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We'll see now how to perform ice practice the reduction

to be ties / butter and tadpoles for ou
N- point interpol of tank 2

Ii" = 1,1¥. !Éa
Dr Dz . . . DN

U! = external vectors = { Ej
"

; Night ; Pin . .
. }

↑

renumber
,
they live iuD-4spoee-tm-dmen.us

STEPS

1 ] reduction tensor iulegds N ≥ 5 ⇒
tensor lats with

N't N + swln
N point

2] redaction Sohn lulefols with N >5

3] Volution Sohn imhpds with N = 5

4] reduction tensor lukpds N= 4,3 ,2,1 ⇒
Sohn
lats
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TENSORINTECRALS-NIbif.lv>5
,

we hire of least he independent

region momenta , we pick first four qtiq.mg?qM
to define vouNerveen-VermoserenBASISGM9.bg
V1 = 99,293,9£

etc plus he in - ZE

dim

I? II. g) vim + d. he)n&
1=1

• Ui - NE = o !

so numerator foetus vi. l become

4

Ui
, [{ A-9j)Ñ+l . nini] = IX. g) luirj)

g-- i Tf
a external

only dep .

DATA
on loop momenta z



now remember

d- qj = { [ Dj - Dn +9g
?
+ Mj - Mri ] such thot

cancel denominators of

vii. 1=1-2 É(Dy -Dn ]@g. Ui) ⇒ reduce N → N-1
(possibly higher route )

+ { mj-mi-qjff.tl ;) ⇒ generatescolor

integrals

upending this for every fetor d- the numerator we

are left either with SCALTRINTS with Npoimts_
or UM TFNSORINTS with

3



SCALAR NTS N > 4

two different woes if N > 5 or N= 5 !

1-• N > 5 consider vntefd |&÷p Dn . . - Dn

where Di = ¢+9;)
'

- mi

hmu N > 5
,

there are

d-leostbdenominoh-rs-B-T-ouly.beindependent momenta + the @c) port

of the loop momentum = 5 objects

⇒ there must exist d- least 1 relation among
the Dj !

IN PRACTICE we use it as follows
,
consider linen comb:

N

£2iDi = [ailli-I.qi.iq?-mi)--d=y
1--1
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N

=
i £2: + 2bµ£di9! + £2il9i-mi )

1--1 1=1 1=1

since N > 5
,

there exist at least one solution to

N

⇒ remove lost one fr example⇐ ai = o① EÉaiqi=o bean. qi=o( on notation
.

)
so we can write

N
N

⇒ [2.D; = { di 19! -Mi ) which iuye.es
i=1

(=\

1 =
§dn④

only dependence
on loop
momentum

is hereI. aicqi - mi ) - .

1=1
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So stating four iuhpoud

E- I :÷☐¥H=÷÷÷÷÷, )
N

= Eck Ini ,i
i =L I scdn integral will pwpeptn

i missing

IMPORTANT-tl.rs does No_ work fr N=5

not enough di to oohsfy both
constraints in general !

WE PROVED

G) G) N

IN>5 = ↳ Is + [ Gye ' II"
Ah N=i 21=0

④
Sodor

pentagon
tensor vets Nls 4

6



REDUCTONOFSCALARPENTAGONS-alons.dk
3 ×¥;i%

1- "¥:# 5

Ig
"! f%☐ Da . . . Ds

K 95=0
z

h-47 £
,

it depends on h independent eternal gin
,

so

dp = 4 out dt has
"

only
"
-2s dimensions

4
µ

1? [ Vi
" ( 1. q;) + he loop momentum

1=1
11 decomposition
clue )n↑

= { iÉviʰ / Di-D-s-mi.ms -9:) + let
how let 's squire

this using

li=Ds+ms
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4

D-btm-s-ti.ly?i.VjCDi-D-s-imi-ms-9i)(Dj-Ds--mj-m-5-9;)

+ let using loi
⇒

4

bi = Msi - { 5¥,

vi.rj (

mi-m-s-q://mj.ms?qj)-OCDi)-OCDi.Dj)iaaet--j
so we can write

Ii = Nui , mi ) + Obi ) + OCDIDJ )
A

loop independent

ei
⇒ I =

guy,
+ ☒Di ) + OCDI -Dj)

,



to inserting this "I
" into the sudor pentagon we

get

+
[[ CupIii'Iii! * 14¥. ÉÉDuDs N=l2=✓

↑
N≤4 wakewhat about this ?

it turns out
,

OCE )

it can be " neglected
"
in D= 6- ZE

if only interested in OCEO )
,
finite

piece .

if all propagators are massive
,
no IR divergences

moreover , Interpol is clearly UV- finite dose DI

⇒ nt is easy to convince yourself thot therefore as

1%→ o ( E-so)
,

the interpol
"
most

"

go to zero

moreover
,
HnÑ→o if 1%0

1% cpyu
!
•4 IR

divergences too!
q



he order to do this properly , it is unfed to try
to provide on expliat-wpvseutd-ia.fr the
extra momentum lot

⇒
Let's go

boeh to

1? d. qjlry
"
+ let
↑

We need
le.gg = 0{ levy = 0 }

We can generalize ✓on Naren - Vermoseau construction

and define
891

- - - 9am

WM = 9--941

or
A normalisation

110



Chorley
, {

WM . qj , =o
which also implies

own . Ty ,
=)

WMU ) depends on the loop momentum, and it

spas exactly the remaining space ,
,

orthogonal to qi . . . 95 !

Notice thot

w .w= a""E_ = %,÷;e

Wil = D4j = 1

pick N= Dq . _ que then W.

f- 1
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1% A. qjlry
"
+ crore ) multiply by

we

f. W = C. Wfm Dqiqy
I Dqn . .9ub

to C = e)Agr - - 94

l! e.9j1rj+(%?!÷ ) we
-

explicit representation
for ei
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Renumber
, iutepol we had to do was

f. d¥p ¥÷☐s =

=L :÷→÷÷&w=÷. )

= 5.19¥.:!
this object is interesting now

,
it is the grace

determinant of 5 moment
,

it can be -1-0

0NI_ if D ≥ 5

Div )
On top of that , Aga .

. que →◦ |
If →◦ Gott

if 141 gym / GAINER)
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so oetuolly , even if propagators ore monlen

out pentagon could develop IR divergences ,

the grain
determinant

eerestheeeuoll_aUVfnikDqn-qaefd@FpIstylRfmteAq.q
, e n ☒E) →◦
-

this integral can be neglected 1uD

nt actually turns out that there is era a

more interesting interpretation of this ⇒

1-Dq = ④-4) µ%j -12 Di . . . Ds¥.I¥→;÷÷"6- dimensional
PENTAGON

,,



REDUCTIONOFN-letenhntntgolsloun.de
r≤ 4Ii:| :¥¥;::÷

.

=

◦ 3 region moment qi (or pit span dp =3

•
transverse spell dt = I -2÷d dimensions

so we write

IM = {t.qiw-cl.no/ni-Cl.ne)n&C*1i=1
and darby

3

Uil = ⇐ 4.qilui.vil-l.nu)(naui )
since
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now remember tqi = { / Di - Du +mi- mi - 9:)

= { (Di - Du) + constant
in Di

we insert this
,

and keep only 6-point port

eit (nil )
= Edi '÷%!¥¥%%+¥:+

Did2 Do Da i ⇒ ↑

- explicit form
doesn't matter _

& & ≤ 4 !
=
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let's look of the

iutepolsfd1Ei_niii.niiifdIe-m.kri@lTPDn.i.D
4 CITY Dg

J
tensor integrals but all confined in transverse

space !

Now notice that D; = lltqil?mi= bit Ai
↑
Only 16

physical
spice

fo all denominators always depend on IT through
ti only ⇒

rotakandinsroimtef.ife.in→
fat 1- É }→ 0

KTP Dlei
,
lil {

eineinem est" sending
to →- es !



go at the end we are only left with

1 :÷→¥;¥:÷*=HÉ→a¥%
+* fᵈ¥p÷%. + dufdk-ce-n.ie④j ¥D3D4

+ lower point imtepds

what ou these integrals ?

Now Use some trick as eorlies
, squire eg

(*)

l? Do +MÑ = t.nu/2t(l.heP-const-OCDi )↑
at least one Di !
up
to 3-



so inverting nt
,

I can write

t.nu/:-(l.heP+eonst-OCDi )
I at least one

which implies that all double appearances

of (tha ) can be removed from
-

coeffs change !

I !÷→¥;¥÷÷=ñk÷→a¥%
+If !÷µ÷¥☐. +

d-ufdᵗe⇔
"

④P DrDrD3D4

+ lower point imtepds

where now
,
once more

,

we expect d. ne )→
0

os E → 0
,
owl therefore if there are no divergences

these integrals should drop !



If there ore no IR divergences, power counting
ensure thot Cline 12

DIE
→ 0

while
→ ¥ .dk → wlog dir

only this one can produce e rationality

to
prove that fff÷; → ◦ in general , one

can do a similar construction os for the pentagon

we 8%; he =

the we919293ns l

Dqikqsnh

UV
,
IR

1¥.→¥%÷=£afÉ⇔¥÷ are
→ 0

as D→4-



Due can also observe that (line )ⁿ→ o

both is soft limit (since too)

Collines limit lance l-icpijpi.net ! )

to
,
in conclusion

,
we are left with

f%=, =
di / ᵈÉ⇒¥☐u

+Ñ¥÷Éf lower point -10k£
this here contributes only

to national port



REDUCMONN-BTFNSO-RINTEGRALS.bebore seen
,
we only need to consider r≤ 3

f%÷pÉ☐¥?⇒ where now

I? t.qilvii-l.nslni-il.nu)naⁿ+ let

Ando gaudy as for the boxes
,

I only need to

consider

fdkte.nsjile.nu Ii since

⇔' É¥¥s¥ t.net
out

µ - qi = { (Dn -Dn - qi-ohi.me?mi)
w in

g-re lower lower
point monk



Max power of loop momentum is 13 snares

or earlier
, lutepotmg over transverse space we see

""

÷}→fᵈ¥, É / et""
GM→ 0

amu Di = lit Dick, )

and we only need to consider

1¥.pÉ☐÷¥= • 1¥, ¥"
+ f¥%☐¥p

, /↳And'+G&Ñ+Gfl-nD&- nu) }
c- lower point integrals !



or
,
alternatively , by rotation in coeffs Ci

= 1%7, / Glenside - nail +Eleni- Anni]

+ Csu t.us ) (tha) } + rest

this is nice because tneni

◦ Squiring lM= § Aging" + §,@njlnjh-ls.tl?-F#--%E9jj/⇐ lower points
or solo tut

-

+ d.nÑ +
lol

so

A.bit I. nap = -
bi + lower points OCDI )

so we can substitute coeff of % wiki Ii



what about Eileen, 12 -0%1 ' ] ?

I :÷⇔÷¥ =

= kind - mini ) f%÷p ¥¥D3
I ÷
Iµ=A9µ+É=iB¥•!w moonseed

/ by her or her !

= Chini - nini)Agµ = (ni-ni /A ≤ ◦ !
-

Similarly t.nskl.nu )
¥5

- Mini . A. gµ = o

n3



to in conclusion , for Wenger we get

fd¥, = it :÷¥%

+ 5f%÷p¥;☐, + lower points

-

this
guy

here is UV divergent in D=4

so it can produce a

RAMONALPART-jmcefl.no)2 →o as E-



REDUCtloNTENSORLNTSN-2-fn2-po.intintegrals
,
physical space is only 1-dimensioned

l? t.gr/vi-g&l.nj1nj + let
A tensor Interpol is of the form

µ:-p =
win i ≤ a

ihop momentum
,
we get

= 11¥, /
↳+ʰi;; nil}

Again rotational symmetry grantees 11¥. ¥11
,

= ◦



Gmilnly , if i * j

J :&,%H
'

= ninjfd@E.tg.ej_ani.nj.o

so I :&, =
b. I !÷p¥☐

.

+ bit !÷µ¥:!
+ lower point

then
, squaring the loop momentum we get

b? Dae Mi = t.qfvn.ir + I. nj 12 + to

-↳
-

lower points
or scold 2-point

b-not + Ll -nsi-l.nu 12 = -
lid + OCDIITOCDI Dj )

Use at to remove some of the route - 2



folk II. d- "i> = -b◦fᵈ°¥p☐¥@ITP DTDZ

+bit :&, +if :&, "¥¥"

+Ñfᵈ¥pʰ¥" " + lower point

using a trial
"

change of bossa

µ -hap = Q

4%12 → {
4%1? e. nap

(link t.nu I
'

= b

t.nH-K.hslkl.nu)' = C
Hong /

2

+ t.nu?-&+b-c)=-a-b-c

/ t.nl?a-a-b-c=c-bf(l.mY-.b-o-b-C=
e- ou



Now
,

os for triangles

f¥⇒⇐¥¥Y " - ai- ni ) a = ◦

so we
ore left with

f¥⇔É÷¥=HᵈÉ→¥☐.
+If :&. ¥5? + lower points

Tdiregent !

;÷:÷÷:::i:÷:÷
SIRE Lynnetry !



So finally putting all steps together , we have

proven thot

In
"
= GTIIÉ + ai Isi + bio Ii + ai Ii + R

+ OCE)
different bones

, tingles
bubbles out tadpoles
contribute

FINAL REMARKS
I

9] Coefficients ÑÉ , Ii , Ii , oii can be determined

Vimy pwceeohre above ⇒ Integrand Reduction
PASSARINO VELTMAN

2) We are only interested in the feet that this decomposition

exists
,
we'll use UNH_ to compute coefficients


