd"kS%i ) 'll:) 8%. -deeper )

we need then 6- point ouephhides with gluons of

different heliah.es
,
exchanging ◦the gluons

fermions
(N-M)
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Fwm little - group invariance arguments it's easy to see

< lz 2>2-241
AEH-eiim.2-i.si

,
ein ) . sun ."Ñ

1-lid>2234312>(let-4))

AFH.li?ci.i+.eiY=

C- 1)
""

gun,
1-12172+24<41,2-412
1- lie >441344×41-41>

so all heliaties (and therefore field content / are allowed

to propagate .
Let's assume

,
in general

species ! )

hf =
numberfeim.mg/hf--11uQCD/ohl9mnkhf--41uN--4SYMhs--
number of scolex {

ns=o in QCD

hs= 6 in SYM
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let's use them in order to evaluate the left - hand - side

{ AFH-E.si:3; lil AYY.ee?aiiiei )

⇔:.is#-::::::-:::::::i:.= £
Ib-- hi

, -4,9¥}
notice different tiger !

where I used

1- p> = -1ps
1-p ] = + Ip ]

⇒ * = Ip> Ipl tip ]<p /

→ -$ by analytic

[alternative hp> = ilps continuation

1-plnilp] ]
ha = Nb = 1

hyz = hf (depends on theory) §no = hs (depends on theory)
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let's look at the numerator
,
we bore

§ C-15h hi
,
(242×415)

"" 642> <ears)"ʰ

=

Klinker))
"
a- 4%2>141514 use

(a-b) " =

- Nf < likest} V22><bit> deb" -⑥otb -0408
5

, µ µ ,µ ,, , ,, ,, ,µ
,, |

+ ns < likeable,25<4132

= (Leaman) - LlamaD)
4 § §
•

- Chf - 4)Keiichi + Leaked>7242>162>cement>

+ Chs- b) < lamest>2622>261172 ←
/
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Notice also
,
for first term

<like> a> - c =

- <lzlr) ( 12) - <lot><Feis

= <Ñ +42>4243 - Seth >

So all in all
,

the left - hand - ride becomes

& Ai
" Aut" = { as>"<e. a>"

- Chf -4) (4,234415+62274415)/42×42>141×61>

+ (Ns - 6) sea2>4%25621%132 }
Den - - Lenz><2343125 Leah>261>214>Leila §
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results simplifies extremely ' f- { nuts g)
2-1 3-

=•-
4234411ma•Y

Gooey here><2-1>13125*5624324-144>

it
4-

2123236><life >
2 ]=

11£
Lei> 134>Leah> Lala>212×235234>641 >

• {→_

=
*:*""'t !";:÷÷÷÷!-

modulo

1-32
,
2-33,3-24

,
4-3 I
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oud in fact it becomes , with blue trick as before

8125€ ⇒
52353g

☒patter - B) 2 (12+1,2)%4 - Pu / 2

so d- the integral level

%eˢ
'

f- =
¥-2k) 52351

Clatpz )4ln -pup
at%

= Cubits,#a) + § ,zCutsuIz+GrGtlI:D523

↓

Zu l↑P% la+pz+p2 = -12

ʰ¥]É = { gypsy:-(ez -pÑ=&-Ñ
n 7

> ✗ 4
like

exactly some boss !
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to finally we bore thot
,

' f- ns = 6
,
nf = 4

A'loop (1+2+3-4) = Sufis A%%-1+3-67 T-ulsn.at
-

no triangles I
ho bubbles •

this field content is special, it's the one of

N=h SYM ( supersymmetric version of QCD)
=

with maximum degree of supersymmetry
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