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Let's go
boek to the problem of during

FUNCTIONAL RELATIONS ⇒ we'll do this in

2 ways , dms & BED



if we are interested into relations among finches
of higher weight , we need to devote this procedure

A- = Glo
, 1,1 , × )

B. = -421×1 login - ×) - { log ✗ login - x)

+¥ log [a-×) - Liz (a-×) + 33

to prove A = B

✗= { 911,1×1 = ¥ { log% - ×)

%✗= + G÷¥ + 42¥ -His * loyaltyat
Tx

-¥ Ex + "Y
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,

=
log% - x)
Tx

%ʰ× = bY¥¥+,!z[ liski-lizh-H-a-logxhg.li-✗ 1-¥
-

For A
,
B to be equal , this should

be zero !
down to

¢=LidA+Lizh-x)_log×hgG→)-¥# weight

NIneedtocou£dnu#
¥

,

= 0 [ obvious since we go down to boys ! ]

[area
°

= -9k¥ ; 0k¥ 't = bq¥ ]
out notice CG→£ ) = 0

using Lietz) = ¥ - body etc

it



this
"

multiple differentiation
"

can be encoded into

the sYMBOLMAP__

Start from formula for TOTAL DIFFERENTIAL

of an MPI (plover on exercise sheet 6 ! )

d Glas, . . . , an ; × ) =

n

2619: oiii.in;Hdeogf.fi?.-.!:-.)i--naa--ajfrdli,j!

with { do = X ; Ques = 0 ;
& missing index ↑

Gcxl = 1 (without indices ) ;1dGl0lbglI

We define SYMBOL map $ iteratively or

skslai.mn ; ✗1) = { skin . :& .in;⊕↑÷÷
i = ,
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51619×11--41×11 ☒ dlogfj.ca]
= ④ (a- × ) - ④ a

= ☒ (1-E)
≈

not well defined when a-30

[614×1] = SIGN ] ☒ dlogx = 0¥

1



the symbol onociotes to any MPLS of weight u

a n-¥r In a tensor space

S(66.x) ) = ⊕ ✗

scale
,
✗ 1) = ⊕ G- ×)

-

s (61-1,1×1) = 11-1×10×2 + G- ✗ 10×6-1×7

-(^_✗)°nqgaLDlFFEhEN"ᵗᵗ#
MAXIMALLY ITERATED
-

Each fetor in the symbol is
"

morally
"
a dlog

and therefore the symbol can be ayuepeified using
standard properties of logarithms

or ⊕ . . . ⊕ an ⇒ eoeh ai = dog! = dlogai
3



For classical polylogs

S [ Links ] = - [G-⇒ ☒×⊕;%
hole opposite order to integration

µnW=§¥linyLisa / = - bogle- ×)
-

d [ link ] = Lin
-ich dloglx)

8 [Links ] = Skin. .LA ] ⊕ ✗

= -
G-×) ④ ✗⊕ . . . ⊕ ✗
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PROPERTIES OF SYMBOL CALCULUS

⇒ unusual Form of muetienaity
•

DISTRIBUTVITY-coxla.to) ☒D = C ⊕ a ⊕D + c⊕b D

C ☒ CRY ☒ D= n C ☒ a ☒D

• NEGLECTT-ORSION-ctechn.co
"

choice
"

)

( ⊕ fn ☒D = ◦ if fn is n-th root of
unity

⇒ toga) = ◦ !

• ZERO ARGUMENT GC . . -

,
0) = 0 ⇒ $ [Gly, 077=0

= T at least 1%-98
•

SHOFFLEPR-i-DUCTSLGlaa-ian.plGlbr.bm.gl] =

sfhla.am/DwSIGlbn.bm,yI]
A

shuffle tensors, see example later
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• Note that we wold expect dlogc=o

for any constant co - instead one can extend

gaiol adults to rational numbers following the
definition we gave :

S[ log 121 ] = ⊕ dlogcz ) = 02¥ -1-0 !

8[Lis CÉ ) ] = 20×20×2 etc for Linck )

(while Sl Links ) ] = 0 ! )

face S[ Lin (x ) ] = -11 - x) ☒ ✗ ⊕ . . .

☒ ✗

I if ✗ = 2
,

root of 1 ±

S[Lis(5)] = -2 (2×050×5) etc

non trial wrt snugly differentiating !
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lMPoRTANTPRoB&EM-

Many transcendental hunters are in the symbol
kernel !

• 3 values S[ 3h] = o ⇒
because they ore
= nLin

Slink ) ) = - @ × ) ☒ ✗ ⊕ . .
.

☒ ×

↑
✗= 1 gives zero due

to legal = ◦

•
Also save combinations

s[ Liu /It E. log
"2)= 0 khxb.tl)

e
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MoÉ

3 = [ n.mn?.-n.m.-- Li (1)
M" " - Mk

02h,znz( . . < nk Mt--MK-

Alternative Definition of MPLS

mm(H " ' XK ) = §
t.sn?..X*hk

Li -

www..cm him? - nine

É±Emd¥ ' "i¥×. )
note reversed order !

where

Gmn
. . .

malty . _ He )= GCQ . ;D , ta , . . . . , 0, . _i ,
tk ;^)

ur in

Ma- 1 Mk- l

this implies 5[ 5mi . . .mn ]=o ' u Khel !
g



let's go
back to the problem we saw entice

@◦ = ✗

A- = Glo
, 1,1 , X )

an = O

B = -421×1 login - ×) - { log ✗ login - x)

+¥ log [a -×) - Liz (a-×) + 33

SCA ) =# 111×110×1'¥◦ )
+Statoil ,HI ☒ 1%1-1 ) = } both dressed
+ 514194×110×1;÷) =

need a Uguloitation !

Divergence higgens for equal srecceniverndias
.
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Use shuffle !

611,1
,
×) = 1-2611×12 SCGU.HU, ✗1) =

81611
,
✗1) = ④ G- ×) ?⃝[611×11415144×1]

=26 -×) ⑧G-× )

Let's do a
"

noire
"

regularization :

5411,1 ; ×) ) ⇒ 51611,1+5×1 ] =

= ⇔ ④ E - G_x)⊕ _ (1tE)⊕

?⃝ "t#
+ """ " ☒←⇒ " "*""

if e-so 4+8 = G) root of unity ! [loght.co]
C-✗+E) = G-×)

=1☒c 1- G- ✗10×11 -×) -⊕E Conal

= 6-×) ☒ (e-✗ I regularize symbol !
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fiuilnly

£16191,1; ✗ I ] = G-⇒ ⑦a- ×) ☒ × !
og_
then

B = -421×1 login - ×) - { log ✗ login - x)

+ logcn -×) - Linda -×) + 33

S[ Lizlx) ] = X-D ☒ ×

Sleigh - ×) ] =
☒d- ×)

}
sillogxloglnxt ]

= $ / logx login -✗ I ]S[ logixi ] = ☒ ✗

8[tis(rH]=_x☒G-H⊕G
{ ¢1 - ✗I ④ (1-×) ⑦ ✗ + (1- ⇒ ☒ ✗ ☒G-⇒ + ✗ ④(1-40+6-11)
↑

2 is hot inside the symbol !
"

no



Pulling everything together one finds

§ [ -Liza ) logG-×) - { login login-×)
-Lish-×) ] = C-×) ☒G-×) ☒ ✗

= S
' [410,11×1] !

$ [ ¥ logG- ✗ I ] = ◦ }
For consistency :

813n ] = ◦
£ 13s ] = ◦ =

we get a good part of the result , but

not everything !

to Fx lost pieces , we
need to refine or

ouolyris - m



OIpossiolead-etiaedon.lyole terms in the kernel of £
and make on ousotz ⇒ coefficients can
be fed by looking at special limits

Robledo to find stuff like
IT? login- ×)
t

you need to
"

guess
"
oho

note that I would

[d- lose this term
all posable fuck andfamishingnormal differential it could be very difficult

so for some things in general !
derivative is better !

⇒ this works well with HPLS
,
self - contained

and very simple alphabet

72



A more complete solution
- -

Use Coaction / Copoiodrect, which corresponds

to not taking MAXIMUM ITERATION OF THE

DIFFERENTIAL
.

but instead differentiating

only
"

opto a point
"
_

the Eopwduct reveals also the so - called

HOPF - Ala f- BRA structure behind Polylogy

⇒ this would require another course _

if you ore interested
,
check for example :

C. Dirr or✗iV 1203.0454

]8.Wernsierl orXiv 2201.03593
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BEYONDMPLS.tn
constructing MPLS

,
we bore stated noticing that

1- Feynman Integrals fulfil differential F-quotas
and can naturally solved in terms of Hated intends

2- Feynman Integrals onPEKODS-3.li
uylest example of iterated integrals that gve
rise to periods ore iterated integrals of
RATIONAL FUNCTIONS defined on the Renown Sphere

↓

MPLS useful in Manchus !

4- We know national functions are not enough _

⇒ MAX cut of Feynman lists might be more complicated
14



np¥
"

algebraic

÷ :O
topologically
~ Remain

Sphhl 15



kedeeol
,
there exist a change of voiddes

that
"

straightens out
" the broach out

p: ñᵗ¥ " Fini = m€¥)
RATIONAL FUNCTION

to if only ^ square
root of degree up

to 2

opens , we expect results
to be still MPI .

Note that Fa
,

degree one

is the name as degree 2 , sending one point to

f¥⇐,⇔, f- → ¥-1b ) =/ ¥⇐¥E±,
£2 = /¥4 one single root degree!



things start becoming interesting ifÉ
t

degree 4 or 3

⇒ again the same

thing, sending 1

point to iufuky

general use degree 4

ÉÉaÑ =TÉ

" l
surface of genista
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the algebraic euwe

YI Pak) is on Elliptic Curve

Elliptic Curve Torus (F)

Rieman

Surface

Repeat construction of (e) Mpls

⇒ iterated iuhpols of
" rational funding

"
on 'T

Eal !:
" ! ;✗ ) Ekiptictdglogoithuo
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Are they relevant or just a mathematical curiosity ?

¥- two
- loop Marie graph . pot of

election 2- loop propagator

*E
it turns out that

Ep.- m )
'

⇒-

= fdbI
am
tEI-mb.p.TN

IT

Elliptic Interpol
of the First kind !

% heeded for this 2- loop ghgsh , & many more
19



Elliptic awe is fist and simplest example

of a eolobi - Yoo Sunfire ⇒ relevant objects

fn Sting theory

TODAY 'S HOT RESEARCH TOPIC :

a general theory of treated iategoe on

colds - You surfaces , using knowledge from
STRING THEORY

,

to compute general Feynman
lmtyds " onolytadly}


